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11.1 EIGENVALUE PROBLEMS FOR ¢’ + Xy =0

In Chapter 12 we’ll study partial differential equations that arise in problems of heat conduction, wave
propagation, and potential theory. The purpose of this chapter is to develop tools required to solve these
equations. In this section we consider the following problems, where A is a real number and L > 0:

Problem 1: ¥y +xy=0, y(0)=0, y(L)=0

Problem 2: ¥y +xy=0, ¢(0)=0, ¥ (L)=0

Problem 3: y' +Ay=0, y(0)=0, ¢'(L)=0

Problem 4: Yy +xy=0, y(0)=0, y(L)=0

Problem 5: Yy '+ y=0, y(-L)=y(L), y(-L)=y' (L)

In each problem the conditions following the differential equation are called boundary conditions. Note
that the boundary conditions in Problem 5, unlike those in Problems 1-4, don’t require that y or 3’ be zero
at the boundary points, but only that y have the same value at z = +L , and that 3 have the same value
at x = £ L. We say that the boundary conditions in Problem 5 are periodic.

Obviously, y = 0 (the trivial solution) is a solution of Problems 1-5 for any value of A. For most values
of )\, there are no other solutions. The interesting question is this:

For what values of \ does the problem have nontrivial solutions, and what are they?

A value of A for which the problem has a nontrivial solution is an eigenvalue of the problem, and
the nontrivial solutions are A-eigenfunctions, or eigenfunctions associated with \. Note that a nonzero
constant multiple of a A-eigenfunction is again a A-eigenfunction.

Problems 1-5 are called eigenvalue problems. Solving an eigenvalue problem means finding all its
eigenvalues and associated eigenfunctions. We’ll take it as given here that all the eigenvalues of Prob-
lems 1-5 are real numbers. This is proved in a more general setting in Section 13.2.

Theorem 11.1.1 Problems 1-5 have no negative eigenvalues. Moreover, A = 0 is an eigenvalue of
Problems 2 and 5, with associated eigenfunction yy = 1, but A\ = 0 isn’t an eigenvalue of Problems 1, 3,
or 4.

Proof We consider Problems 1-4, and leave Problem 5 to you (Exercise 1). If " + Ay = 0, then
y(y" +y) = 0,50

L
/0 y(@) (" () + M(x)) dx = 0;
therefore, . .
)\/0 Yy (z) d:c:—/o y(x)y" (z) d. (11.1.1)
Integration by parts yields
L L
[ v @i = yaw@)| - [ o@r
0 0 0 I
— YD (L) - y(0)y (0) — / (o (2))* de.
0

(11.1.2)

However, if y satisfies any of the boundary conditions of Problems 1-4, then
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hence, (11.1.1) and (11.1.2) imply that
L L
AP = [ @),
0 0

If y # 0, then fOL y?(x) dz > 0. Therefore A > 0 and, if A\ = 0, theny/ (x) = 0 for all z in (0, L) (why?),
and y is constant on (0, L). Any constant function satisfies the boundary conditions of Problem 2, so
A = 0 is an eigenvalue of Problem 2 and any nonzero constant function is an associated eigenfunction.
However, the only constant function that satisfies the boundary conditions of Problems 1, 3, or4is y = 0.
Therefore A = 0 isn’t an eigenvalue of any of these problems.

Example 11.1.1 (Problem 1) Solve the eigenvalue problem
v+ =0, y0)=0, y(L)=0. (11.1.3)
Solution From Theorem 11.1.1, any eigenvalues of (11.1.3) must be positive. If y satisfies (11.1.3) with

A > 0, then
y = c1co8 VAT + casin VA,

where ¢; and ¢y are constants. The boundary condition y(0) = 0 implies that ¢; = 0. Therefore
y = cosinyv/Ax. Now the boundary condition (L) = 0 implies that cosin /AL = 0. To make
Co sin VAL = 0 with co # 0, we must choose VA = nm /L, where n is a positive integer. Therefore
An = n?n?/L? is an eigenvalue and

Yp, = sin ——
is an associated eigenfunction. [ ]
For future reference, we state the result of Example 11.1.1 as a theorem.
Theorem 11.1.2 The eigenvalue problem
y'+ =0, y(0)=0, y(L)=0

has infinitely many positive eigenvalues \,, = n*n% | L?, with associated eigenfunctions

yn:sin?, n=1223,....

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 2 by an argument like that of Exam-
ple 11.1.1 (Exercise 17).

Theorem 11.1.3 The eigenvalue problem
Y '+l =0, y(0)=0 y(L)=0

has the eigenvalue Ao = 0, with associated eigenfunctionyy = 1, and infinitely many positive eigenvalues
An = n27w? /L2, with associated eigenfunctions

nmr
= oS ——.n=123....
Y cos i3 n

There are no other eigenvalues.
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Example 11.1.2 (Problem 3) Solve the eigenvalue problem

y' + =0, y0)=0, % (L)=0. (11.1.4)

Solution From Theorem 11.1.1, any eigenvalues of (11.1.4) must be positive. If y satisfies (11.1.4) with
A > 0, then
y=c1cos VAT + cosin VA,

where ¢; and ¢y are constants. The boundary condition y(0) = 0 implies that ¢; = 0. Therefore
y = casinvAz. Hence, ¥ = cov/Acosv Az and the boundary condition ¢/ (L) = 0 implies that
o cos VA L = 0. To make ¢ cos VAL = 0 with ¢y # 0 we must choose

(2n — D)
\/_: Ta

where n is a positive integer. Then \,, = (2n — 1)?72 /4L? is an eigenvalue and

(2n — V)mzx
2L

Yp, = sin
is an associated eigenfunction. [ ]
For future reference, we state the result of Example 11.1.2 as a theorem.
Theorem 11.1.4 The eigenvalue problem
y'+ =0, y(0)=0, ¢(L)=0
has infinitely many positive eigenvalues \,, = (2n — 1)?72 /AL?, with associated eigenfunctions

(2n — V)mzx

=1,2,3,....
2L Y n Y 737

Y, = Sin
There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 4 by an argument like that of Exam-
ple 11.1.2 (Exercise 18).

Theorem 11.1.5 The eigenvalue problem
Y+ =0, y(0)=0, y(L)=0
has infinitely many positive eigenvalues \,, = (2n — 1)?72 /AL?, with associated eigenfunctions

(2n — V)mzx

=1,2,3,....
2L 3 n =Y

Yn = COS

There are no other eigenvalues.

Example 11.1.3 (Problem 5) Solve the eigenvalue problem

y'+xy=0, y(-L)=y(L), y(-L)=y(L). (11.1.5)
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Solution From Theorem 11.1.1, A = 01is an eigenvalue of (11.1.5) with associated eigenfunction yy = 1,
and any other eigenvalues must be positive. If y satisfies (11.1.5) with A > 0, then

y = c1c08 VAT + casin VI z, (11.1.6)
where ¢; and co are constants. The boundary condition y(—L) = y(L) implies that
¢1 cos(—VA L) + casin(—vVAL) = ¢1 cos VAL + ey sin VA L. (11.1.7)
Since
cos(—VAL) = cosVAL and sin(—VAL) = —sin VAL, (11.1.8)

(11.1.7) implies that
casin VAL = 0. (11.1.9)

Differentiating (11.1.6) yields
v =V (—cl sin VAz + ¢o cos \/X:c) )
The boundary condition 3/ (—L) = ¢/ (L) implies that
—cy sin(—VAL) 4¢3 cos(—VAL) = —¢; sin VAL + ¢3 cos VAL,

and (11.1.8) implies that
c1sin VAL = 0. (11.1.10)

Eqns. (11.1.9) and (11.1.10) imply that ¢; = ¢, = 0 unless v\ = nm /L, where n is a positive integer.
In this case (11.1.9) and (11.1.10) both hold for arbitrary c¢; and cy. The eigenvalue determined in this
way is \,, = n?n?/L?, and each such eigenvalue has the linearly independent associated eigenfunctions

nwT . nmx
cos—— and sin —. ]
L L

For future reference we state the result of Example 11.1.3 as a theorem.

Theorem 11.1.6 The eigenvalue problem

v '+ =0, y(-L)=y(L), ¥(-L)=y (L),

has the eigenvalue \o = 0, with associated eigenfunction yo = 1 and infinitely many positive eigenvalues
A\n = n?7w2 /L2, with associated eigenfunctions

nmx . nTT
ylnzcosT and ygn:smT, n=1223,....
There are no other eigenvalues.

Orthogonality

We say that two integrable functions f and g are orthogonal on an interval [a, b] if

b
[ @) de =0,

More generally, we say that the functions ¢1, ¢, ..., ¢n, ... (finitely or infinitely many) are orthogonal
on [a, b] if

b
/ ¢i(z)¢p;j(z)der =0 whenever i # j.

The importance of orthogonality will become clear when we study Fourier series in the next two sections.
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Example 11.1.4 Show that the eigenfunctions

2 2
1, cos %, sin %, cos %, sin %, ...,CO8 %, sin %, . (11.1.11)
of Problem 5 are orthogonal on [—L, L].
Solution We must show that .
/ f(x)g(x)dz =0 (11.1.12)
L
whenever f and g are distinct functions from (11.1.11). If r is any nonzero integer, then
L L
L
/ cos == dp = —sin = | =0 (11.1.13)
I L T L |_,
and
L . rnx L rra |F
sin — dr = —— cos — =0.
_I I L |_,

Therefore (11.1.12) holds if f = 1 and g is any other functionin (11.1.11).
If f(x) = cosmma/L and g(x) = cos nmz /L where m and n are distinct positive integers, then

L L
/ F(2)g(z) dz = / cos m;‘” cos ? da. (11.1.14)
—L

—L

To evaluate this integral, we use the identity
1
cos Acos B = 3 [cos(A — B) + cos(A + B)]

with A = mnma/L and B = nmx/L. Then (11.1.14) becomes
L L L
1 —
/ F@)g(z) do = - / Coswdﬁ/ g M) L
L 21/, L . L

Since m — n and m + n are both nonzero integers, (11.1.13) implies that the integrals on the right are
both zero. Therefore (11.1.12) is true in this case.
If f(z) = sinmmz/L and g(x) = sinnwa/L where m and n are distinct positive integers, then

L L
2)g(z)de = | sin 22 sin T gg. (11.1.15)
L L
L

—L

To evaluate this integral, we use the identity
. . 1
sin Asin B = 3 [cos(A — B) — cos(A + B)]

with A = mna/L and B = nmx/L. Then (11.1.15) becomes

/if(x)g(x)d:c-%[/L coswdx_f Cos@dm] —0.

—L —L
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If f(z) = sinmnz/L and g(z) = cosnmx/L where m and n are positive integers (not necessarily

distinct), then
L L
/ f@)g(x)de = / sin 2% cos oL gy = 0
L 0L L

because the integrand is an odd function and the limits are symmetric about z = 0. |
Exercises 19-22 ask you to verify that the eigenfunctions of Problems 1-4 are orthogonal on [0, L].
However, this also follows from a general theorem that we’ll prove in Chapter 13.

11.1 Exercises

1. Prove that A = 0 is an eigenvalue of Problem 5 with associated eigenfunction ¢y = 1, and that any
other eigenvalues must be positive. HINT: See the proof of Theorem 11.1.1.

In Exercises 2-16 solve the eigenvalue problem.

2. ¥ +Xxy=0, y0)=0, y(x)=0
3. ¥ +xy=0, ¥(0)=0, ¢(m)=0
4. " +xy=0, y0)=0, ¢ (r)=0
5. v +Xxy=0, ¥(0)=0, y(x)=0
6. ' +xy=0, y(—m)=y(r), y(=m)=y(r)
7. ¥ +xy=0, ¥(0)=0, ¢ (1)=0
8 ¥ +Xy=0, ¥(0)=0, y1)=0
9. " +Xxy=0, y0)=0, y1)=0
10. y"+Xxy=0, y(-1)=y1), y(=1)=y(Q1)
11. ¢y’ +Xy=0, y(0)=0, ¥ (1)=0
12. " +xy=0, y(=2)=y(2), ¥ (-2)=y(2)
13. ¢y"+Xy=0, y0)=0, y2)=0
14. " +Xxy=0, ¢y (0)=0, y3)=0
15. " +Xy=0, y0)=0, ¢ (1/2)=0
16. y"+Xy=0, ¢ (0)=0, ¢(5)=0
17. Prove Theorem 11.1.3.
18. Prove Theorem 11.1.5.
19.  Verify that the eigenfunctions
. T . 27x . nmux
sin —, sin——,...., sin ——,

of Problem 1 are orthogonal on [0, L].

20. Verify that the eigenfunctions

g 2mx nmx
1, cos —, cos ., COS ——

L L

of Problem 2 are orthogonal on [0, L].



CHAPTER 12
Fourier Solutions of Partial Differential

IN THIS CHAPTER we use the series discussed in Chapter 11 to solve partial differential equations that
arise in problems of mathematical physics.

SECTION 12.1 deals with the partial differential equation

U = 0 Uy,
which arises in problems of conduction of heat.
SECTION 12.2 deals with the partial differential equation

Uty = G Uga,
which arises in the problem of the vibrating string.
SECTION 12.3 deals with the partial differential equation

Ugg + Uyy = 0,

which arises in steady state problems of heat conduction and potential theory.

SECTION 12.4 deals with the partial differential equation
Urr + —Upr + — U = Oa
T T

which is the equivalent to the equation studied in Section 1.3 when the independent variables are polar
coordinates.

619
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12.1 THE HEAT EQUATION

We begin the study of partial differential equations with the problem of heat flow in a uniform bar of
length L, situated on the x axis with one end at the origin and the other at x = L (Figure 12.1.1).

We assume that the bar is perfectly insulated except possibly at its endpoints, and that the temperature
is constant on each cross section and therefore depends only on x and ¢. We also assume that the thermal
properties of the bar are independent of = and ¢. In this case, it can be shown that the temperature
u = u(z,t) at time ¢ at a point x units from the origin satisfies the partial differential equation

U = a*Upy, 0<ax <L, t>0,

where a is a positive constant determined by the thermal properties. This is the heat equation.

|
x=0 x=L

Figure 12.1.1 A uniform bar of length L

To determine u, we must specify the temperature at every point in the bar when ¢ = 0, say
u(z,0) = f(z), 0<z<L.

We call this the initial condition. We must also specify boundary conditions that v must satisfy at the
ends of the bar for all ¢ > 0. We’ll call this problem an initial-boundary value problem.
We begin with the boundary conditions «(0,¢) = u(L,t) = 0, and write the initial-boundary value
problem as
U = a%Uzy, 0<ax <L, t>0,
u(0,t) =0, wu(L,t)=0, >0, (12.1.1)
u(z,0) = f(z), 0<z<L.

Our method of solving this problem is called separation of variables (not to be confused with method
of separation of variables used in Section 2.2 for solving ordinary differential equations). We begin by
looking for functions of the form

v(z, t) = X(x)T(t)

that are not identically zero and satisfy

v = a*Vpe, ©(0,t) =0, v(L,t)=0
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for all (z,t). Since
v =XT" and v, = X"T,

vy = %V, if and only if

XT' =a®X"T,
which we rewrite as
T/ X//
2T~ X

Since the expression on the left is independent of x while the one on the right is independent of ¢, this
equation can hold for all (z, t) only if the two sides equal the same constant, which we call a separation
constant, and write it as —\; thus,

X// T/
X “ar T ™
This is equivalent to
X"+2X =0
and
T = —a?)\T. (12.1.2)

Since v(0,t) = X (0)T'(t) = 0 and v(L, t) = X (L)T(t) = 0 and we don’t want T to be identically zero,
X (0) =0and X (L) = 0. Therefore A must be an eigenvalue of the boundary value problem

X"4+XX =0, X(0)=0, X(L)=0, (12.1.3)

and X must be a A\-eigenfunction. From Theorem 11.1.2, the eigenvalues of (12.1.3) are \,, = n?72 /L2,
with associated eigenfunctions

nmTx
X, =sin—, n=123,....
Sin L n

Substituting A = n?72/L? into (12.1.2) yields
T = —(n*n%a® /LT,

which has the solution
T — €7n27r2a2t/L2
= .

Now let 2_2 2 2 nmr
O (@, 1) = X (2)T (1) = e ™ @Y/ E gin I "= 1,2,3,...
Since —
n ) O = si T
vp(z,0) = sin T
vy, satisfies (12.1.1) with f(x) = sinnma /L. More generally, if o, . . ., a, are constants and

3

m
2.2 2 2 ., Nmx
um (z,t) = E ape T gip 2
L

n=1

then wu,,, satisfies (12.1.1) with
- . nTxT
flz) = HEZI O sin ——.

This motivates the next definition.
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Definition 12.1.1 The formal solution of the initial-boundary value problem

Up = 0% Ugy, 0<ax <L, t>0,
u(0,t) =0, wu(L,t)=0, >0, (12.1.4)
u(,0) = (), 0<r<L

is
u(z,t) = Y ane T i ”Lﬂ (12.1.5)
n=1

where
nwT

S(x) = Z iy, sin 5
n=1

is the Fourier sine series of f on [0, L]; that is,

2 [k nwT
ay, = Z/o f(z)sin A dzx.

We use the term “formal solution” in this definition because it’s not in general true that the infinite
series in (12.1.5) actually satisfies all the requirements of the initial-boundary value problem (12.1.4)
when it does, we say that it’s an actual solution of (12.1.4).

Because of the negative exponentials in (12.1.5), u converges for all (z,¢) with ¢ > 0 (Exercise 54).
Since each term in (12.1.5) satisfies the heat equation and the boundary conditions in (12.1.4), u also has
these properties if u; and u,, can be obtained by differentiating the series in (12.1.5) term by term once
with respect to ¢ and twice with respect to x, for ¢ > 0. However, it’s not always legitimate to differentiate
an infinite series term by term. The next theorem gives a useful sufficient condition for legitimacy of term
by term differentiation of an infinite series. We omit the proof.

Theorem 12.1.2 A convergent infinite series
W(z) =) wa(2)
n=1

can be differentiated term by term on a closed interval [z1, z2] to obtain

(Where the derivatives at z = z1 and z = z3 are one-sided) provided that w), is continuous on [z1, 2]
and
lwh(2)| < My, 21 <2<2, n=123,...,

where My, Ms, ..., M,, ..., are constants such that the series 220:1 M, converges.

Theorem 12.1.2, applied twice with z = z and once with z = ¢, shows that u,, and u; can be obtained
by differentiating u term by term if ¢ > 0 (Exercise 54). Therefore u satisfies the heat equation and the
boundary conditions in (12.1.4) for ¢ > 0. Therefore, since u(z,0) = S(x) for 0 < x < L, u is an actual
solution of (12.1.4) if and only if S(z) = f(x) for 0 < x < L. From Theorem 11.3.2, this is true if f is
continuous and piecewise smooth on [0, L], and f(0) = f(L) = 0.

In this chapter we’ll define formal solutions of several kinds of problems. When we ask you to solve
such problems, we always mean that you should find a formal solution.
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Example 12.1.1 Solve (12.1.4) with f(z) = 2(2® — 3Lx + 2L?).

Solution From Example 11.3.6, the Fourier sine series of f on [0, L] is

7%%1 . nrx

S(x) = 2 —3sin——.
Therefore
1203 X1 2 2,2,/02 . NAT
_ —n*m?a’t/L* _;
u(z,t) = — ngil 3¢ sin ——. [ |

If both ends of bar are insulated so that no heat can pass through them, then the boundary conditions
are
ug(0,t) =0, wu.(L,t)=0, ¢>0.

We leave it to you (Exercise 1) to use the method of separation of variables and Theorem 11.1.3 to
motivate the next definition.

Definition 12.1.3 The formal solution of the initial-boundary value problem

U = 0P Ugy, 0<ax <L, t>0,
ug(0,t) =0, wu.(L,t)=0, ¢>0, (12.1.6)
u(z,0) = f(z), 0<ax<L
is -
2_2 2 2 nmr
t) = n —n“ma“t/L .
u(x, t) ozo—l-;oze cos ——,
where
nmwx

C(z)=ao+ Z Qup CO8 ——
n=1

is the Fourier cosine series of f on [0, L]; that is,

1t 2 [k
ao:f/o f(z)dz and anzz/o f(x)cos?dx, n=1,2,3,....

Example 12.1.2 Solve (12.1.6) with f(x) = .

Solution From Example 11.3.1, the Fourier cosine series of f on [0, L] is

L 4L & 1 (2n — )7z
C _ —_— —_ — '
(«I) 2 2 (2n — 1)2 Ccos i
n=1
Therefore N
u(z,t) = Lo ¥67(2"*1)2”2a2tﬂ2 cos M ]
2 72 —~ (2n —1)2 7

We leave it to you (Exercise 2) to use the method of separation of variables and Theorem 11.1.4 to
motivate the next definition.
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Definition 12.1.4 The formal solution of the initial-boundary value problem

U = 0P Ugy, 0<ax <L, t>0,
w(0,8) =0, ug(L,t)=0, >0, (12.1.7)
u(z,0) = f(z), 0<ax<L
is
- 2n — 7z
1) = " —(2n—1)%7%a?t/4L% (
) ;a e sin —— 7",

where
o0

B . (@2n—1Dmz
x) = Z vy, sin 5T

is the mixed Fourier sine series of f on [0, L]; that is,
(2n—1
/ f(z sin i ) da.

Example 12.1.3 Solve (12.1.7) with f(z) =

Solution From Example 11.3.4, the mixed Fourier sine series of f on [0, L] is

8L = (—1)" ,(2n—1)m
SM(x):_ﬁn_l(zn—n DY)

Therefore
8L o=~ (—1)" on —1
( ) 67(27171)271'2(1215/4L2 sin ( n )7T{E

— |
T = (2n — 1) 2L

u(x,t) = —
Figure 12.1.2 shows a graph of u = u(x, t) plotted with respect to z for various values of ¢. The line
y = x corresponds to ¢ = 0. The other curves correspond to positive values of t. As ¢ increases, the
graphs approach the line u = 0.
We leave it to you (Exercise 3) to use the method of separation of variables and Theorem 11.1.5 to
motivate the next definition.

Definition 12.1.5 The formal solution of the initial-boundary value problem

U = a*ugy, 0<z <L, t>0,
ue(0,t) =0, w(L,t)=0, t>0, 12.18)
w(z,0) = f(z), 0<z<L
is _
= —(@n—1?n2att/ar? (20— Dme
Z Qn€ cos o ’

n=1

where
i (2n — V)mzx
= Qy COS ————————
— 2L

is the mixed Fourier cosine series of f on [0, L]; that is,

L
= %/0 f(x)cos%dm.
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Figure 12.1.2

Example 12.1.4 Solve (12.1.8) with f(z) = 2 — L.

Solution From Example 11.3.3, the mixed Fourier cosine series of f on [0, L] is

8L 1 (2n — Dz
Cul@)=—3 2 Gz 2p
n=1
Therefore
8L & 1 o 1N2.2 2 2 (2n— 1)7TCE
_ o~ (2n—1)*na®t/4AL
u(x,t) =S -1 1)26 co8 g

Nonhomogeneous Problems

A problem of the form
up = a*ug, + h(z), 0<z <L, t>0,
u(0,t) =wo, w(L,t)=wur, t>0,
u(z,0) = f(z), 0<a<L

can be transformed to a problem that can be solved by separation of variables. We write
u(z, t) = v(z, t) + q(x),
where ¢ is to be determined. Then

1!
Ut = Ut and Ugg = VUzx + ¢

(12.1.9)

(12.1.10)



Section 12.1 The Heat Equation 625

so u satisfies (12.1.9) if v satisfies

v = a?vge +a?¢"(x) + h(z), 0<x <L, t>0,
(Oa t) =ug — Q(())a (L t) =ur — Q(L)a t> O,
v(z,0) = f(z) —q(z), 0<z <L

This reduces to
Ve = a%Vpe, O0<z <L, t>0,
v(0,t) =0, w(L,t) =0, >0, (12.1.11)
v(z,0) = f(z) —q(z), 0<ax<L
if
a*¢" +h(z) =0, q(0) =wuo, q(L)=ur.
We can obtain ¢ by integrating ¢’ = —h/a? twice and choosing the constants of integration so that

q(0) = ug and ¢(L) = uy,. Then we can solve (12.1.11) for v by separation of variables, and (12.1.10) is
the solution of (12.1.9).

Example 12.1.5 Solve
U = Uz — 2, 0<z <1, t>0,
u(0,t) = -1, wu(l,t)=1, ¢>0,
w(x,0) =2 -222 +3x -1, 0<z<1.

Solution We leave it to you to show that

satisfies
q// —-2= Oa Q(O) = _15 Q(l) =1

Therefore

uw(z,t) =v(z,t) + 2> + 2 — 1,
where

Vg =Vge, O0<2<1l, t>0,

v(0,t) =0, wv(l,¢t)=0, >0,

and

v(x,0) =2 -222 +3x -1 -2 —x+1=2(2® -3z +2).
From Example 12.1.1 witha = 1and L =1,

—n2x2t .
vz, t) = — —e " " sinnmz.
Therefore

o0
1
u(z,t) =2+ —1 + Z 3¢ e ™ Lsinnra. [ |

A similar procedure works if the boundary conditions in (12.1.11) are replaced by mixed boundary
conditions
ug(0,8) = up, w(L,t)=wug, t>0
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or
’U,(O,t) = Ug, ux(Lat) =ug, t> Oa

however, this isn’t true in general for the boundary conditions
ux(oat):’UJO; ux(Lat):uLa t>0.

(See Exercise 47.)

| USING TECHNOLOGY |

Numerical experiments can enhance your understanding of the solutions of initial-boundary value prob-
lems. To be specific, consider the formal solution

o0
2 2 2 2, N
u(zx, t) = E ape vtk sin ——,
n=1

of (12.1.4), where

S(x) = Z iy, sin ?
n=1

is the Fourier sine series of f on [0, L]. Consider the m-th partial sum
Ui 2, 2 2 2 nmwx
m(z,t) = pe” T i —— 12.1.12
U (T, 1) ;a e sin — ( )

For several fixed values of ¢ (including ¢ = 0), graph w,,(z, t) versus ¢. In some cases it may be useful to
graph the curves corresponding to the various values of ¢ on the same axes in other cases you may want to
graph the various curves sucessively (for increasing values of t), and create a primitive motion picture on
your monitor. Repeat this experiment for several values of m, to compare how the results depend upon
m for small and large values of t. However, keep in mind that the meanings of “small” and “large” in this
case depend upon the constants a? and L?. A good way to handle this is to rewrite (12.1.12) as

u nwx
m ;t - n T 7
U, (z, 1) ;a e sin —
where
w2at
T = 770 (12.1.13)

and graph u,, versus x for selected values of .
These comments also apply to the situations considered in Definitions 12.1.3-12.1.5, except that (12.1.13)
should be replaced by
m2a’t
T
in Definitions 12.1.4 and 12.1.5.
In some of the exercises we say “perform numerical experiments.” This means that you should perform

the computations just described with the formal solution obtained in the exercise.
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12.1 Exercises

1
2
3
4
5
6
7

Explain Definition 12.1.3.
Explain Definition 12.1.4.
Explain Definition 12.1.5.

. Perform numerical experiments with the formal solution obtained in Example 12.1.1.
. Perform numerical experiments with the formal solution obtained in Example 12.1.2.
Perform numerical experiments with the formal solution obtained in Example 12.1.3.

. Perform numerical experiments with the formal solution obtained in Example 12.1.4.

In Exercises 8-42 solve the initial-boundary value problem. Where indicated by , perform numerical
experiments. To simplify the computation of coefficients in some of these problems, check first to see if
u(x, 0) is a polynomial that satisfies the boundary conditions. If it does, apply Theorem 11.3.5; also, see
Exercises 11.3.35(b), 11.3.42(b), and 11.3.50(b).

8. wr=uz,, O<zx<l, >0,
u(0,t) =0, wu(l,t)=0, ¢>0,
u(z,0)=z(1l—-2z), 0<z<1

9. ur=9%,, O0<z<4, t>0,
w(0,t) =0, wu(4,t)=0, t>0,
w,0)=1, 0<w<4

10. u; =3ug,, O<z<m, t>0,
w(0,t) =0, wu(m,t)=0, t>0,
u(z,0) =zsinz, 0<z<mw

11. ut:9um, O<z<2, t>0,
u(0,6) =0, wu(2,t)=0, t>0,
wx,0)=2%2—-2), 0<z<2

12, u=4u,,, 0<zxz<3, t>0,
w(0,t) =0, wu(3,t)=0, t>0,
w(x,0)=2z(9—2%), 0<z<3

13, wp =4duy,, 0<z<2, t>0,
w(0,t) =0, wu(2,t)=0, t>0,

z, 0<z <,
“(‘”’0)_{2—:@, 1<z<2

4. v =Tug,, O0<z<l1l, t>0,
w(0,t) =0, wu(l,t)=0, t>0,
u(z,0) = z(3z* — 1022 4+7), 0<x<1

15, wp=Dbuy,, O0<z<l1l, t>0,
u(0,t) =0, wu(l,t)=0, t>0,
w(x,0)=z(z3 —222+1), 0<z<1

16. wu

=2y, O<zx<l, t>0,
t)=0, wu(l,t)=0, t>0,
7,0)=232z* - 523 +2), 0<z<1
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17. ut:9um, O<z<4, t>0,
ug(0,8) =0, wug,(4,t)=0, t>0,
w(x,0)=2% 0<z<4

18. wuw;=4u,,, 0<zx<2, t>0,
ug(0,8) =0, wug,(2,6)=0, t>0,
u(z,0)=z(zx—4), 0<zx<2

19. [Cluy=9up,, O<z<1, t>0,
ug(0,8) =0, wu.(l,t)=0, ¢>0,
u(z,0)=z(1l—-2z), 0<z<1

20. up=3uUzy, 0<z <2, t>0,
ug(0,8) =0, wug(2,t)=0, ¢>0,
w(x,0)=22%23—z), 0<z<2

21wy =5uz,, 0<ax <2, t>0,
uz(0,8) =0, ux(v2,t)=0, t>0,
u(z,0) = 32%(2%2 —4), 0<x<+V2

22, [Clug=3us, O0<z<l, t>0,
ug(0,8) =0, wu,(1,¢)=0, t>0,
w(x,0) =233z —4), 0<z<1

23, U =Ug, O<z<l, t>0,
ug(0,8) =0, wug,(l,6)=0, t>0,
w(x,0) = 22322 —8x +6), 0<x<1

24, U= Uy, O<z<m, t>0,
ug(0,8) =0, wuy(mt)=0, t>0,
wx,0)=2%(z—-m? 0<z<n~

25, wr=uUgy, O<z<l, t>0,
w(0,t) =0, wug.(1,t)=0, t>0,

u(z,0) =sinmz, 0<zx<l1
26. u:3um, O<z<m t>0,
u(0,t) = ug(m,t) =0, t>0,
u(z, ):x(w—az), 0<z<nw
27. u=D5Uy,, 0<x<2, t>0,
( ): um(2at):0; t>07
u(z,0) = ( —z), 0<z<2
28. t:u 0<x<L t>0,
( = um(lat):()a t>07
u(z, ): (—2:0), 0<z<1
29, wr=uUzy, O<z<l, t>0,
u(0,6) =0, wu,(l,t)=0, ¢>0,
wx,0)=(x—13+1, 0<z<1
30. [Clus=upm O0<z<1, t>0,
w(0,t) =0, wug,(1,t)=0, t>0,
w@,0)=z(z?-3), 0<z<1
31. = O<z<l, t>0,

Uz,
0,6)=0, wug(l,t)=0, t>0,
2,0)=2338x—4), 0<z<1

uf
ul
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32. U =Ug, O<z<l, t>0,
w(0,t) =0, wug,(1,t)=0, t>0,
w(x,0)=z(z3 —222+2), 0<z<1

33, u=3uUzz, O<z<m, t>0,
ug(0,8) =0, wu(m,t)=0, t>0,
wx,0)=2*(r—2z), 0<z<m

34, up = 16Uz, O0<z <2m, t>0,
ug(0,8) =0, u2m,t)=0, t>0,
u(z,0)=4, 0<z<27m

35. ur=9Uzr, O0<z<4, >0,
ug(0,8) =0, w(4,t)=0, t>0,
w(x,0)=2% 0<z<4

36. ut:3um, 0<z <1, t>0,
ug(0,8) =0, w(l,t)=0, t>0,
u(z,0)=1—2z, 0<z<1

37. U =1uUg, O<z<l, t>0,
ug(0,8) =0, u(l,t)=0, ¢>0,
wx,0)=1—-23 0<2<1

38. wur=Tuz,, O0<z<m t>0,
ug(0,8) =0, wu(m,t)=0, t>0,
wx,0)=m2—22, 0<ax<nm

39. up=ug, O<z<l, t>0,
ug(0,8) =0, w(l,t)=0, t>0,
w(@,0) =42+ 322 -7, 0<z<1

40. u=1uz,, O0<z<l, t>0,
ug(0,8) =0, w(l,t)=0, t>0,
w(x,0) =223 +322 -5, 0<z<1

41. ut:um, O<z<l, t>0,
ug(0,8) =0, w(l,t)=0, t>0,
w(r,0)=z* — 423 +622 -3, 0<z<1

42. U =1ug,, O0<z<l, t>0,
ug(0,8) =0, w(l,t)=0, t>0,
u(r,0)=z*-223+1, 0<z<1

In Exercises 43-46 solve the initial-boundary value problem. Perform numerical experiments for specific
values of L and a.

43. ut—aum, O<z<L, t>0,
ug(0,8) =0, wu.(L,t)=0, >0,
2

1, O<3:<L
0, <x<L
44. ut—aum, O<z<L, t>0,
0,t)=0, u(L,t)=0, t>0,

u(
1, 0<z<<i
o= { b 95<h
0, s<z<L
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