Name: Solutions Exam 1

Instructions. Answer each of the questions on your own paper. Be sure to show your
work so that partial credit can be adequately assessed. Credit will not be given for answers
(even correct ones) without supporting work. Put your name on each page of your paper.

1. [8 Points] Short Answer. For True/False questions you must write ‘True’ or ‘False’
and justify your answer.

2 3 .
P+sin(y) ig separable.

(a) True or False: The differential equation 3’ = e
» Solution. True. y = "+ = ¢ esin®) — p(¢)g(y) so it is separable. <
(b) True or False: The differential equation vy + y?t = ¢ is first order linear.
» Solution. False. The 3? term makes the equation nonlinear. <

(c) What are the possible number of solutions to a system of linear equations?

» Solution. There can be 0 solutions, 1 solution, or infinitely many solutions.
<

(d) Let A be a 2015 x 2015 matrix. If the equation Ax = 0 has only the solution
x = 0, what do we know about det A?

» Solution. det A # 0 <

2. [16 Points| Find all solutions to the linear system

T + To + T3 + Ty = 12
Lo — r3 + 41’4 = )
31‘1 + 21’2 + 4ZE3 — Ty = 31

» Solution. The augmented matrix of the system is

11 1 1 12
01 -1 4 5
3 2 4 -1 31
Row reduce this matrix:
11 1 1 12 1 1 1 1 12
01 -1 4 5 "V o 1 -1 4 5
3 2 4 -1 31 0 -1 1 —4 =5
11 1 1 12 10 2 -3 7
oo e sp BT o1 1 a5
00 00 O 00 O 0O
This last matrix is the augmented matrix of the system
il + 21‘3 — 31’4 = 7
To — r3 + 41’4 = 95
— 0 =0
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This system has leading variables x; and x5 and free variables x3 and x4. Solving for

x1 and x5 in terms of x5 and x4, and letting 3 = s, x4 = t, where s and t are arbitrary,
gives the solutions

Ty 7T—2s+ 3t

2 S+s—4t ,  Where s, t are arbitrary.

T3 S

Ty t

<
0 01
3. [16 Points] Let A= {1 0 3|.

01 2

(a) Compute the inverse of A.

» Solution.
00110 O 103 01 0
[AT]={10301 0[=[00110 0
012001 012001
103 01 O 100 -3 1 0
—-101 200 1{—=101 0 =2 0 1
001100 001 100
Thus,
-3 1 0
At=1-20 1
1 00
<
3
(b) Using your answer to part (a), solve the linear system Ax =b if b= |2|.
1
» Solution.
-3 1 0 3 —7
x=ATb=|-2 0 1 2 =|-5
1 00 1 3
<

4. [12 Points]

(a) If Ais a3x3 matrix with det A = 3 and B is obtained from A by first interchanging
rows 1 and 2 and then multiplying row 3 by 5, what is det(2A2B)?
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» Solution. det B = (—1)-5-det A = —15. Then
det(24?B) = 2%(det A)*det B=8-9 - (—15) = —1080.

<
1 2 Sz
(b) Find all values of z for which C~! fails to exist, where C' = [2z —1 0 0
3r—5 2 10

» Solution. C~! fails to exist when det C' = 0. Using cofactor expansion along

the second row, detC = —(2z — 1) 3 ?g = —(2z — 10)(20 — 10z). Thus,
<

det C' =0 if and only if z = 1/2 or x = 2.
5. [16 Points] Solve the initial value problem: y' = e*3?,  y(0) = —1.

» Solution. This equation is separable. There is one equilibrium solution: y = 0.
This does not satisfy the initial condition so it is not the required solution. If y # 0,
separate variables to get y 2y = €%, which in differential form is

Yy 2dy = e*, dt

and integration then gives

1
—y = /e% dt 56% +C,
so that
-1
el
The initial condition y(0) = —1 gives =1 = —1/(3 + C) so C =1, and
e
y= %e2t+% et 41
<
6. [16 Points] Solve the initial value problem: y' + 4y = 64 + 4e % 4(0) = 5.
» Solution. This equation is linear with coefficient function p(t) = 4 so that an

integrating factor is given by u(t) = e/*¥ = % Multiplication of the differential
equation by the integrating factor gives

e4tyl + 4€4ty =6+ 46_2t,
and the left hand side is recognized (by the choice of u(t)) as a perfect derivative:

d
E(e‘“y) =6+ 4e 2.
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Integration then gives
ety = 6t — 22 + C,

where C'is an integration constant. Multiplying through by e=* gives
y = 6te " — 270 4 Ce.

The initial condition gives 5 = y(0) = =24 C' so C' =7 and thus

‘y(t) = 6te ™ — 270 77,

7. [16 Points| Find the general solution to the differential equation: y' — 4ty = 2t.

» Solution. This equation is linear with coefficient function p(t) = —4t¢ so that an
integrating factor is given by u(t) = e/ ~4d = ¢=2  Multiplication of the differential
equation by the integrating factor gives

ey — ate 'y = 2t
and the left hand side is recognized (by the choice of u(t)) as a perfect derivative:

d
7 (e7y) = 2te .

Integration then gives

ey = —%e‘2t2 +C,

where C' is an integration constant. Multiplying through by 2t gives

1
Yy = —5 + 062t2.
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