Math 2065 Section 2
Review Exercises for Exam 2

FExam 2 will be on Friday, October 12, 2018. The syllabus for Exam 2 is Sections 2.1 — 2.7 of
Chapter 2, Sections 3.1 — 3.4 of Chapter 3, and Sections 4.1 — 4.3 of Chapter 4. You should
review all of the assigned exercises in these sections. Note that Section 2.2 contains the main
formulas for computation of Laplace transforms. A Laplace transform table will be provided
with the test. Following is a brief list of terms, skills, and formulas with which you should be
familiar.

e Know how to use all of the Laplace transform formulas developed in Section 2.2 to be able
to compute the Laplace transform of elementary functions.

e Know how to use partial fraction decompositions to be able to compute the inverse Laplace
transform of any proper rational function. The key recursion algorithms for computing
partial fraction decompositions are Theorem 1 (Page 129) for the case of a real root in the
denominator, and Theorem 1 (Page 143) for a complex root in the denominator. Here are
the two results:

Theorem 1 (Linear Partial Fraction Recursion). Let Py(s) and Q(s) be polynomials.
Assume that a is a number such that Q(a) # 0 and n is a positive integer. Then there is
a unique number Ay and polynomial Py(s) such that

PQ(S) A1 Pl(S)

G-aQ(s)  (-—ar  (s—ar1Q(s)

The number Ay and polynomial Py(s) are computed as follows:

Po(s) and Pi(s) = Pols) = AlQ(S).

Q(S) |s—a s—a
Theorem 2 (Quadratic Partial Fraction Recursion). Let Py(s) and Q(s) be polyno-
mials. Assume that a + bi is a complex number with nonzero imaginary part b # 0 such

that Q(a+0bi) # 0 and n is a positive integer. Then there is a unique linear term Bys+ Cy
and polynomial Py(s) such that

A =

P()(S) _ Bis + Cl Pl(s)
(s—=a)?+0)"Q(s) ((s—a)+b*)"  ((s—a)? +b2)"1Q(s)

The linear term Bis + Cy and polynomial Pi(s) are computed as follows:

Bo(s)
Q(s) s=a+bi

Py(s) — (B1s+ C1)Q(s)

Bls—'_Cl’s:aeri: (s—a)2+b2

and Pi(s) =




e Know how to apply the input derivative principle (Corollary 8, Page 116) to compute the
solution of an initial value problem for a constant coefficient linear differential equation
with elementary forcing function. See Section 2.1.

e Know how to use the characteristic polynomial to be able to solve constant coefficient
homogeneous linear differential equations. (See Algorithm 6, Page 232, and Algorithm 3,
Page 286.)

e Know how to use the method of undetermined coefficients to find a particular solution of
the constant coefficient linear differential equation

q(D)y = f(t)

where the forcing function f(¢) is an exponential polynomial, i.e., f(t) is a sum of functions
of the form ctFe cos bt and dt*e™ sin bt for various choices of the constants a, b, ¢, and d,
and non-negative integer k. (See Algorithm 4, Page 239 and Algorithm 3, Page 295.)

The following is a small set of exercises of types identical to those already assigned.

1. Compute the Laplace transform of each of the following functions using the Laplace trans-
form Tables. (A table of Laplace Transforms will be provided to you on the exam.)

(a) 3t2 — 262+ 7

31 20 7 18 4 7
35 2 s =

54 P

(b) et +sin /2t

1 2
+ \/>
s+3 s24+2

(c) —8+ cos(t/2)

TR T
s s24+1/4 s 4s24 17

(d) 7e? cos 3t — 2¢ sin 5t

7(s —2) 10
(s—2)24+9 (s—T7)2+25

(©) (2 )™

» Solution. Use the first translation principle applied to f(t) = 2 — 2. Thus
L{ef(t)} = F(s+5), so:

2 2
s+5 (s+5)%




(f) tcos6t

_i s B s? — 36
ds \s2+36)  (s2+36)2

(g) t?cosat where a is a constant

» Solution. Use the transform derivative principal twice, applied to f(t) = cos at.
Then, F(s) = s/(s*+a?) and L {t* cosat} (s) = F"(s). Since F'(s) = (a*—s%)/(s*+
a?)?, the Laplace transform of ¢? cosat is

252 — 6sa?
Fl(s)= " —.
(5) (s2 4 a?)3

<

2. Find the inverse Laplace transform of each of the following functions. You may use the
Laplace Transform Tables.

7 7,9 _a
—_— —t .
s+ 2
b) ——>— 12
(b) §2—3s—4

» Solution. Use partial fractions to write

s+ 2 1 6 1
G(S)_82—33—4_5<8—4_3—|—1>'

Thus (6€4t —e ') /5] <

s
(s+4)2+4
» Solution. Since

s _(s+4)—-4  s+4 2
(s+4)24+4  (s+42+4  (s+42+4 “(s+42+4

it follows that the inverse Laplace transform ’ e M cos 2t — 2e M gin 2t ‘ <
1
d ———
(d) 52 —10s+9



» Solution. Since 52 — 10s — 9 = (s — 9)(s — 1), use partial fractions:

1 1/ 1 1 1 1
[ :>£—1 - L _ = 9t t.
s2—10s + 9 8<s—9 3—1) {52—105+9} e —¢)

25+ 18
s2 425

4s — 3
52 — 65+ 25

(e)
(f)

| 2085t + (18/5) sin 5t |

» Solution. Since s>—6s+25 = (s—3)>+42, replace s in the numerator by (s—3)+3

to get
4s — 3 4(s —3)+9 4(s —3) 9

s2—6s+25 (s—3)2+42 (5—3)2—|—42+(8—3)2+42'

We conclude:

4s — 3 9
L1 {8} = 4¢3 cos 4t + Ze3t sin 4t.

52 — 65+ 25
|
1
» Solution. Use partial fractions to write
1 1 /1 s
s(s244) 4\s s2+4)’
so that
1 1
LY =-(1- 2t).
{S(S2+4)} 4( cos 2¢)
|
1
h) —
() s2(s+1)2
» Solution. Use partial fractions to write
1 12 n 1 n 2
s2(s+1)2 2 s (s+1)2 s+ 1’
so that
1
-1 — 4t —t _
L {52(s+1)2} te”" +2e "+t —2.
<



3. Solve each of the following differential equations by means of the Laplace transform:

(a)

Y’ =3y +2y =4, y(0) =2, ¥(0)=3

» Solution. As usual, Y = L(y). Applying £ to both sides of the equation gives
4
s2Y (s) =25 =3 = 3(Y(s) — 2) + 2V (s) = -

and solving for Y'(s) gives:

252 —3s+4
s(s—=2)(s—1)
B A+ B N C
s s—1 s—2
2 3 3
- — +

s s—1 s—2’

Y(s) =

where the last two lines represent the decomposition of Y(s) into partial fractions.
Taking the inverse Laplace transform gives

y(t) = 2 — 3e! + 3.

y' +4y =6sint,  y(0)=6, y'(0)=0

» Solution. As usual, Y = L(y). Applying £ to both sides of the equation and
solving for Y gives:

6s 6 6s 2 2

Y = = — .
O = ot Gy 2ed T 241 24

Taking the inverse Laplace transform gives

’y(t) = 6cos2t 4 2sint — sin 2t.

<

4. Using the Laplace transform, find the solution of the following differential equations with
initial conditions y(0) = 0, ¥'(0) = 0:

(a) ¥ —y=2sint y(t) = (1/2)(e' —e™*) —sint

(b) ¥ +y=sindt  |y(t) = (1/15)(4sint — sin4) |

(¢) ' +y =1+2t y(t)=1—e 42—t




(d) v + 4y +3y =6 y(t) =e 3 —3e 7t +2

(e) ¥" +y =2+ 2cost ’y(t):2—2005t—|—tsint

5. Solve each of the following homogeneous linear differential equations, using the techniques
of Chapter 3 (Characteristic equation and calculation of the standard basis By.)

)y +3y +2y=0

)y +6y +13y =0

)y +6y +9y=0

)y =2y —y=0

) 8y +4y +y=0

) 2y =Ty +5y=0

) 2y +2y +y=0

)y + .2y +.0ly=0
i) v +7/+12y =0

)y +2y +2y=0

) "+ 2y" — 15y =0
) " +2y" -8y =0

)y =2y" =3y’ =0

) Y =Ty +6y=0

)y =3y" —y' +3y=0
) 4y” — 10y + 12y =0
)y =5y +dy =0

Answers

cre”t 4 coe™?t

c1e7 3t cos 2t + coe 3t sin 2¢
c1 + cat)e 3t

eIVt 4 o e(1=V2)E

e t4(¢y cos i + ¢9 8in i)

5t/2 t

cire + coe
e"t2(cy cos(—t/2) + cysin(t/2))
%1 (cy + tey)

cre % & cpe3t

QTR Rl R R e
I

e ey cost + cosint)



3t

=13 4 coel + cge”?
= cre=2t & coet/? + cqedt/?

= cle% + 026’% + C3€t + 1246”5

6. Find the general solution of the constant coefficient homogeneous linear differential equa-
tion with the given characteristic polynomial ¢(s).

Answers

Roots of q(s) are 4, —3, 5, so y(t) = cret + coe 3" + c3e’’.
s3—1 = (s—1)(s%4s+1) so the roots are 1, (—14+/3i)/2. Thus y(t) = cie!+coe % cosv/3/2+
cze” 2 sin/3/2.
Roots are £1/2, each of multiplicity 2. Thus, y(t) = €2 (c1 + cat) + €V (c5 + cqt).
2

—1 is a root since ¢(—1) =0, so ¢q(s) = (s + 1)(s* —4s + 5) and the roots are —1 and 2 %+ i.
Thus, y(t) = cie~! + €?!(cy cost + c3 sint).

q(s) = (s®> +4)(s%> — 1) so the roots are £1 and +2i. Thus, y(t) = cie! + coe ™" + c3 cos 2t +
c4 sin 2t.

q(s) = (s2+4)(s2+1) so the roots are £i and +2i. Thus, y(t) = c; cost+ ¢ sint + c3 cos 2t +
c4 8in 2t.

The roots are 44, each with multiplicity 3. Thus, y(t) = (c1 + cat + c3t?) cost + (¢4 + cst +
C6t2) sint.

y(t) = (1 + cot)eV2 + €2 (cg cost + ¢y sint)

y(t) = (c1 + cat + c3t?) + el (cy cost + c5sint)



7. Solve each of the following initial value problems. You may (and should) use the work
already done in exercise 5.

(a) ¥"+3y +2y=0, y(0)=1, ¥'(0)=-3.
(b) " +6y +13y =0, y(0)=0, ¥ (0)=-1.
(c) y” +6y' +9y =0, y(0)=-1, ¥'(0)=5.
(d) v =2y —y=0, y(0)=0, ¢(0)=v2

)

() v"+2y' +2y=0, »(0)=0, %(0)=2

Answers

)y
) y=—te 3sin2t

(c) y=(=1+2t)e 3

(d) y= %(e(1+\/§)t _ e(lfx/ﬁ)t)
) y=2e"tsint

8. Use the method of undetermined coefficients (See Section 3.4) to find the general solution
of each of the following differential equations.

) ¥ — 3y’ — 4y = 30¢t

) y//_3yl_4y:3064t

)y’ =3y — 4y = 20cost
(d) ¥ =2/ +y=1t"-1

) y”—2y’+y=3€2t

)y —2y +y=4cost

) ¥ =2y 4y =3¢

) ¥ =2ty =tef

Answers

y = crett + coe™t — bet

y = crett + coet 4 6te!

y = cre®t + coe™t + (=30/17) sint + (—150/51) cos t
y=cret +cote? +t2 +4t+5
y = crel + cotel 4 3e?t

y = cre! + cotet + —2sint
y=cret + cztet + St2et

Yy

(&



