
Math 2070 Section 1 Homework 8: Solutions Due: October 28, 2015

Instructions. Do each problem showing your work. Answers alone are not sufficient.
Label each problem clearly, and write neatly, in a logical sequence.

Do the following problems from the text:
Page 411: 2, 4, 10, 14, 22, 28, 34, 38

2.

f(t) = 2ℎ(t− 2)− 3ℎ(t− 3) + 4ℎ(t− 4) =

⎧







⎨







⎩

0 if t < 2,

2 if 2 ≤ t < 3,

−1 if 2 ≤ t < 4,

3 if t ≥ 4.

Thus, the graph is

1
2
3

−1 1 2 3 4 5 6 7
t

y

4. This function is g(t− 2)ℎ(t− 2) where g(t) = t2, so the graph of f(t) is the graph
of g(t) = t2 translated 2 units to the right and then truncated at t = 2, with the
graph before t = 2 replaced by the line y = 0. Thus the graph is
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10. (a) t�[2,∞)(t);

(b) tℎ(t− 2);

(c) ℒ{tℎ(t− 2)} = e−2sℒ{t+ 2} = e−2s

(

1

s2
+

2

s

)

.

14. (a) (t2 − 4)�[4,∞)(t);

(b) (t2 − 4)ℎ(t− 4);

(c) ℒ{(t2 − 4)ℎ(t− 4)} = e−4sℒ{(t+ 4)2 − 4} = e−4sℒ{t2 + 8t+ 12}

= e−4s

(

2

s3
+

8

s2
+

12

s

)

.

22. (a) t�[0,1)(t) + (2− t)�[1,2)(t) + �[2,∞)(t);
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(b) t− (2− 2t)ℎ(t− 1) + (t− 1)ℎ(t− 2);

(c) ℒ{t+ (2− 2t)ℎ(t− 1) + (t− 1)ℎ(t− 2)}
= ℒ{t}+ e−sℒ{(2− 2(t+ 1))}+ e−2sℒ{(t+ 2)− 1}
= ℒ{t}+ e−sℒ{−2t} + e−2sℒ{t+ 1}

=
1

s2
−

2e−s

s2
+ e−2s

(

1

s2
+

1

s

)

.

28. ℒ−1

{

e−3s

s− 1

}

= ℎ(t− 3) ℒ−1

{

1

s− 1

}
∣

∣

∣

∣

t→t−3

= ℎ(t− 3) (et)∣
t→t−3 = et−3ℎ(t− 3) =

{

0 if 0 ≤ t < 3,

et−3 if t ≥ 3.

34. ℒ−1

{

e−s

s2
+

e−2s

(s− 1)3

}

= ℎ(t− 1) ℒ−1

{

1

s2

}
∣

∣

∣

∣

t→t−1

+ ℎ(t− 2) ℒ−1

{

1

(s− 1)3

}
∣

∣

∣

∣

t→t−2

= ℎ(t− 1) (t)∣
t→t−1 + ℎ(t− 2) (1

2
t2et)

∣

∣

t→t−2

= (t− 1)ℎ(t− 1) + 1
2
(t− 2)2et−2ℎ(t− 2)

=

⎧



⎨



⎩

0 if 0 ≤ t < 1,

t− 1 if 1 ≤ t < 2,

t− 1 + 1
2
(t− 2)2et−2 if t ≥ 2.

38. ℒ−1

{

e−2s + e−3s

s2 − 3s+ 2

}

= ℎ(t−2) ℒ−1

{

1

s2 − 3s+ 2

}
∣

∣

∣

∣

t→t−2

+ℎ(t−3) ℒ−1

{

1

s2 − 3s+ 2

}
∣

∣

∣

∣

t→t−3

= ℎ(t− 2) ℒ−1

{

1

s− 2
−

1

s− 1

}
∣

∣

∣

∣

t→t−2

+ ℎ(t− 3) ℒ−1

{

1

s− 2
−

1

s− 1

}
∣

∣

∣

∣

t→t−3

= ℎ(t− 2) (e2t − et)∣
t→t−2 + ℎ(t− 3) (e2t − et)∣

t→t−3

= ℎ(t− 2)
(

e2(t−2) − et−2
)

+ ℎ(t− 3)
(

e2(t−3) − et−3
)

Page 425: 2, 12

2. We write the forcing function as f(t) = −5�[0,1) + 5�[1,∞) = −5 + 10ℎ(t − 1).
Applying the Laplace transform, partial fractions, and simplifying gives

Y (s) =
1

s+ 5
−

5

s(s+ 5)
+

10

s(s+ 5)
e−s

=
2

s+ 5
−

1

s
+

(

2

s
−

2

s + 5

)

e−s.

2
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Laplace inversion now gives

y = 2e−5t − 1 +
(

2− 2e−5(t−1)
)

ℎ(t− 1)

=

{

2e−5t − 1 if 0 ≤ t < 1

2e−5t + 1− 2e−5(t−1) if 1 ≤ t < ∞
.

12. Write the forcing function as f(t) = e−t�[0,4) = e−t−e−tℎ(t−4) and then ℒ{f(t)} =
1

s+1
− e−4sℒ

{

e−(t+4)
}

= 1
s+1

− 1
s+1

e−4e−4s. Apply the Laplace transform, partial
fractions, and simplify to get

Y (s) =
1

(s+ 1)3
−

1

(s+ 1)3
e−4e−4s.

Laplace inversion then gives

y =
t2

2
e−t −

(t− 4)2

2
e−(t−4)e−4ℎ(t− 4)

=
t2

2
e−t −

(t− 4)2

2
e−tℎ(t− 4)

=

{

t2

2
e−t if 0 ≤ t < 4

(4t− 8)e−t if 4 ≤ t < 0
.

Page 437: 6, 8

6. Apply the Laplace transform, take partial fractions, and simplify to get

Y (s) =
e−s

s2 − 1
−

e−2s

s2 − 1

=
1

2

(

1

s− 1
−

1

s+ 1

)

e−s −
1

2

(

1

s− 1
−

1

s+ 1

)

e−2s.

Laplace inversion now gives

y =
1

2

(

et−1 − e−(t−1)
)

ℎ(t− 1)−
1

2

(

et−2 − e−(t−2)
)

ℎ(t− 2)

=
1

2

⎧



⎨



⎩

0 if 0 ≤ t < 1

et−1 − e−(t−1) if 1 ≤ t < 2

et−1 − e−(t−1) − et−2 + e−(t−2) if 2 ≤ t < ∞

.

8. Apply the Laplace transform to get

Y (s) =
s

s2 + 4
+

1

s2 + 4
e−�s −

1

s2 + 4
e−2�s.
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Laplace inversion gives

y = cos 2t+
1

2
sin(2(t− �))ℎ(t− �)−

1

2
sin(2(t− 2�))ℎ(t− 2�)

= cos 2t+
1

2
(sin 2t)ℎ(t− �)−

1

2
(sin 2t)ℎ(t− 2�)

=

⎧



⎨



⎩

cos 2t if 0 ≤ t < �

cos 2t+ 1
2
sin 2t if � ≤ t < 2�

cos 2t if 2� ≤ t < ∞

.
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