Name: Solutions Exam 1

Instructions. Answer each of the questions on your own paper. Be sure to show your
work so that partial credit can be adequately assessed. Credit will not be given for answers
(even correct ones) without supporting work. Put your name on each page of your paper. A
table of Laplace transforms and a short table of integrals are appended to the exam.

1. [17 Points] Solve the initial value problem: 3’ = 1)
y —

» Solution. This equation is separable. There is one equilibrium solution: y = 1.
This does not satisfy the initial condition so it is not the required solution. If y # 1,
separate variables to get 2(y — 1)y’ = 3t?, which in differential form is

2(y — 1) dy = 3t dt

and integration then gives (y — 1)> = ¢3 + C. The initial condition y(0) = 0 gives
(=1)2=Cs0C=1,and (y—1)*> =t>+ 1. Solving for y gives y = 1 £ v/t> + 1. The
initial condition y(0) = 0 requires that the minus sign be used. Thus,

y=1—Vt3+1.

2. [17 Points] Solve the initial value problem: y' 4+ 2y = 3e* +4e™2*  y(0) = —1.

» Solution. This equation is linear with coefficient function p(t) = 2 so that an
integrating factor is given by u(t) = e/2% = . Multiplication of the differential
equation by the integrating factor gives

€2ty/ + 262ty — 3€4t + 4’
and the left hand side is recognized (by the choice of p(t)) as a perfect derivative:

d
E(eﬂy) = 3e* + 4.
Integration then gives

3

where C' is an integration constant. Multiplying through by e™2 gives

3
Y= Ze% + dte ™ + Ce .

The initial condition gives —1 = y(0) = 2 + C' so C'= —I and thus

3 7
y = e +dte ' — Ze_%.

4
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2t
3. [17 Points| Solve the initial value problem: 3’ + t2y =1, y(0)=0.

1+

» Solution. This equation is linear with coefficient function p(t) = 2t/(1 + t?), so
that an integrating factor is p(t) = e/ G/A+*)dt — n(1+2%) — 1 4 42 Multiplication of
the differential equation by the integrating factor gives

(1+)y + 2ty =1+ 2,
and the left hand side is recognized (by the choice of u(t)) as a perfect derivative:

d
E((l +1H)y) =1+t

Integration then gives
1+)y=t+t/3+C,
where C'is an integration constant. Multiplying through by 1 + * gives
_t+t°/3+C
1422
The initial condition y(0) = 0 implies 0 = y(0) = < so that C' = 0. Hence

3t +t3

VT30 1)

4. [17 Points] Find the general solution of: 2ty* — 3 + (2t%y + 4)y’ = 0.

» Solution. Letting M (¢, y) = 2ty?> — 3 and N(t, y) = 2%y + 4, the equation can be

written in the form M 4+ Ny’ = 0, and since
oM Aty — ON
oy YT o

it follows that the equation is exact. Hence, we solve it by looking for a potential
function V (¢, y) such that M = 9V/0t and N = 9V/dy. Find V by integration:

V(t, y):/%—‘t/dt:/Mdt:/(thf—S)dt:t2y2—3t+go(y),

where ¢(y) is a function depending only on y. Now use

oV d
2%y +4 = N(t, y) = — = 2%y + —
Y+ (t, v) a9y Y+ dyw(y),

d
which implies that d—gp(y) = 4 so that ¢(y) = 4y. Hence, the solutions to the differ-
Y

ential equation are given by the implicit solutions of V (¢, y) = C, i.e.,

t2y* — 3t +4y = C,

where C' is a constant. |
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5. [15 Points] Compute the Laplace transform of each of the following functions. You
may use the attached tables, but be sure to identify which formulas you are using by
citing the number(s) or name of the formula in the table.

(a)

f(t) =3t —5te S + 7

» Solution. From Linearity and Formula 2, with n = 3 and n = 0, and Formula
4 withn =1, a = —6,

3 -4l 1 T T2 ) 7
F(s)= 22— r_rez__° L, f
(5) sb 5(5—1—6)2 T (s+6)2 A

g(t) = (t — 3)%e* + 5e ' cos 3t

» Solution. First expand (¢t — 3)% = t* — 6t + 9 to write g(t) = t?e* — 6te* +

9ett +5e7% cos 3t. Now use Linearity and Formula 4 with n =2, n =1 and n = 0
with a = 4, plus Formula 7 with a = —2, b = 3 to get
2 6 9 5(s + 2)
G(s) — _ .
S Pl Py Ay Sl poa
<

h(t) = 3t sin 5t

» Solution. Use the Transform Derivative Principle and Formula 6 to get

d{ 5
H(s) = -3
(s) = =305 <s2+25>

_ _3.5 —2s
B (s + 25)2
30s

(s +25)%°

<

6. [17 Points] A 400 gallon tank is initially full of brine which contains 60 pounds of

salt.

A solution containing 0.5 pounds of salt per gallon enters the tank at a rate of

6 gallons per minute. A drain is opened at the bottom of the tank through which the
well stirred solution leaves the tank at the same rate of 6 gallons per minute. Let y(?)
denote the amount of salt (in pounds) which is in the tank at time t.

(a) What is y(0)? |y(0) =60

(b) Write the differential equation that y(t) must satisfy.
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» Solution. The balance equation is
y'(t) = rate in — rate out.

The rate in is 0.5 Ib/gal x 6 gal/min, i.e., 3 Ib/min. The rate out is

(%) x 0.

Since mixture is entering and leaving at the same volume rate of 6 gal/min, the
volume of mixture in the tank is constant. Thus V' (t) = 400. Hence y(t) satisfies

the equation
6
/ — 3 o
Y 400y>

so that the initial value problem satisfied by y(t) is

3
! _ = =
Y+ 5007 3, y(0) = 60.

Solve the differential equation to find y(t).

» Solution. This is a linear differential equation with integrating factor u(t) =
e3/200 5o multiplication of the differential equation by u(t) gives an equation

i 3t/200, \ _ 9,3t/200
(e y) = Je .

dt
Integration of this equation gives
e34/200y, — 9()e3/200 |

3/200 giveg

where C' is an integration constant. Dividing by e
y =200 + Ce /20,

and the initial condition y(0) = 60 gives a value of C' = —140. Hence, the amount
of salt at time ¢ is

y(t) = 200 — 140e3/29,

How much salt is in the tank after 1 hour?

» Solution. This is obtained by taking ¢ = 60 (minutes) in the previous equa-
tion:

y(60) = 200 — 140e~18%/29 ~ 143.08 Ib
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Laplace Transform Tables

f(t) = F(s)=L{f)} (s)
1
1. 1 N Z
s
2. " — S:J!rl
1
3. e —
s—a
. n!
4. the? — m
D. cos bt — %—1—62
: b
6. sin bt — 32——|—b2
7. e™ cos bt — %
: b
8. e sin bt — Goaf
Linearity LA{af(t)+0bg(t)} = aLl{f}+bL{g}
Input Derivative Principles L{f't)}(s) = sCL{f(t)}— f(0)
L")} (s) = s2L{f(t)} —sf(0) — f(0)
First Translation Principle LA{e™f(t)} = F(s—a)

d
Transform Derivative Principle L{-tf(t)}(s) = EF(S)

The Dilation Principle LA{ft)}(s) = %L {f()} (s/b).
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Some Integral Formulas

1
L [a"de = —52" + C (ifn # 1) 2. [=de=lz|+C

x
3. ! dx—lln\a—i-bx\—i-(? (b#£0) 4 f#dx—ltan_lf—i-o (a > 0)
' a+bxr b 242 g a

1 1 T 1 1 a+zx
[ de =1 . dr = —1
> fx(a—i—bx) T M at o 0 faz—xQ YT MNa—g +c
7. flnxdx:xlnx—x+0 8. fxe‘”d:v:xe —6—2—1-0
a a

9. fcosa:td:vzsmax+C 10. fsinaa:d:r:—cosax C

a
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