REMARKS ON THE ZETA FUNCTION OF A GRAPH

J. WILLIAM HOFFMAN

ABSTRACT. We make two observations about the zeta function of a graph.
First we show how Bass’s proof of Thara’s formula fits into the framework
of torsion of complexes. Second, we show how in the special case of those
graphs that are quotients of the Bruhat-Tits tree for SL(2, K) for a local
nonarchimedean field K, the zeta function has a natural expression in terms
of the L-functions of Coexter systems.

1. INTRODUCTION

At the Conference itself I gave an overview of the origins of the concept of the
zeta function of a graph in the works of Ihara, and its motivation in trying to
understand the zeta functions of modular curves. Let

I € SL(2, Q)

be a discrete cocompact and torsion-free subgroup. Let X be the Bruhat-Tits
building associated to SL(2, Q,). Ihara’s zeta function can be interpreted as the
zeta function of the finite quotient graph Xpr = T'\X. In certain cases, Thara
discovered an essential identity between the zeta function of the graph Xr and
the zeta function of a certain Shimura curve Xr reduced modulo the prime p. For
precise statements of Thara’s results, see [17], [18], [19]. The relation between the
graph and the modular curve is via the theory of automorphic forms. There are
two salient points: (1) the zeta function of a modular curve (say for a congruence
subgroup I'g(N)) can be computed via the action of the Hecke operator T}, on the
space of cusp forms of weight 2, and (2) the cusp forms come from a quaternion
algebra over Q by the Jacquet-Langlands correspondence, and the Hecke operator
can be interpreted as the adjacency operator of a finite graph that is a quotient of
the Bruhat-Tits tree for SL(2, Q) (see [21, Ch. 9]). The group I' comes from the
p-units in an order for the quaternion algebra.

Ihara’s results became one of the origins of the studies of the zeta functions of
Shimura varieties by Langlands, Rapoport and Kottwitz, which has culminated in
an “explicit” formula for the latter, at least for those Shimura varieties that are
moduli spaces of abelian varieties with additional structures (PEL types). A good
exposition of these results can be found in [23]. These formulas are very complicated
and hard to compute in examples, so it is desirable to have a more elementary and
combinatorial description.

The aim is to generalize this connection from Shimura curves to Shimura varieties
attached to higher-rank reductive algebraic groups G over Q. The idea is that the
Euler p-factor of the zeta function of the Shimura variety attached to G (assuming
G is of the sort that it has a Shimura variety) should be related to a combinatorially
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defined zeta function associated to the Bruhat-Tits building of the group G(Qy).
However, even before this can be attempted, a reasonable definition of the zeta
function for the finite quotients of the building X of G(Q,) must be given. There
are several ideas in this direction, two of which were discussed at the Conference
by Cristina Ballantine and Winnie Li. There is another approach, based on the
Selberg trace formula, by Anton Deitmar (see [7], [8], [9]). The relations among
these approaches and to the theory of Shimura varieties remains unclear. Over and
above the connection to Shimura curves, zeta functions of graphs are interesting in
their own right, and the search for higher-dimensional analogs seems worthwhile.

In this note I want to make two observations that do not seem to have been
noticed before concerning zeta functions of graphs. Before doing so, let us recall
the definitions. Let Y be a finite graph. If Y is connected, the universal covering
space Y is a tree on which the group I' = m1(Y) acts fixed-point free and with
quotient Y. Let p : I' — GL(V) be a finite-dimensional representation, then the
zeta (or L) function is

1
Z(Yp ’LL): H de
' P - 2(7)
iy det(l = p(y)udes™)

exp (Z Ni(Y, p)um/m> :

m=1

where the product ranges over all the equivalence classes of primitive cycles in the
graph Y. Recall that if Y is connected, there is a canonical bijective correspondence
of P(T") with the primitive conjugacy classes in 71 (Y"). Here,

Nu(Y, p) = > deg(y)Tr(p(y™/450))).
deg(v)Im

When p =1 is the trivial representation, this is the number of closed, backtrackless
(or reduced) and tail-less paths in Y of length m (see [24], [25]). Bass’s treatment
[2] is more general in that he allows an action of a group I' on a tree Y which
has fixed points with finite isotropy groups, but then the interpretation of the zeta
function in terms of the quotient graph is more complicated. In the discussion that
follows, we will restrict to the case where p = 1 and the isotropy groups are trivial,
as this allows a more elementary exposition.

In general we will follow the notations of Bass’s paper [2]. Let VX be the set of r
vertices of the graph X, and EX be the set of oriented edges. If r; is the number of
geometric edges of X, the cardinality of EX is 2r;. There is an orientation reversal
J : EX — EX, and boundary maps Jy,0; : EX — VX. Recall that a path in
X of length n is a sequence ¢ = (eq,...,ey,) of edges such that dpe; = 01e;_1 for
all 0 < ¢ < n, and that the path is reduced if e; # J(e;—1) for all 0 < i < n. We
write (e1,...,en)red to indicate that the path is reduced. The path is closed if
e, = Oper, and a closed path has no tail if e,, # J(e1). Two paths are equivalent
if one is gotten from the other by a cyclic shift of the edges.

Let Co(X) (resp. C1(X)) be the C-vector space spanned by VX (resp. EX).
There are a number of operators on these spaces and identities connecting them
(see [2, pp. 744-751]). We recall the endomorphism T of C1(X) defined by

T(e) = Z e1

(e,er)red
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It is easily shown that

1

(1) Z(X,u) = ma

which is equivalent to the identity
Tr(T™) = #{closed backtrackless tail-less paths of length m} = N,,(Y).

This is Bass’s version of a formula discovered by Hashimoto, [13], [14], [15], [16],
and see the proof of proposition 3.3.
For each x € VX we let

d(z) = degree of © = #{e € EX | e = z},

q(z) = d(z) — 1 and define an operator @ : Co(X) — Co(X) via Q(z) = ¢(x)z,
which is the diagonal matrix whose terms are the vertex degrees minus 1. The
adjacency matrix is defined as

5(56) = Z 816

ecEX
Odoe=x

Then Bass’s generalization of Thara’s formula for the zeta function of a graph is

) — (1 — u2)X
det(1 — du + Qu?)

(2) Z(X, u

where x = ro — r1 is the Euler characteristic of the graph (see also [26]).

2. BASS’S PROOF OF IHARA’S FORMULA

Comparison of equations (1) and (2) shows

det(1 — du + Qu?)

) det(1 — uT) =(1-u'P

This is very reminiscent of an index formula. There are proofs of Thara’s formula
via Selberg trace formula methods ([1], [27, Ch. 24], [28], [29]). In some cases, the
Selberg trace formula can be related to geometric trace formulas in Lefschetz style,
this being a key point in the study of Shimura varieties and moduli spaces of shtuka.
I am unable to give a conceptual geometric proof of the identity (3), but I can show
how Bass’s proof of Thara’s formula, which seems like an unmotivated manipulation
of identities, can be reformulated in terms of the torsion of complexes, an idea that
is central in many proofs of index formulas. Actually, all the formulas necessary for
this can be found in Bass’s paper, but Bass himself makes no comment on any of
this.

Proposition 2.1. Let

dn dy

c. = o Cy Cpoy — ...C1 Co — o]
be a chain complex of finite-dimensional vector spaces over a field K. Suppose that
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is a chain endomorphism. This induces an endomorphism on the homology of the
complex, and we have an identity

[Tdet(@ | C)=D" =[] det(@ | Hi(C.) D"
i=0 i=0
provided it makes sense, ie., none of the determinants is 0.

This is no doubt well-known; the additive form of it, namely the identity
D EDTe(@ | C) =) (~1)"Tx (@ | Hi(Cy))
is a key step in many proofs of fixed-point/index formulas. The proof of these

identities is easily done by breaking the chain complex into short exact sequences,
stable for ®,

0 —— Ker(d;) C; Im(d;) —— 0

and
0 —— Im(d;y1) —— Ker(d;)) —— H;(C,) —— 0

then concatenating.

Corollary 2.2. Let K be the field of real (or complex) numbers, and assume that
each C; has a nondegenerate symmetric (or Hermitian) inner product. Let §; be
the adjoints of the operators d; and

A; = 6id; + dit10i41

be the corresponding Laplacians. Then

Hdet(t — Ai | Ci)(_l)i =X
i=0
where x = >_.(—1)"dim C; = >, (—1)" dim H,(C.) is the Euler characteristic of the

complex.

Proof. By the Hodge theorem, H;(C,) is isomorphic to the space of A;-harmonic
forms, ie., to those elements of C; annihilated by A;. Define ®; =t — A;. This is
a chain endomorphism because

Aidip1 = digp10i11dip1 = digp1 A

The corollary now follows from the proposition, because the Laplacians acting triv-
ially on homology, det(® | H;(C)) = tdim H:(C), 0

Let C.(X) be the complex associated to a graph X as above, with differential
0p—01. The corollary says in this case that spectrum of A; provides no information
not already contained in the spectrum of Ag. Recall that for the trivial metric for
which the vertices (resp. edges) form an orthonormal basis, Ag = 1+ @ —§. Define
the operator d(u) = udy — J1, where u is a formal parameter. This is a deformation
of the differential J(1) in the original complex. Let oo : Co(X) — C1(X) be defined

oo(z) = Z e

ecEX
dpe=x

and a perturbation of this by o(u) = uog. Let & = A(u) = 1 — du + Qu?,
O =(1—-Tu)(1 - Ju).
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Lemma 2.3. 1. ® is a chain endomorphism of the complex C\.(X),0(u).
2. o(u) is a chain-homotopy between ® and the scalar endomorphism given
by (1 —u?), ie.,

A(u)o(u) = &g — (1 —u?)
o(u)o(u) = &1 — (1 —u?)
Proof. 1. According to the formulas on pp. 747-748 of [2],
O(u)®; = d(u)o(u)d(u) + (1 — u?)d(u) = Ped(u).

2. This is the formula (15) on p.747 and the formula just preceding section 1.4 on
p- 748 of loc. cit. O

Applying proposition 2.1 to this situation, and using the fact that chain-homotopic
maps induce the same map in homology, we see:

det(1 —du+Qu?)  det(® | Co(X))
det(1 — Tu)det(l — Ju)  det(® | C1(X))
_ det(® | Ho(C. (X))
det(® | Hy(CL (X))
~det(1 —u? | Ho(C,(X))
det(1 —u? | H1(C\ (X))
~det(1 —u? | Co(X))
det(1 —u? | C1(X))

— (1 _ UQ)T()fQTl

Bass calculated by elementary means the formula det(1 — Ju) = (1 —u?)"™, so this
completes the proof of Thara’s formula.

3. L-FUNCTIONS OF COXETER SYSTEMS

Let (W, S) be a Coxeter system (for the general theory see [6]). There is a
canonical length function [ : W — N. Let ¢ be a formal parameter, and let
H,(W, S) be the associative C-algebra with basis {ey fwew and relations

(es+1)(es—q)=0 if se S
Cwlw = Cyyr if L(ww') = l(w) + 1(w")
See [6, Exercises 22-25, Ch. IV §2]. This is the Iwahori-Hecke algebra. If
p:H,W,S)— End(V)

is a representation on a finite-dimensional vector space V over C, we can define a
matrix-valued formal series:

L(VVa Sa Py U) = Z p(ew)ul(w).
weW
When ¢ = 1, H,(W,S) is the ordinary group-ring of W over C. If in addition,
p=1, L(W,S, p,u) is the generating function that counts the elements in W of a
given length relative to S. Special cases of these series were studied by a number
of people, starting with Bott, who came upon them in the study of the loop spaces
of Lie groups (see [22]), but it was Gyoja ([11], [12]) who saw the importance of
including a nontrivial representation in the definition.
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More generally, for any subset I C S, we have a subgroup W; C W generated
by I, and we can define L(W7, S, p,u) as before, but with summation only over
w € Wr. Also, one can take for ¢ a collection of numbers ¢s, s € S, with g5 = gy if
s and s’ are W-conjugate. A set u of corresponding variables are introduced with
the same property and u!(®) is defined as Ug, Us, ... Ug, for a reduced decomposition
of w = s1...8,,. Also, the Iwahori-Hecke algebra can be defined with respect to the
system ¢ = {gs}.

Gyoja proved:

Theorem 3.1. L(W, S, p,u) is a rational matriz-valued function of u.

In fact there are simple recursion formulas for computing these, and explicit
evaluations for p = 1. That these functions are rational is also a consequence of the
fact that a Coxeter group has an automatic structure. Gyoja has also investigated
the zeros and poles of det L(W, S, p,u) as well as functional equations satisfied by
these in some cases.

Coxeter systems arise from Tits systems (G, B, N, S). The Weyl group of the
system, defined as W = N/B N N is a Coxeter group, with S identified with a
subset of W. The key fact is the Bruhat decomposition:

¢ = [] ¢w), C(w)=BuB.
weW

There are two cases of interest: W is finite, and W is affine. The first case arises
from taking G the rational points of a semisimple algebraic group over a field K; B
is a Borel subgroup, N the normalizer of a maximal split torus. The second case is
similar, but now K is a nonarchimedean local field, and B is an Iwahori subgroup.
In the second case, B is a compact subgroup, and taking a Haar measure p on
G that assigns a mass of 1 to B, define H(G, B) to be the convolution algebra of
locally constant, compactly-supported B-biinvariant complex-valued functions on
G. Twahori and Matsumoto proved, [20]:

Theorem 3.2. Let G be the group of K -rational points of a semisimple and simply
connected algebraic group over a monarchimedean local field K. There is an iso-
morphism C(w) — ey from H(G, B) to He(W,S), where W is the Weyl group of
the Tits system, and qs = p(BsB) = number of right B-cosets in BsB.

Remark. The result is true with appropriate modifications of the statement, for
the K-points of a reductive group.

Example: G = SLy(K) where K is a nonarchimedean local field. O = O the
ring of integers and 7 a generator of its maximal ideal p. ¢ the cardinality of O/p.

d

N = N(K) is the group of monomial matrices. T'= T'(K) is the group of diagonal
matrices. S = {s1, sz}, where

a=( 0) =0 )

ds, = (s, = ¢, and the building X is a g + 1-regular tree: the vertices are in 1-
1 correspondence with the lattices (rank 2 O-submodules L of V = K?) modulo
homothety L ~ xL, all z € K*. These fall into two orbits under G, the stabilizers

B—{<Z b> ta,de O, be O, cep, ad—bc—l}
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corresponding to the two conjugacy classes of maximal compact subgroups U =
U, = BUBs1B = SLy(0) and Us = BU BsyB. The affine Weyl group is generated
by s1 and s9, and is the infinite dihedral group. We have (T; = Bs;B)

H(G, B) = C[T1, Tolne, T = (¢ —=1)Ti —q=0

The convolution algebra of complex-valued U-biinvariant functions of G is the
(usual) Hecke algebra. Letting T' = Usys2U, we have

H(G,U) = C[T]

and there is an injection H(G,U) — H(G, B).
Let ' € G = SLy(K) be a discrete cocompact subgroup. If M C G is a compact
subgroup, we denote by C(I'\G/M) the space of functions f : G — C such that

flygm) = f(g) forally €T, me M.
Now C(I'\G/M) is a right module for the convolution algebra H(G, M).
Recall that Y = T'\X is a finite (¢ + 1)-regular graph. It is bipartite: there

are two equivalence classes of vertices whose stabilizer subgroups are U; and U,
respectively. Therefore, we have an isomorphism:

C%(X) = C(T\G/Uy) @ C(T\G/Us).

where CY(X) = Hom(Cy(X), C) is the group of 0-cochains of the graph. The group
G acts transitively on the set of geometric edges of the tree X, thus the group of
geometric 1-cochains of the graph is

C'(X)=C(T\G/B).
Note that dim C'(X) = 7y, whereas in Bass’s proof we had dim Cy(X) = 2r,
because the edges there came with two possible orientations. C!(X) is a right

module for the Iwahori-Hecke algebra H(G, B); let us denote the corresponding
representation by pr.

Proposition 3.3. Let ' C SL(2,K) be a discrete, cocompact and torsion-free
subgroup, where K is a monarchimedean local field. Let X be the Bruhat-Tits tree
for SL(2,K), and Xr = I'\X the corresponding graph. In the notation introduced
above,
det L(W, S, pr, u)
det L(W1, S, pr, u) det L(Wa, S, pr, u)
where W; is the subgroup generated by s;.

= Z(Xp,u)

Proof. Hashimoto [14, Main Theorem(I), pp. 224-225] showed that
Z(Xp,u) = det(1 —u?p*(TyTy)) "

in the notations of loc. cit. See also the discussion in [14, pp. 248-253] and [16, pp.
176-178] linking this to the Tits system. Note that later on that page Hashimoto
redefines the zeta function so that the u? term becomes u (compare with formula
0.15 in his paper). In our notation

p* (T2T1) =pr (652651) = pf‘(esz)pr(esl)

the last equation holding because eg,s, = €s,€5,, since 2 = (s251) = I(s2) + I(s1).
On the other hand, Gyoja evaluated his L-function for the infinite dihedral group,
[11, Example 2.6, p. 97]. The result is, for any representation p:

LW, 8, p,u) = (1 +up(es,)) (1 — uples,)ples, )™ (1 + up(es,))
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It is easy to see that
L(le Sv P ’LL) =1+ U,O(Esi)

for i = 1,2, so the proposition follows by taking determinants. ([l

Remarks. (1.) Note that sps; is a generator of a canonical subgroup of W,
namely the subgroup of translations.
(2.) In fact, Hashimoto’s results apply to discrete cocompact and torsion-free sub-
groups of the K-rational points G of any semisimple simply-connected group over
K of rational rank 1. In this case the building is also a tree, but it is biregular
in general: in the above notation we have ¢s, = ¢%* and q,, = ¢% are powers of
the residual characteristic, possibly different, so we have a (¢%, ¢%)-regular tree.
Hence, proposition 3.3 holds in this case as well.

4. HIGHER-DIMENSIONAL BUILDINGS

Let G be the group of K-rational points of a semi-simple, simply connected
algebraic group G over a nonarchimedean local field K. There is a contractible
cell complex X of dimension ! (= split rank of G) on which G acts, called the
Bruhat -Tits building. General properties of these are summarized in [4] and [10].
There is an associated Tits system such that the cardinality of S'is I+ 1. f [ C G
is a discrete, cocompact subgroup, then Xr = I'\X is a finite polyhedron, with a
polysimplicial structure, which is a simplicial structure if G is simple. By a theorem
of Borel and Harder [3], such I'’s exist, at least if char(K) = 0. Assume that G is
simple. The cells X of various dimensions are in bijective correspondence with the
cosets G/By, where

By =BW;B, ICS
are the standard parahoric subgroups. Thus the cells of maximal dimension (cham-

bers) are in one orbit and in a bijection with G/B. The vertices are in general in
several orbits, corresponding to the maximal compact subgroups

Us=Bs_ s, s€ S.
If T acts without fixed points on X, then Xt is a K(T', 1)-space. If that is so then
HYI,V)=H'(Xp,V).

Here, ¢ : I' — Aut(V) is a representation, and V is the corresponding sheaf on
the space Xr. Assume V is a finite-dimensional C-vector space. If in addition,
G is simple over K and ¢ is a unitary representation, Garland showed that these
cohomology groups are 0 for all 0 < ¢ < [ at least if the cardinality of the residue
field of K is large enough, [5], [10].

For each I C S, let C!(Xr, V) be the space of all functions

f+G —V, such that f(vgb) = p(v)f(9), v€T, b€ Br.

These are finite-dimensional C-vector spaces. In the special case where p = 1, this
is just the vector space spanned by the cells of type I in Xr. The space of cochains
of dimension 7 is
C'(Xr, V)= P C'(Xp.V)
#I=l—r
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and these form a cochain complex. Assume again that ¢ is a unitary representation,
then we get metrics on these cochain groups in a canonical way, and therefore Lapla-
cians A; (see Garland’s paper). The spectra of these Laplacians are fundamental
invariants of the group I' and its representation .

Each C!(Xr,V) is a right H(G, Br)-module under convolution. In particular,
taking I = (), we have a finite-dimensional representation pr of the Iwahori-Hecke
algebra H(G, B) on the space of cells of maximal dimension C?(Xt, V) = C*(Xr, V)
and thus a matrix L(W’, S, pr,u) associated to it, for any subset W' C W (for
instance the subgroups Wr). The coefficients of the powers of ¢ in the characteristic
polynomial

det(t — L(W', S, pr,u))
and in particular, det L(W’, S, pr, u) are also fundamental invariants of the discrete
subgroup I" and its module V. Very little in known about these rational functions
of u, but in the case of graphs, the relation given by proposition 3.3 suggests that
their study may prove rewarding. For instance

H det L(Wy, S, pp,u)(fl)#l
Ics
generalizes the expression in that proposition.

REFERENCES

1. Guido Ahumada, Fonctions périodiques et formule des traces de Selberg sur les arbres., C. R.
Acad. Sci. Paris Sr. I Math. 305 (1987), 709-712.

2. Hyman Bass, The Ihara-Selberg zeta function of a tree lattice., Internat. J. Math. (1992),
717-797.

3. A. Borel and G. Harder, Ezistence of discrete cocompact subgroups of reductive groups over
local fields., J. Reine Angew. Math. 298 (1978), 53-64.

4. A. Borel and J.-P. Serre, Cohomologie d’immeubles et de groupes S-arithmtiques., Topology
15 (1976), 211-232.

5. Armand Borel, Cohomologie de certains groupes discretes et laplacien p-adique (d’aprs H.
Garland)., Séminaire Bourbaki, 26e année (1973/1974), Lecture Notes in Math., vol. 431,
pp. 12-35.

6. Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4-6., Elements of Mathematics.,
Springer-Verlag, Berlin, 2002.

7. Anton Deitmar, Geometric zeta-functions on p-adic groups., Math. Japon. 47 (1998), 1-17.

, Geometric zeta-functions on p-adic groups: Erratum., Math. Japon. 48 (1998), 91.

, Geometric zeta functions of locally symmetric spaces., Amer. J. Math. 122 (2000),
887-926.

10. Howard Garland, p-adic curvature and the cohomology of discrete subgroups of p-adic groups.,
Ann. of Math. 97 (1973), 375-423.

11. Akihiko Gyoja, A generalized Poincaré series associated to a Hecke algebra of a finite or
p-adic Chevalley group., Japan. J. Math. (N.S.) 9 (1983), 87-111.

, The generalized Poincaré series of a principal series representation., Algebraic
groups and related topics (Kyoto/Nagoya, 1983), Adv. Stud. Pure Math., vol. 6, 1985, pp. 231—
254.

13. Ki-ichiro Hashimoto, On zeta and L-functions of finite graphs., Internat. J. Math. 1 (1990),
381-396.

, Zeta functions of finite graphs and representations of p-adic groups., Automorphic

forms and geometry of arithmetic varieties, Adv. Stud. Pure Math., vol. 15, 1991, pp. 171-210.

, Artin type L-functions and the density theorem for prime cycles on finite graphs.,
Internat. J. Math. 3 (1992), 809-826.

16. Ki-ichiro Hashimoto and Akira Hori, Selberg-Ihara’s zeta function for p-adic discrete groups.,
Automorphic forms and geometry of arithmetic varieties, Adv. Stud. Pure Math., vol. 15,
1991, pp. 211-280.

®

12.

14.

15.




10 J. WILLIAM HOFFMAN

17. Yasutaka Ihara, Algebraic curves modp and arithmetic groups., Algebraic Groups and Discon-
tinuous Subgroups (Proc. Sympos. Pure Math. IX, Boulder, Colo., 1965), 1965, pp. 265-271.

, Discrete subgroups of PL(2, k)., Algebraic Groups and Discontinuous Subgroups

(Proc. Sympos. Pure Math. IX, Boulder, Colo., 1965), 1965, pp. 272-278.

, Shimura curves over finite fields and their rational points., Applications of curves
over finite fields (Seattle, WA, 1997), Contemp. Math., vol. 245, Amer. Math. Soc., 1999,
pp. 15-23.

20. N. Iwahori and H. Matsumoto, On some Bruhat decomposition and the structure of the Hecke
rings of p-adic Chevalley groups., Inst. Hautes Etudes Sci. Publ. Math. (1965), 5-48.

21. W. C. Winnie Li, Number theory with applications, Series on University Mathematics, vol. 7,
World Scientific Publishing Co., Inc., River Edge, NJ, 1996.

22. 1. G. Macdonald, The Poincaré series of a Cozeter group., Math. Ann. 199 (1972), 161-174.

23. James S. Milne, The points on a Shimura variety modulo a prime of good reduction., The
zeta functions of Picard modular surfaces, 1992, available at http://www.jmilne.org/math/,
pp. 151-253.

24. H. M. Stark and A. A Terras, Zeta functions of finite graphs and coverings., Adv. Math. 121
(1996), 124-165.

25. , Zeta functions of finite graphs and coverings.Il., Adv. Math. 154 (2000), 132-195.

26. Toshikazu Sunada, L-functions in geometry and some applications., Curvature and topology
of Riemannian manifolds (Katata, 1985), Lecture Notes in Math., vol. 1201, Springer, Berlin,,
1986, pp. 266-284,.

27. Audrey Terras, Fourier analysis on finite groups and applications., London Mathematical
Society Student Texts, vol. 43, Cambridge University Press, Cambridge, 1999.

28. Audrey Terras and Dorothy Wallace, Selberg’s trace formula on the k-reqular tree and appli-
cations, preprint available at http://math.ucsd.edu/~aterras/treetrace.pdf.

29. A. B. Venkov and A. M. Nikitin, The Selberg trace formula, Ramanujan graphs and some
problems in mathematical physics., St. Petersburg Math. J. 5 (1994), 419-484.

18.

19.

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LOUISIANA
70803
E-mail address: hoffman@math.lsu.edu



