Name: Solutions Exam 4

Instructions. Answer each of the questions on your own paper. Be sure to show your
work so that partial credit can be adequately assessed. Credit will not be given for answers
(even correct ones) without supporting work. Put your name on each page of your paper. A
table of Laplace transforms is appended to the exam.

2 3

1. [10 Points] Let A= | 1 —1| and B = [
-3 1

matrices, if it exists. If it does not exist, explain why.

(a) AB (b) BA (c) A? (d) B?

—11% ﬂ . Compute each of the following

-7 7
» Solution. (a) AB=| 4 1
-6 -5

(b) BA does not exist since the number of columns of B is 2, which is different from
the number of rows of A.

(c) A% does not exist since A is not square.

@ 5=

2. [15 Points| Find all solutions to the linear system

ry — 6272 — 41‘3 = =5
2331 — 10$2 — 9%’3 = —4
—T1 + 6372 + 51’3 = 3

Use Gauss-Jordan elimination.

» Solution. The augmented matrix corresponding to the given system is

1 -6 -4 -5
2 =10 -9 -4
-1 6 5 3

Apply Gauss-Jordan elimination to the augmented matrix:

1 -6 -4 -5] 1 -6 -4 -5
9 —10 —9 —4| RS G o9 4
1 6 5 3| B G 0 1 -2
3Ro+R1—R1 1 0 _7 13 TR3+R1— R, 1 0 0 _1
iy 02 0 4 iy 010 2
R3+R2—Ro 00 1 -9 (1/2)R2—R2 00 1 -2
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This matrix is in reduced row echelon form and the solution of the original system can

be read off as
T —1
To| = 2
T3 —2
<
1 -2 0
3. [15 Points] Let A= {2 —1 1{.
0 4 2
(a) Compute det A.
» Solution. Use cofactor expansion along the first row:
e T e ovaec 12 1]y qe 2
det A =1 det[ 4 2} + (—1)""*(—2) det [0 2} +(—=1)"°0 - det 0 4
=((-1)2—-1-4)+2-(2-2—-0-1)+0-(2-4—-0(-1))
=—6+8=2.

(b) Compute the inverse of A.

» Solution. Use row reduction of the augmented matrix [A ]:
120101 20 100
A T]=2 =1 101 0f “PEE® 0o 31 210
0 42001 0 42 001
Ro+R3—R 20100
PR o 31 -2 100
0 11 2 —-11
e L0205 =22
THRERTR g 0 -2 -8 4 -3
S (I T R R
e (102 5 2 2]
e loor o1 2 -1 1] U2
00 —2 -8 4 -3
102522 . [100-3 2 -1
001 12 -1 1f W37 1010 -2 1 -}
3 +R1—R1 3
0014 —2 3 : 001 4 -2 3
Thus,
-3 2 -1
At=|-2 1 -1
4 -2 =
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(c) Using your answer to part (b), solve the linear system Ax =b if b =

_ N W

» Solution. The solution to Ax = b is x = A~ 'b, so

1 -3 2 —=1] 13 —6
1| =x=A""b=|-2 1 -1l |2|=|-2
23 4 -2 2|1 l
<
-2 1
4. Let A= {—8 21.
(a) [3 Points] Verify that det(s] — A) = s> + 4.
» Solution.
det(sI — A) = det [g +§ . __ﬂ =(s+2)(s—2)—(—1)8
=" —44+8=5"+4.
<
(b) [10 Points] Compute the matrix exponential e4f.
» Solution. First Since det(s] — A) = s* + 4,
1 [s—2 1 2 =
J— Ayt =~ — | 244 244
(¢ ) 5?44 { —8 s+ 2] L2E4 552124}
Thus,
At a1 -1y _ |cos2t —sin2¢ %sin 2t
M =LT (I - AT} = [ —4sin2t  cos2t +sin2t| "’
<

(c) [7 Points] Find the general solution of y’ = Ay.

» Solution. The general solution is y(¢) = ey(0), where y(0) = El} where ¢
2
and cy are arbitrary real numbers. Thus, the general solution is
n)] oAt [e1] _ [cos2t —sin2t 5 sin 2t 1
ye(t)| co| | —4sin2t  cos2t+sin2t| |co
[ eicos2t —sin2t) + cot sin 2t
| —4cysin 2t + co(cos 2t + sin 2t)
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5. Consider the following first order linear system of differential equations

Yy =Ty + e
Yy = —4y1 + 3y

(a) [3 Points] Write the system in matrix form y’ = Ay.

» Solution.
/
A AN 7 1| |wn - 71 -
ol 1 I B 1 R B EE2
71
where A = [_4 31 |

(b) [3 Points] Verify that det(s] — A) = (s — 5)%.
» Solution.
det(s] — A) = det {5 o _;] (5= T)(s—3) — (—1)4
=5~ 105 +21+4=5>—10s+ 25 = (s — 5)°.
|

(c) [14 Points] Solve this system with the initial conditions y;(0) = 1, y2(0) = —2.

» Solution. First compute e: sI — A = [S ; [ }, SO

1 S — 3 1 5732 L 2 - + 2 2
1= = = | |- o7 |- |7
(s=5)2 -4 s—7 G52 (s-5) G52 55 (o=
Thus,

and
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Laplace Transform Table

f(t) «—  F(s)=L{f(t)}(s)
1
1. 1 — -
s
n!
2. t —> o]
1
3. e —
s—a
n!
n ,at
4. t"e —> (5 a)n+1
s
5. bt _
CoS “— TR
) b
6. sin bt — ey
" s—a
7. e cos bt — Goar P
: b
8. e sin bt — ool i p
9 h(t — ) e ‘
s
10. de(t) =0(t—c) <+— e ¢

Laplace Transform Principles

Linearity L{af(t)+bg(t)} = al{f}+0L{g}
Input Derivative Principles LA{f' ()} (s) = sL{f(t)} — f(0)
LW} (s) = s*LLFB)} = sf(0) = f(0)
First Translation Principle L{e"f(t)} = F(s—a)
Transform Derivative Principle L{-tf(t)}(s) = d%F(s)

Second Translation Principle L{h(t—c¢)f(t—c)} = e *F(s), or
Lyt =)} = e L{g(t+c)}.
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