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The Laguerre equation is given by:

ty" +(1—t)y' +ny=0

where y(0) =1 and n is non-negative integer
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The Laguerre Polynomial

The Laguerre Polynomial of order n

"L nl(—1)ktk
() = kz;) (KN)2(n — k)]

For n # m,
/ et hn(£)m(£)dt = 0
0
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The Laguerre Polynomials

The first few polynomials are:

=1
/1:—t+]_
h=21(t>—4t+2)

1
2
B = §(—t>+9t> — 18t +6)
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Williams Ef In — _nlnil
Eo =2tD? + (2 —2t)D — 1
B Eol, = —(2n+1)I,
B E, =tD>+(1-2t)D+ (t—1)
AE = _(n + 1)/n+1
LIE BRACKET [Eo, E;] = EoE, — E, By = —2E,
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The Laplace Transform
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Lo = L{h(t)} = &2

_ (s=a)"

B L{h(at)} = &2
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B [y lh(x)dx = Io(t) — lrr1(t)
2] fo X)Im(t = x)dx = Imn(t) = Imint1(t)
/n+1(t) - m[@n 1= E)la(t) — nlaa (8]
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Solving Laplace Transforms Using DE's

The Laplace Transform of a function, F(t), is

£(s) = /0 T et e () dr.

Therefore,

Theorem

If f(s) = L{F(t)}, then
sf(s) — F(0) = L{F'(¢)}
f'(s) = L{—tF(t)}
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Theorems
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Williams Ar 1
(s) o AT+ 1)

(s) g as s — oo

If X(t) ~ BtP(3 > —1) as t — oo,

_BI(B+1)

x(s) ] as s—0
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Table of Laplace Transforms
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S. Mladenka, X X
M sx — X(0) X’
e s2x —sX(0) — X'(0) | X"
—x' tX
—sx' — x tX’
—s°x" — 2sx + X(0) | tX”
x" 2 X
sx” 4+ 2x' 2 X’

s2x" + 4sx’ + 2x t2X"

Table: Basic Laplace Transforms
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Laplace Transform Example

Theorem

The Laplace Transform of the zeroth-order Bessel Function is

the following:
1

L{Jo(t)} = W

and the Laplace Transform of the first-order Bessel Function is:

Vs?+1—s
s?+1

L{Aa(t)} =
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Proving the Theorem
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S. Mladenka, = =
T. Ngo, K. Given Equation X(t) = Jo(av/'t)
Williams Differential Equation 4tX"+4X + X =0
Laplace Transform x' + 45 a x=0
a2
Integrating Factor | =e%s
2
. . __ ce 4s
Solve Diff. Equation x(s) = <=

Use Theorem 2 to find c. | x(s) ~1/sass— oo

Pluginc=1 L{Jo(aVt)} = ==
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Table of Inverse Laplace Transforms
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“Ward's. X' —tX
Williams X// t2X
sx — X(0) X'
sx’ —tX' - X
sx”! 22X+ 2tX
s2x — sX(0) — X'(0) X"
s2x’ + X(0) —tX" - 2X'
s2x" £2X" + 4tX! +2X

Table: Inverse Laplace Transforms
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Inverse Laplace Transform Example

Theorem

The Bessel Differential Equation of the nt" order can be
defined as

2 X" +tX' + (2 —n?)X =0

where the solutions of this differential equation are the nt"
order Bessel Functions.
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Proving the Theorem
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Williams \/ 2+1_S)n
Given Equation x(s) = (Sﬁ
Diff. Equation | (s> 4+ 1)x” +3sx’ + (1 — n’)x =0
Inverse Laplace X"+ tX' + (t> — n*)X =0
Bessel's Equation X(t) = Jn(t)
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any2 + bapy1 + cap, = f(n)

S. Mladenka,
“Wardr's. y(t)=an, f(t)="Ff(n),for n<t<n+1

Williams

y(t+2) 4+ by(t + 1) + cy(t) = £(¢)
L{y(t+1)} = e*¥(s) - "Oe(ls_e)

Liy(t+2)) = e y(s) — =€) (@0e” +a1)

0 P S ek F(k)
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Solving Difference Equations - 2

MATH 4999:
LaPlace
Transforms
Project 2 Theorem
S. Mladenka,
T. Ngo, K. 1
Ward, S. :
Williams ap = Ao de B/Bn
2.
a, = (An+ B)a”
3.

n=a+if, n=a—ig
ap = u"(Acos(nf) + Bsin(nb))

with u = /a2 + (32, § = sin™! %

S. Mladenka, T. Ngo, K. Ward, S. Williams MATH 4999: LaPlace Transforms Project 2



Solving Difference Equations - 3
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Project 2

adenka, es 1 - e_s 1
5 M y(s)= £

Ward, S. s . (es - a)(es - 5)

Y(s) = ess((z—_eﬁ)s) ' <e5 1— a e 1— 5>

_ 1—e° 1 1
- s(a—ﬁf(l—ae‘s_l—ﬁe—s)
ap, = L ("= 3")

Sl ()
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Theorem

Let a, p be a fixed particular solution to the second order linear
recursion relation

any2 + bapi1 + cap, = f(n).

Then any other solution has the form a, = ap  + anp, for
some homogeneous solution ap .
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Solving Difference Equations - 5
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Williams
y(s)= L. Ple™)
S H(l — rkefs)pefsq

1 Ci
Y(S) = ; ) Z (]_ _ rke—s)p

00 . B 1
kZ:O e kH(k, p) A= re)p
r’ =l 1 1—e°
oD k:1(n +k)=H(n,p)=L {75(1 — re—S)P}
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Solving Difference Equations - 6
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[F(e)} DY
=0
1—e S > >
— . Ze_Sk k+1 Ze Sk2k
S
k=0 k=0
1—e* = _
= Y e 5kH(k,2)—Z( e )
S
k=0 k=0

SUOIES _seis ' ((1 - 21e—s)2 1 —12e_5>
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Solving Difference Equations - 7

1—e° 1
2s g oS — X
Y(s)(e 5e° +6) < <(1 e 9)?
_ S
1_2e5 € )
1—e° 3 5
Yis) = —— <1 “3es 2(1—2e9)

1
S 2(1— 2e—5)3>
5., 1 B
52 — §H(n,3){r = 2}

an = 3™ —(n*+3n+12)2"2

3n+1 _
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Solving Difference Equations - 8

ant2 + bapy1 + cap, = g(n)r", deg(g) =k

x>+ bx+c=0
1.
anp =g (n)r", deg(g”) =k
2.
anp =g (n)r", deg(g*)=k+1
3.

anp =g (n)r", deg(g*)=k+2
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ant2 + bapy1 + cap = ¢y sin(kn) + ¢ cos(kn)

anp = czsin(kn) + c4 cos(kn)
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Solving Difference Equations - Conclusion
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anio — Aaps1 + 4a, = (n® 4+ 1)2" + n3" + 2sin(4n) + 3cos(n
+ +

an = g(n)2"+h(n)3"+cy sin(4n)+co cos(4n)+c3 sin(n)+ca cos(n)
with deg(g) = 4 and deg(h) = 1.
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