Name: Exam 1

Instructions. Answer each of the questions on your own paper, and be sure to show
your work so that partial credit can be adequately assessed. Put your name on each page of
your paper.

1. [12 Points| Divide the following propositional formulas into groups satisfying the prop-
erties: (1) all propositional formulas in the same group are logically equivalent; (2)
formulas in different groups are not equivalent.

(a)

(b) (~q¢) = (~p)

(¢) ~(»Va)

(d) pV(~q)
) ~(~ p/\Q)
)

(
(f) (~p)V
» Solution. Group 1: {(a), (b), (f)}; Group 2: {(c)}; Group 3: {(d), (e)}. <

e

2. [10 Points] Recall that the Boolean set B = {0, 1}. Define a Boolean function f :
B3 — B on the three Boolean variables p, ¢, and r by means of the formula

f(p,q,r) = 1if and only if an odd number of p, ¢, r have value 1.

(a) Fill in the truth table for f:

—_ =0 0 O o3
—_ 0 O == O O
_ O =) O O O3
i—loo»—\on—ln—lo‘\

(b) Express f using only ~, V, and A.

» Solution.

f=U(~)A(~AT)V () AGA(~T)V (DA~ A(~T))V(PAGAT)

<

3. [8 Points| Let P(z, y) be the predicate: “Team x in Conference y has a winning record.”
Express each of the following using quantifiers and the predicate P(x, y).

(a) Every conference has at least one team with a winning record.
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» Solution. |Vy3x P(z, y) <

(b) There is a conference in which no team has a winning record.

» Solution. |3yVz (~ P(z, y)) <

4. Let P(z) be the predicate “z is odd”, and let Q(z) be the predicate “z is twice an
integer”. Determine whether the following quantified statements are true (and, of
course, explain your answer):

(a) (Vo€ Z)(P(x) = Q(x)).

» Solution. False. In order for this to be a true statement, the implication
must be a true implication for all choices of x € Z. But for x = 1, the implication
P(1) = Q(1) is false, since P(1) is true, but Q(1) is false. <

(b) (Vo € Z)(P(z)) = (Vo € Z)(Q(x)).

» Solution. True. The statement p = (Vx € Z)(P(x)) is false, since it is not
true that every integer is odd, while the statement ¢ = (Vo € Z)(Q(x)) is false,
since it is not true that every integer is twice an integer. Thus, the implication
p = ¢ has truth value True, since the truth value of an implication False —
False is True. <

5. [12 Points| Rewrite each of the following statements so that negations are applied exclu-
sively to predicates (that is, so that no negation precedes a quantifier or an expression
involving logical connectives).

(a) ~ VavyP(z, y)

» Solution. |3z3y (~ P(z, y)) <

(b) ~VyIxP(z, y)

» Solution. |JyVz (~ P(z, y)) <

(c) ~VyYa(P(z, y) VvV Q(z, y))

» Solution. |Jz3y ((~ P(z, y)) A (~ Q(z, y))) <

(d) ~ (Fz(~ P(x)) AVyQ(y))

» Solution. |(Vx P(x))V (Jy ~ Q(y)) <

6. [12 Points] If z is an integer, consider the statement: “If z is even, then x? + 1 is odd.”

(a) Write the converse statement.

Math 2020 February 15, 2007 2



Name: Exam 1

» Solution. “If 22 + 1 is odd, then z is even.” <
(b) Write the contrapositive statement.
» Solution. “If 22 + 1 is even, then z is odd.” <

(c) Which, if any, of the original statement, the converse, or the contrapositive are
true? (No proof required.)

» Solution. All three are true statements. D |

7. [8 Points] Let f : X — R be a real valued function with domain X. In calculus you
learned the definition of “f is a bounded function.” Namely,

The function f is bounded if there exists a positive number M € R such that |f(z)| < M
forall xz € X.

Write the negation of this definition, that is the definition of “f is an unbounded
function,” without using words like “not” or “it is not true that”.

8. [20 Points| For n > 1, let F(n) be defined by the summation

n

) P =2 5= SErET
(a) Compute F(1), F(2), and F(3).
» Solution.
F) = (2-1—1)%(2-1+1) :%'
F2) = (2.1—1)%(2-1+1)+(2-2—1)%(2~2+1) :%+1i5:§‘
F(?’):F(QH(2.3—1)%(2-3+1) :§+%:§

(b) Find the number A, so that F(n+ 1) = F(n) + A,. (In other words, what is the
number that must be added to the sum F'(n) in order to get the sum F'(n + 1).)

» Solution. A, is just the (n + 1) term in the sum (). That is,

1 1

"2+ 1) -D2m+1)+1) (2n+1)(2n+3)

Math 2020 February 15, 2007 3



Name:

Exam 1

()

Prove by induction that

n

for n > 1.
my1 =

F(n) =

As usual, your argument should be written in complete sentences, and you must
make clear where you are using your induction hypothesis. You may (and probably
should) find your answers to earlier parts of this exercise to be of use in your
argument.

» Solution. Proof. For n € N* let P(n) be the statement “Y "7 m =

s - We will prove by induction that P(n) is true for all n > 1.
Base Case: For n =1 the statement P(1) is

! 1

1
Z(Qj—l)(2j+1):2-1+1'

Jj=1

This is true since both the left and right hand sides are equal to 1/3, as verified
in Part (a), so the case P(1) has been proved.

Induction Hypothesis. Now assume that the statement P(k) is true for some k.
This means that we are assuming the equality

. 1 k
(&) §(2j—1)(2j+1) %+l

7=1

We must show that this implies the truth of the statement P(k + 1), which is

k+1

1 k+1
(*h+1) ]Zl (25 —1)(25 + 1) - 2k +1)+1

So assuming the truth of Equation (%), and starting with the left hand side of
Equation (*j,1), we find

k+1

1 B k .
; (27 -1)(2j+1) ; (25 — 1)( 2]+1) TRkr D _DekD) 1)
- lej_ 1 + 2k 1 1)1(2k 3 from the assumed truth of ()
 k(2k+3)+1
2k +1)(2k +3)
2k? + 3k + 1

(2k 4+ 1)(2k + 3)

k+1)(E+1)  k+1

(2k +1)(2k +3) 2k +3
k+1

20k +1)+1’
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where the last five equalities were just algebraic manipulation.

Thus, we have shown that if &k is an arbitrary natural number such that P(k) is a
true statement, then so is P(k + 1) a true statement. By the induction principle,
we conclude that P(n) is true for all n > 1. O

<

9. [10 Points| The following summation formulas were proved in class:

Zq - ol Z]— n+1

Assuming these results, (or any method you prefer), evaluate the following sums.

(a) Z?:Q 73

» Solution. Lettingi=j+2weseethat i =2 =— j=0andi=n —= j =

n — 2, so
n n—2 n—2 3n—1_1
i _ ait2 _ 7 a2 j_ a0 1
Z? 3 Z? 3 7.3 23 63—
=2 7=0 7=0

<
(b) 22k B3k —1)
» Solution.
= = = n(n+1) n(3n+1)
Y Bk-1)=3) k=Y 1=3————n=—"7
k=1 k=1 k=1 2 2
<
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