Name:

Final Exam

Instructions

e Answer each of the questions on your own paper, and be sure to show your work

so that partial credit can be adequately assessed. Put your name on each page of
your paper.

e You may use a scientific calculator, but it should not be needed. If you use a

calculator you must still write out the operations done on the calculator to show
that you know how to solve the problem.

e There are 10 problems, with a total of 150 points possible.

1. [15 Points] Let f(z, y, 2) = zyz + 2° and let S be the surface given by the equation
flz, y, z) =12.

(a) Find the tangent plane to the surface S at the point (-2, —1, 2).

» Solution. Vf(x, y, z) = yzi + z2j + (vy + 32*)k so Vf(-2, —1, 2) = —2i —
4j + 14k and the equation of the tangent plane at (—2, —1, 2) is

—2(x+2)—4y+1)+14(z—2) =0
which can also be written as

—2r —4y+142=36 or x+2y—Tz=—18.

<
(b) Compute the directional derivative Dy f(—2, —1, 2) if u = (i +j)/v/2.
» Solution.
Du.f(_27 —1, 2) = Vf(_Qa -1, 2) -u
= (=21 — 4j + 14K) - (i+j)/V2
_ 6
7
<4
(c¢) Find a unit vector v such that D, f(—2, —1, 2) is as large as possible.
» Solution. The direction of maximum increase is the gradient. Thus,
Vf(=2, -1,2)  —2i—4j+ 14k
VvV = =
IVf(=2, —1,2)| |-2i—4j+ 14K]|
-2+ Tk . —-i-2j4 Tk
|—i — 2j + 7k]| V54
 —i-2j+7k
3vV6
<4
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2. [10 Points] Let w(u, v) = u/v?, u(z, y) = v+ 2y, v(z, y) = z*y. Compute the partial
derivatives w, and w,.

» Solution. Use the chain rule:

1 —2u
wx:wuux+uvvm:—2+—3-2xy

v v

1 2u 4
wy—wuuy%—wvvy—ﬁﬂ—ﬁ-x.

3. [15 Points| Find all of the critical points of the function
f(z, y) = 62% — 3xy* + 39> + 17
and characterize each one as a local maximum, a local minimum, or a saddle point.

» Solution. To find the critical points, solve the equations

fo=122—3y* =0

fy = —6zy + 6y = 0.
simultaneously for z and y. The second equation gives y(x —1) =0soy=0or x = 1.
If y = 0, the first equation gives x = 0, while if z = 1, the first equation gives y? = 4 so
y = +2. Thus, there are 3 critical points: (0, 0), (1, 2) and (1, —2). To determine the

type of critical point, compute the discriminant. First the second partial derivatives
are fu, =12, f,, = —6x + 6, fi,, = —6y. Then the discriminant D is

D= foefyy — (fxy)2 =T72(1-=z) - 36?/2
=36(2(1 — x) — 7).

Thus, for (z,y) = (0,0), D = 72 > 0 and f,, > 0 so this critical point is a local
minimum. If (z, y) = (1, £2), then D = —144 so that each of these two points are
saddle points. <

4. [15 Points] Find the maximum and minimum values of the function
fla,y) =dz+dy —a* —y*

subject to the condition
2y =2

» Solution. Use Lagrange Multipliers. Let g(z, y) = 2#* + y*. Then solve the simul-
taneous equations

Vf=A\Vg
g(z, y) =2.
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These equations become

4 —2x = \2x
4—2y= N2y
22 +y? = 2.

Multiply the first equation by x and the second equation by y to get

4y — 2xy = 2 \zy
4o — 2xy = 2 \xy.

Subtract these equations to get 4y — 4z = 0, which implies that x = y. Substituting
into 22 + y% = 2 gives 22 = 1 so x = £1. Since x = y this gives two solutions to the
equations: (1, 1) and (—1, —1). Since f(1, 1) = 6 and f(—1, —1) = —10, it follows
that the maximum value of f on 22 + y* = 2 is 6 and the minimum value is —10. <«

5. [20 Points| Evaluate:

(a) /01 /yla?ydxdy

» Solution.

_1y2 yt L1y 1
S2\2 4/, 2\2 4) %

2 2
(b) / / ¢’ dy dx (Hint: Sketch the domain and reverse the order of integration.)
0 T

» Solution. First draw the domain of integration R:

Y
2
R
1 L
0 x
0 1 2
Then reverse the order of integration:
2 2, 2y, 2 a=y
//ey dydx:/ / e’ d:)sdy:/ xre? dy
0 Ja 0o Jo 0 z=0
1 2
1 .2 1
= y2d = — Y - = 4 - ]_ .
/0 yedy = 37| 5" —1)
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1 T Y
6. [15 Points] Evaluate: / / / (y 4+ xz)dz dy dx
o Jo Jo

» Solution.

/// y+a2) dzdydm_/ol 0 (yzm ) B
/0/0( %) wir= [ (2 + Ly

=Y

<

7. [15 Points] Find the volume of the region D lying above the plane z = 1 and inside
the sphere 2% + 3> + 22 = 4.

» Solution. The plane z = 1 intersects the sphere 22 + y? + 22 = 4 in the circle
2?2 + y? = 3. Thus, it is convenient to use cylindrical coordinates to calculate the
volume. D is described in cylindrical coordinates by 0 < 6§ < 2w, 0 < r < /3,

1<z<vV4—-12% 50

2r V3 pVA—r2
:/// dV:/ / / rdzdrdf
D o Jo 1
27 \/g .
:/ / rz|| = dr de
o Jo
27 V3
:/ / (rvd —r2 —r)drdf
o Jo
T V3
(a2
0 3 2/
1
3

[ eG)-3

Alternatively, the volume can be calculated by using spherical coordinates. <

do

8. [15 Points| Of the two vector fields
F, = 22y + 2)i + (2* +cosy)j+ ok and Fy = 2zyi+ (2% + cosy)j + zk,
one is conservative and the other is not.

(a) Determine which vector field is conservative, and write it in the form V f for some
function f.
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» Solution. Writing F = Pi + ()j + Rk, to check that F is conservative check
that

Ry:Qz
R:c:Pz
Qm:Py-

Since for Fy, R, = 0 = Q,, R, =1 = P,, and @, = 2z = P,, it follows that
F is conservative. To write F; = Vf, f, = 2zy + 2z so f(z, y, 2) = 2%y + 22 +
g(y, z). Differentiating with respect to y gives 2? + g, = f, = 2% + cosy. Thus,
g(y, z) = siny + h(z) and f(z, y, z) = 2>y + vz + siny + h(z). Differentiating
with respect to z gives  + h'(z) = f. = x so W'(z) = 0 and hence h(z) = K.
Thus, f(z, y, 2) = 2%y + 22 +siny + K. <

If F (= F; or Fy) is the conservative vector field, compute the line integral

/F-dr,
c

where C' is the path consisting of the straight line segment from (1,0, 1) to
(0, m, 0) followed by a straight line segment from (0, 7, 0) to (2, m, —1).

» Solution. Since F is conservative, the fundamental theorem for line integrals
applies to give

/F~dr:f(2,7r, —1)— f(1,0,1) =4r —2 — 1 =4 — 3.
C

<

9. [15 Points] Let C be the boundary of the triangle with vertices (1, 1), (2, 3) and
(2, 1), oriented positively (i.e. counterclockwise). Let F be the vector field

F(x, y) = (" + 4%)i + (zy + cosy)j.

Compute the line integral

/F-dr.
c

» Solution. Use Green’s Theorem. Let D be the given triangle. Then

/CF-dr://(Qx—Py)dA://(y—Qy)dA

y=2x—1

201 2 (V=
/ —ydydx—/ —%

Math 2057 August 1, 2013 5



Name: Final Exam

10. [15 Points] Let S be the portion of the paraboloid z = 1—2?—y? that lies on and above
the plane z = 0. S is oriented by the normal directed upwards. If F = yi — zj + 2k,
then compute

/ curl F - ndS.

S

(Hint: Stokes Theorem)

» Solution. Use Stokes’ Theorem. Let C' be the boundary of the surface S oriented

positively with respect to the upward pointing normal on S. Thus, C is the circle
22 + 9% = 1 in the 2y plane oriented counterclockwise. By Stokes’ theorem,

/CurlF-ndS:/F-dr.
S c

Thus, we will compute the line integral. Use the parametrization z = cost, y = sint,
z=0for 0 <t <2m, sothat dv = —sintdt and dy = costdt, dz = 0. Hence,

/F-dr:/yda?—xdy+zdz
c c

= /0 7T((sint)(— sint) — (cost)(cost)) dt = —/0 ' dt = —2r.
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