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1L 2y +ty +4y =0, y(1)=-3, (1)=4

12. 2" —4ty’ +6y =0, y(0)=1, ¢'(0)=-1

3.5 Undetermined Coefficients

In this section and the next we consider the nonhomogeneous differential equation

Ly=f, (1)

where f is a nonzero function. The general theory developed in Sections 3.1 and 3.2,
specifically Theorems 3.1.4 and 3.2.4, gives the strategy for solving Equation (1): First,
we find the solution set, S, to the associated homogeneous equation Ly = 0. Second,
we find a particular solution ¢, to Equation (1). Then the general solution takes the
form

Pp +90h7

where o, € 8. Previous sections have addressed the question of finding the solution
set to a linear second order differential equation in some special circumstances. Thus
our efforts now turn to finding a particular solution to Equation (1).

In this section we will describe a method, known as the method of undetermined
coefficients, for finding a particular solution to

ay” + by’ +cy = f(t) (2)

in the case where f € £ is an elementary function and a, b, and ¢ are real numbers with
a # 0. The general case will be considered in the next section.

Recall from Chapter 2 that an elementary function is a sum of constant multiples of
the following types of simple elementary functions:

theot, the cos fit, t*e* sin ft,

where a and (8 are real numbers and £ = 0, 1, 2, .... As we shall see any solution to
Equation (2) is again an elementary function and therefore any particular solution ¢,
can be expressed in the following way

Pp = C’1901 + -+ Cn@n, (3)
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where each ¢;, ¢ = 1,...n, is a simple elementary function. If each of the ¢;’s is
not a solution to the associated homogeneous equation ay” + by’ + cy = 0 we will
call Equation (3) the form of the particular solution. The method of undetermined
coefficients allows one to determine the simple elementary functions that appear as terms
in Equation (3). The coefficients of these term are then determined by substitution into
Equation (2).

Let’s consider the necessary details. Let y(¢) be the unique solution of Equation
2) subject to the initial conditions y(0) = yo and y'(0) = y;, and, as usual, we let
Y (s) = L(y(t)). Applying the Laplace transform to both sides of Equation (2) gives

a(s’Y — sy —y1) + b(sY —y) +cY = F(s) =

and solving for Y we obtain

yo(as + b) + ayy N R(s)
p(s) p(s)Q(s)’

which we write as Yi(s) + Ya(s), where Yi(s) is the first term and Y3(s) is the second
term. Since Y is a proper rational function y is an elementary function. The first term
in Equation (4), Yi(s), has inverse Laplace transform that is part of the solution to
the associated homogeneous equation ay” 4 by’ + cy = 0. Since our focus is on finding
the form of a particular solution we can ignore this contribution and concentrate on
the second term Y5(s). The form of the partial fraction decomposition (see Page 96) of
Ys(s) is completely determined by the factorization of the denominator p(s)@Q(s). The
inverse Laplace transform of Y5 is thus a sum of simple elementary functions. Some of
these simple elementary functions may be included in ¢} and therefore ignored. It is the
remaining terms that lead to the form of the particular solution. The way to proceed
should become clear once we have illustrated the method with some simple examples.

Yy —

(4)

Example 3.5.1. Find a particular solution ¢,(t) to y” + 4y — 5y = 3e™".

» Solution. In this example, f(t) = 3e™* so that F(s) = ol j)_ L= ggz;
s*4+4s —5 = (s+5)(s — 1); hence p(s)Q(s) = (s +5)(s — 1)(s + 1). Since this is the

denominator of Y(s) we conclude that

and p(s) =

A N B N C
s+5 s—1 s+1’

Y(s) =

and hence
y(t) = Ae™® + Be' + Ce™".



3.5. UNDETERMINED COEFFICIENTS 155

The first two terms are included in ¢p(t) so we conclude that ¢, (t) = Ce™" where C' is
a constant, which can be determined by substitution into the original equation:

©n(t) + 49, (1) — bpy(t) = Ce™" —4Ce™" —5Ce™
= —8Ce™!
= 3e .
Thus, we must have —8C = 3 so that C' = —3/8 and ¢, (t) = (—3/8)e*. The general
solution to y” + 4y’ — by = 3e~* is then

3
y(t) = Ae™™ + Be' — ge’t,

where A and B are arbitrary real constants. <

Example 3.5.2. Find a particular solution ¢, (t) to y” + 4y’ — by = 3te™".

» Solution. The only difference between this and the previous example is that now

f(t) = 3te™" so that F(s) = (sfl)Q = Sgg Hence p(s)Q(s) = (s +5)(s — 1)(s + 1)?

which gives a partial fraction expansion for Y (s) of the form

A B Ol 02

V(s) —
(s) s+5+3—1+s+1+(54—1)27

which then implies that
y(t) = Ae™® + Be' + Cre™" + Cyte™.

As above, the first two terms are included in ¢y, (t) so we conclude that ¢,(t) = Cre™" +
Cyte™ where C; and Oy are constants, which can be determined by substitution into
the original equation, as follows. First compute the derivatives of ¢, (t):

QOP(t) = Cleit + Cgteit
(,D;(t) (—Cl + Cg)e_t — Ogte_t
@Z(t) = (Cy —2Cy)e " + Cyte™.

Now substitute these into the original equation:

o (t) + 49 (1) — 5py(t) = (—8Cy +2Cy)e™" —8Cste™
= 3te .



156 CHAPTER 3. SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

Setting ¢ = 0 gives the equation —8C + 2C5y = 0, while comparing the coefficients of
te~! gives an equation —8C5 = 3. Hence the coefficients C; and O, satisfy the system of
equations

—8C1+2Cy, = 0
—8C5 = 3.

Therefore, Cy = —3/8 and C} = (/4 = —3/32, and we conclude that a particular
solution ¢,(t) to y” + 4y’ — 5y = 3te™" is given by

3 _
op(t) = 3¢ - 3te '
and then general solution is
3 3
y(t) = on(t) + pp(t) = Ae™™ + Be! — —e™" — —te™,
32 8
where A and B are arbitrary constants. <

Example 3.5.3. Find a particular solution ¢,(t) to y"” — 4y’ — 5y = 3e™".

» Solution. In this example, as in the first example, f(¢t) = 3e™* so that F(s) =

. j)_ T = ggi; But p(s) = s> —4s—5 = (s —5)(s+1); hence p(s)Q(s) = (s —5)(s+1)%
Since this is the denominator of Y'(s) we conclude that
A B C

5—5+s+1+(s+1)2’

and hence
y(t) = Ae™ 4 Be ' + Cte™".

The first two terms are included in ¢y (t) so we conclude that ¢,(t) = Cte™ where C' is
a constant, which can be determined by substitution into the original equation:
on(t) — 4 (t) = 5pp(t) = C(=2+t)e™ —4C(1 —t)e™" —5Cte™
= —6Ce™"
3e".

Thus, we must have —6C' = 3 so that C' = —1/2 and ¢,(t) = (—1/2)te”*. The general
solution to y” — 4y’ — by = 3¢~ is then

1
y(t) = Ae™™ + Be' — §t6_t,

where A and B are arbitrary real constants. <
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Example 3.5.4. Find a particular solution ¢, (t) to y” +2y' +y = 3e™".

3 R(s)
s+1  Qs)
p(s) = s+ 2s+ 1= (s+ 1)? hence p(s)Q(s) = (s + 1)3. Since this is the denominator
of Y(s) we conclude that

» Solution. Also in this example, f(t) = 3e™* so that F(s) = But

Ay N A N As
s+1 (s+1)2 (s+1)%

Y(s) =

and hence
y(t) = Are™" + Agte™" + (Az/2)t%e .

As in the previous examples, the first two terms are included in ¢y (t) so we conclude
that ¢,(t) = Ct?e" where C' is a constant, which, as earlier, can be determined by
substitution into the original equation:

en(t) +200(t) + pp(t) = C(2—4t+t*)e™ +2C(2t — t*)e™" + Ct?e™
= 20e!

= 3e7 L

Thus, C' = 3/2 and p,(t) = (3/2)t?¢~". The general solution to 3" + 2y’ +y = 3e" is
then

3
y(t) = Aje™" + Agte™ + ith’t,
where A; and A, are arbitrary real constants. |
Example 3.5.5. Find a particular solution ¢, (t) to y" + 2y" + 5y = 3sin 2t.
6  R(s)
s2+4  Q(s)’

p(s) = s> +2s+5=(s+1)2+4; hence p(s)Q(s) = ((s +1)? + 4)(s* +4). Since this is
the denominator of Y'(s) we conclude that

» Solution. In this example, f(t) = 3sin2¢ so that F(s) = while

A18+Bl A28+BQ
(s+1)2+4 s?2+4

Y(s) =

Y

and hence (using Formulas 6) and 7) of Table C.2)

y(t) = Aje~ cos 2t + Bie sin 2t + Ay cos 2t + (By/2) sin 2t.
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As in the previous examples, the first two terms are included in ¢, (t) so we conclude
that ¢, (t) = Cycos2t 4+ Cysin2t where (4 and Cy are constants to be determined by
substitution into the original equation:

(,OZ(t) + 2(,0;@) + 5(,0p(t) = (—401 —+ 402 + 501) cos 2t —+ (—402 — 401 + 502) sin 2t
(Cy + 4C5) cos 2t + (—4C, + Cy) sin 2t
= J3sin2t.

Thus, €4 and C) satisfy the system of linear equations:

Cl+402 = 0
—401—|-02 -

Solving these equations for C; and C gives

which implies that a particular solution ¢,(t) to y” + 2y' + by = 3sin 2t is

(1) = — 22 cos 2t + — sin 2t
=—— — sin
SOP 17 COS 17S s

and the general solution is then

12 3
y(t) = Aje tcos 2t + Ase tsin 2t — T cos 2t + T sin 2t,

where A; and A, are arbitrary real constants. |

Example 3.5.6. Find a particular solution ¢,(t) to y” + 4y = 3sin 2.

6  R(s)
s24+4  Q(s)’
but now p(s) = s*>+4; hence p(s)Q(s) = (s*+4)%. Since this is the denominator of Y (s)
we conclude that

» Solution. As in the previous example, f(t) = 3sin 2¢ so that F(s) =

Y( ) A13—|—B1 A28+BQ
S) =
5244 (82 +4)2’

and hence (using Formulas from the Table of Convolutions)

y(t) = A, cos 2t + By sin 2t + Oyt cos 2t + Cyt sin 2.

As in the previous examples, the first two terms are included in ¢, (t) so we conclude
that ¢,(t) = C1t cos 2t + Cyt sin 2t where C) and Cy are constants to be determined by
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Table 3.1: Form of a particular solution ¢,(t)

p(s) f(t) Q(s) form of ¢,(t)
(s+5)(s—1) 3t s+1 Ce™!
(s+5)(s—1) 3te™t (s+1)? (C1+ Cot)e™
(s—5)(s+1) 3e? s+1 Cte™*

(s+1)? 3et s+1 Ct?e™!

(s+1)2+4 3sin2t s*+4  Ccos2t+ Cysin2t
s24+4 3sin2t s2+4 Citcos2t + Cytsin 2t

substitution into the original equation (the details of the substitution are left to the
reader):

@ (t) +4p,(t) = 4Cycos2t —4C, sin 2t

= Jsin2t.
Solving for C and C gives
3
Cl - —Z, 02 - O,
which implies that a particular solution ¢,(t) to y” + 4y = 3sin 2t is
3
op(t) = —thcos 2t,

and the general solution is then
3
y(t) = Ay cos2t + Ay sin 2t — 7 608 2t,

where A; and A, are arbitrary real constants. |

We now summarize the calculations of the previous examples in Table 3.1. In this
table, we are tabulating the form of a particular solution ¢,(t) of the differential equation

ay" + by’ +cy = f(t)

as it relates to the characteristic polynomial p(s) = as® + bs + ¢, the forcing function
f(t), and the denominator Q(s) of the Laplace transform F(s) = R(s)/Q(s) of f(t).

Notice that so long as p(s) and Q(s) do not have a common root (as in rows 1, 2,
and 5 of Table 3.1), then the form of ¢,(t) is exactly similar to that of f(¢), while if
p(s) and Q(s) have a common root (either real or complex), then the form of ¢,(t) is
adjusted by multiplying by either ¢ (if the common root is a simple root of p(s), as in
rows 3 and 6 of the table) or ¢* (if the common root is a double root of p(s), as in row
4 of the table). These observations are formalized in the following theorem.
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Theorem 3.5.7 (Undetermined Coefficients). Let p(s) = as® + bs + ¢ be the char-
acteristic polynomial of the nonhomogeneous constant coefficient differential equation

ay” + by’ +cy = f(t).

The form of a particular solution ¢,(t) of this equation is determined by f(t) and
p(s) in the following cases.

1. f(t) = (Ao + Ayt + - + Apth)e.
(a) If p(a) # 0, then the form of ¢,(t) is

op(t) = (Co+Cit +--- + thk)eat.

(b) If p(s) = a(s — a)(s —r) with r # «, i.e., «a is a simple root of p(s), then the
form of p,(t) is

0p(t) = t(Co+ Oyt + -+ - + Cyt¥)e™.
c) If p(s) = a(s — a)?, i.e., a is a double root of p(s), then the form of ©,(t) is
p
0p(t) = t2(Co + Cit + - - - + Ct*)e.
2. f(t) = (Ao + At + -+ - + AptF)e cos Bt + (A + Alt + -+ - + A} tF)e sin Bt.
(a) If p(a +iB) # O then the form of p,(t) is
©p(t) = (Co + Oyt + - - + Cyt*)e® cos Bt + (Cf + Ot + - - - + Cyt*)e® sin Bt.
(b) If p(a + i) = 0 then the form of p,(t) is
©p(t) = t(Co+ Cit + - -+ Cpt*)e™ cos Bt + t(Ch + Crt + - - - + Crt*)e™ sin Bt.

The form of ¢,(t) means that Cy, Cs, ..., Ck, and Cy, Cy, ..., C; are initially undeter-
mined coefficients which are computed by substitution into the differential equation.

Example 3.5.8. Determine the form of a particular solution ¢,(t) for each of the
following differential equations. Do not solve for the resulting constants.

1. y" — 5y + Ty = 4e?!

» Solution. This is Case (1) with a = 3. Since p(s) = s> — 5s + 7 and p(3) =
1 #0, p,(t) = Cet. <
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2.y — by +Ty=2t—1t3

» Solution. This is Case (1) with a = 0. Since p(0) =7 # 0, it follows that

ep(t) = Co + Cit + Cat® + Cst?.

3.y — by =2t —t3

» Solution. This is again Case (1) with a = 0. Since p(0) = 0, it follows that

©p(t) = Cot + C112 + Cot® + Cst™.

4. y//+y1_6y:2€t_€2t

» Solution. Since p(s) = (s — 2)(s + 3), we have that 2 is a simple root of
p(s). Hence, using both parts (a) and (b) of Case (1), it follows that ¢,(t) =
C’let + 02t62t. <

5. y" + 4y = be 3t sin 2t

» Solution. Since o+ = —34 2i is not a root of p(s) = s*+4, Case (2) shows

©p(t) = Cre * sin 2t + Cye™* cos 2t.

6. y’ + 6y + 13y = be 3 sin 2t

» Solution. Since a+if = —3+2i is a root of p(s) = s> +6s+13 = (s+3)? +4,
Case (2) shows

©p(t) = Cite™* sin 2t + Cyte ™" cos 2t.
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Exercises
Find the general solution of each of the following differential equations.

1.y +3y +2y=4
2.y + 3y +2y =12¢!
3. ¥y + 3y +2y =sint
4. y" + 3y’ + 2y = cost
5. " + 3y’ + 2y = 8 + 6e! + 2sint
6. v — 3y’ — 4y = 6e
7.y — 3y — 4y = bett
8.y — 4y + 3y =20cost
9. v" — 4y’ + 3y = 2cost + 4sint
10. y" — 4y = 8e* — 12
11. " — 3y 4+ 2y = 2t3 — 9% + 6t
12. " =3y +2y =22 +1
13. " + 4y = bet — 4t
14. y" 4 4y = 5et — 4t?
5.y +y +y=1
16. y" — 2y — 8y = 9tet + 10e~t
17. " — 3y = 2e?!sint
18. ¢ +y =12+ 2t
19. v 4y =t+sin2t
20. y" 4+ y = cost
21. y" +y = 4tsint
99. 4" — 3y — 4y = 16t — 50 cos 2t
23. o' +4y' + 3y = 15e* + et

24. y" —9y — 2y =6t + 6e"
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25. ¢y’ +y=sin’t Hint: sin’t = % — %cos 2t

26. y" — 4y +4y = ¥
Solve each of the following initial value problems.

27. y" = 5y’ — 6y = €%, y(0) = 2, ¥/ (0) =

28. y" + 2y + 5y =87, y(0) =0, y/(0) =

29. y" +y = 10e*, y(0) = 0, y'(0) = 0.

30. vy —4y =2—28t, y(0) =0, y'(0) = 5.

31. ' —y' — 2y =5sint, y(0) =1, ' (0) = —1.
32. y" + 9y =8cost, y(r/2) = -1, y'(7/2) = 1.
33. 3" — 5y + 6y = €' (2t — 3), y(0) =1, ¥/ (0) = 3.
34. ' =3y +2y =€t y(0) =1, y/(0) = —1.

3.6 Variation of Parameters

Let L = D? + aD + b, where a and b are continuous functions on an interval I. In
this section we address the issue of finding a particular solution to a nonhomogeneous
linear differential equation L(y) = f, where f is continuous on /. It is a pleasant and
remarkable feature of linear differential equations that the homogeneous solutions can be
used decisively to find a particular solution. The procedure we use is called variation
of parameters.

Suppose {¢1, @2} is a fundamental set for L(y) = 0. We know then that all solutions
of the homogeneous equation L(y) = 0 are of the form c;p1 + cap2. To find a particular
solution ¢, to L(y) = f the method of variation of parameters makes two assumptions.
First, the parameters c¢; and ¢, are allowed to vary. We thus replace the constants c;
and ¢, by functions u;(t) and us(t), and assumes that the particular solution ¢, takes
the form

p(t) = ur(t)pr(t) + ua(t)a(t). (1)

The second assumption is

uy (1)1 (t) + uy(t)pa(t) = 0. (2)



