
Section 14.3  Trigonometric Functions of Any Angle

Objective 1:  The Six Trigonometric Functions of Any Angle 

In section 14.2, we evaluated trigonometric functions of acute angles. We will now extend the definitions of the six trigonometric functions to include any angle. 

Definitions of Trigonometric Functions of Any Angle:
Let  be an angle in standard position and let  be a point on the terminal side of  as shown in the figure below. Let  represent the distance from  to point , so using the distance formula, . The six trigonometric functions of  are defined by the following ratios:




				



			
[image: A graph of theta measured counterclockwise from the initial ray along the positive x-axis to the terminal ray pointing top left in quadrant 2. A point P(x, y) is marked on the terminal ray such that the distance r from the origin to point P equals square root of x squared plus y squared end root]
a. Find the exact values of the trigonometric functions of angle  drawn in standard position and the terminal side containing the point .
Evaluate the trigonometric function at the quadrantal angle or state that the expression is undefined.

	b. 
	c. 
	d. tan

	e. 
	f. 
	g. 



Objective 2:  The Signs of the Trigonometric Functions

If  is not a quadrantal angle, the sign of a trigonometric function of  depends on the quadrant in which the terminal side of  lies. In all four quadrants,  is positive. The signs of  and  depend on the quadrant. So the signs of  and  determine whether a trigonometric function is positive or negative. For example, in quadrant II,  is negative, and  is positive. Since  is defined as ,  is positive when  is in quadrant II. Since  is defined as ,  is negative when  is in quadrant II. Since  is defined as ,  is also negative when  is in quadrant II. 

The graphic that follows summarizes which of the trigonometric functions are positive in each quadrant.
[image: ]

Let  be an angle in standard position. Name the quadrant in which the terminal side of  lies.  
	a.  and 

	b. cot and csc



Find the exact values of the remaining trigonometric functions of .
c.  and  is in quadrant III
d.  and 
e.  and 

Objective 3:  Reference Angles 

In order to evaluate trigonometric functions for non-quadrantal angles greater than  or less than , we will need to make use of a positive acute angle called the reference angle. 

Definition of a Reference Angle:
Let  be an angle in standard position that lies in a quadrant. Its reference angle is the positive acute angle  formed by the terminal side of  and the -axis. 

The graphs below show the reference angle for an angle  in each quadrant. Note that quadrantal angles do not have a reference angle. 

[image: A graph of theta subscript C measured counterclockwise from the initial ray along the positive x-axis to the terminal ray pointing top right in quadrant 1. Theta subscript script R equals theta subscript C.][image: A graph of theta subscript C measured counterclockwise from the initial ray along the positive x-axis to the terminal ray pointing top left in quadrant 2. Theta subscript R equals pi minus theta subscript C and is measured counterclockwise from the terminal ray to the negative x-axis.]
[image: A graph of theta subscript C measured counterclockwise from the initial ray along the positive x-axis to the terminal ray pointing bottom left in quadrant 3. Theta subscript R equals theta subscript C minus pi and is measured counterclockwise from the negative x-axis to the terminal ray.][image: A graph of theta subscript C measured counterclockwise from the initial ray along the positive x-axis to the terminal ray pointing bottom right in quadrant 4. Theta subscript R equals 2 pi minus theta subscript C and is measured counterclockwise from the terminal ray to the initial ray.]


Find the reference angle. 
	a. 
	b. 

	c. 
	d. 

	e. 
	f. 


Objective 4:  Evaluating Trigonometric Functions Using Reference Angles 

The values of the trigonometric functions of a given angle  are the same as the values of the trigonometric functions of its reference angle  except possibly for the sign. 

For example, suppose we are trying to find the value of  and . We can find the reference angle of . 

The trigonometric functions for all angles with a reference angle of  will have the same values, except for the sign, which will vary depending on the quadrant. Because the terminal side of  lies in quadrant II,  is positive and  is negative. 



Use reference angles to find the exact value of the expression.
	a. 
	b. tan

	c. sec
	d. cot

	e. cos
	f. csc
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of 6. lies in Quadrant |, then of 0. lies in Quadrant II, then
O = 6. O = 7 — 6 (Or 6 = 180° — 6,).
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