Math 2070 Section 1 Homework 9: SolutionsDue: November 16, 2015

Instructions. Do each problem showing your work. Answers alone are not sufficient.
Label each problem clearly, and write neatly, in a logical sequence.

Do the following problems from the text:
Page 645: 8

8. First note that y;(0) = 1 and y2(0) = 0, so the initial condition is satisfied. Then

V(t) = {yi(t)} _ {et + 2¢! + 2tet} _ {34 + 2tet}

yh(t) 4et + 4tet 4et + 4tet
while
3 —1] [t +2te'|  [3e! + Gte! — 4te!
4 —1 4tet ~ |4e! + 8te! — 4te!

3e! + 2te!
4et + 4tet |-

Thus y'(t) = [Z :ﬂ y(t), as required.

Page 655: 8, 10, 12

8. The characteristic polynomial is c4(s) = (s—1)(s—2) and sI — A = [S E L < E 2] :

1
0 s—2

= 0
Thus (s — A)™' = [81 ] and

M =Ll - AT = [et 0 }

0 e*

10. The characteristic polynomial is c4(s) = (s —1)2 =1 = s(s — 2) and s — A =
s—1 1
{8 -l ] . Thus the resolvent matrix is (s — A)~! = [s(sz) s(s=2)

A partial

-1 s-1 s(s—2)  s(s—2)
fraction decomposition gives

1 1 11
Ll 2 —2 L |2 2
(s — A1 =2 +
s |1 1 s—2 |11 1
2 2 2 2
and therefore
11 11 1,12t 1 1.2
At |2 T2l |2 2] 2 T2€ 3 T 3€
I R Lol T L1 1 1w
2 2 2 2 2 T3 2 T3
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12. The characteristic polynomial is c4(s) = s* —2s+2= (s — 1) + 1 and s/ — A =

s+2 —10
s—4 10 . Thus the resolvent matrix is (s/ — A)™! = (s=1)241 (8_1_)2+1
_1 S+2 1 s—4
(s—1)241 (s—1)2+1

which we write as

s—1 10 3
(s —A)~' = [<8—1>2+1 _<s—1>2+1] . [m 0 ] |

1 s—1 0 o 3
(s—1)2+1 (s—1)2+1 (s—1)2+1
Therefore
AL _ e' cost + 3e' sint —10e! sint
- elsint et cost — 3elsint

Page 663: 4, 6, 14

4. The characteristic polynomial is s* —5s+6 = (s —2)(s — 3) and has roots 2, 3. The
standard basis of ., is B, = {e*, e3'}. It follows that

e = Me? + Net,

Differentiating and evaluating at t = 0 gives

I= M+N
A= 2M + 3N.
from which we get
= 3[-A
N= A-2I

Thus,
el = (3 — A)e* + (A —2I)e*
2 a1 1 1]
G e
22t _ Bt _g2t 4 o8t
{26% —2e3t —e2t 2€3t:|

6. The characteristic polynomial is ca(s) = (s — 3)?. The standard basis is B., =
{e3t, tedt}. Tt follows that
e = Me3 + Nte.

Differentiating and evaluating at t = 0 gives

I = M
A = 3M+ N.
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from which we get
M =1
N = A-3I
Thus,
e = It 4 (A —3I)te™
et 0 tedt —tedt
- {O 63t:| + Le&f —te3t}

3t 4 st o3t
3t

tedt et — te

14. In this case B, = {¢', tet, e*'}. Tt follows that
et = Me! + Ntet + Pe*.
Differentiating and evaluating at t = 0 gives

M+P =1
M+ N +2P
M +2N +4P = A?

I
N

from which we get

M = 24— A?
N = —A?+4+3A-2]
P I—2A+ A%

Thus,

e = Met + Ntet + Pe?t

[—2 1 2 -1 01 3 -1 -2
= 01 0|let+|—1 0 1|te"+ |0 0 0fe*
-3 1 3 ~10 1 3 —1 —2
[—26t — tet + 3e? et —e? 2et + tel — 22
= —tet et tet
| —3e’ —te! +3e* e — e e +te! — 2e*

Page 677: 4, 6, 8, 10

4. The characteristic polynomial is c4(s) = (s+1)?*+4. Thus B., = {e " cos 2t, e " sin 2¢}
and
e = Mye ™ cos 2t + Mye tsin 2t.
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Differentiating and evaluating at t = 0 gives
I = Ml
A = —M;+2M,.

e tcos2t e tsin2t

_ =1 Al =
and hence M; = I and M, = 2(A +1). We thus get e —etsin2t e tcos2t

and y(t) = etcos2t e tsin2t| [1| | efcos2t
YW= | _etsin2t etcos2t| [0] ~ |—e~tsin2t

6. The characteristic polynomial is c4(s) = s* + 1. Thus B., = {cost,sint} and
et = M, cost + My sint.

Differentiating and evaluating at ¢t = 0 gives

I = M
A == MQ.
We thus get
10 2 -5
At _ .
e’ =cost {O J + sint L _2}
and hence

yu(t) = etyo

= (eoelo 2] et 2] L

cost + 2sint —bsint
sint cost —2sint

8. The characteristic polynomial is ca(s) = (s + 1)(s — 2)(s — 1). Thus B., =
{e7t e* et} and
e = Mie™t + Mye® + M;et.
Differentiating twice and evaluating at t = 0 gives
I = M1 —|— MQ —|— M3
A = —M;+2My+ M;
A% = M, +4M; + Ms.

Solving this system gives

10 —3/2
M, = —(A2=3A+2)= |0 0 0
00 0
] 000
000
00 3/2
My = ——(A>~A-2)=1(0 0 O
00 1
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et 0 2ef—e)
We thus get et = | 0 e* 0 and
0 0 et
et 0 3 —e)] 1 —2e7t + 3e!
yt)=10 &* 0 1| = e?t
0 0 et 2 2¢et

It follows that

yu(t) = etyg

and

yit) = yn+yp

B et 4 te!
T [3e7t 4 tet




