Homework #1 Solutions Due: August 28

In all homework problems; it is not sufficient to show only the answers. You must show your
work.

1. Find the solution set of each system.

r—2y+z=1
(a) 224+ y—2=2
br—3y+ =0

» Solution. Apply Gauss’s method to reduce the system to echelon form:

) r—2y+ z= 1 s r—2y+ z= 1
e sy-ge= 0 TR syoga= 0
—5p1+p3 7y—5,z:— _%2:_5

Now use back substitution to get: z = %; Yy = %z =By =2y—2+1=

)
2(£) — 2 + 1 = 7. Thus, the unique solution is

(z,y, z) = (9/4, 15/4, 25/4).

r+ y+2z= 0

x — 3y = 7
(b) r+ y+T7z= 0
2y+ z=-3

» Solution. Apply Gauss’s method to reduce the system to echelon form:

T+ y+2z= 0 T4+ y+2z= 0

—pi+p2 —dy—2z= T —(1/2)p2+ps — 4y — 2z = 7
_> _>

—3p1+p3 —2y+ z= 0  (@/2)p2+pu 22 =—T7/2

2y+ z=-3 0= 1/2

The fourth equation 0 = 1/2 has no solutions, so the system also has no solutions.
<

(©) 2r—y— z+w= 4
rT+y+2z—w=-1

» Solution. Apply Gauss’s method to reduce the system to echelon form:

—(1%—&-;72 2r — Yy — z+ w= 4
(3/2)y + (5/2)z — (3/2)w = -3

Math 2085 1



Homework #1 Solutions Due: August 28

The leading variables are x and y, so the remaining variables z and w are the free
variables. Now solve the second equation for y as a function of the free variables
z and w and use back substitution to get x:

5
y=—-z+w-—2

3
1 1 1 1
x:§y+§z—§w+ 25(——z+w—2)+§z—§w~l—2
Thus, the solution set is
T —%z+1
Z = _%th_Q z, w € R
w w

r+y—2z2= 0
(d) z—y =-3
3r—y—2z= 0

» Solution. For this system we will use the augmented matrix notation for doing
the Gauss reduction to echelon form.

1 1 —2] 0 1 1 —2]0 ) 1 1 -2/ 0
1 -1 0 |-3 ‘3‘”—*52 0 —2 2| =3 7% [ —2 92 |-3
3 -1 =21 0 et \g 4 4|0 0 0 016

The third row represents the equation 0 = 6, which has no solutions, so the
solution set of the system is empty. <

2. For the second system in the first question, give the associated homogeneous system
and find its solution set.

» Solution. The associated homogeneous system is

4+ y+22=0
T — 3y =0
x4+ y+72=0

2u+ 2=0

To solve this system, apply Gauss’s method to reduce the system to echelon form:

T+ y+22=0 T+ y+22=0
—p1+p2 — 4y —22=0 —(1/2)p2+p3 —4dy—2z=0
— —
Bprtes  —2y+ 2=0 (1/2)pstps 22=0
20+ 2z=0 0=0
Solving by back substitution gives the unique solution (z, y, z) = (0, 0, 0). <
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3. Solve the linear system via Gauss’s method.

r+y— z2=3
(a) 2 —y— z=1
3r+y+22=0

» Solution. Do Gauss reduction using the augmented matrix.

1 1 -1]3 ) 1 1 —-1] 3
9 —1 —1]1] %” o -3 1 |—5
3 1 210/ 7™ \o —2 5 | -9

. 11 -1 3
il S VN S i

0 0 13/3|-17/3

This last matrix is the augmented matrix of the linear system in echelon form:

T+ y-— z= 3
— 3y + 2= =5
13/32=—-17/3

This can be solved by back substitution: z = —17/13, y = —(1/3)z + 5/3 =
—(17/39) +5/3 = 16/13 and v = —y + 2 + 3 = —(16/13) — (17/13) + 3 = 6/13.
Thus, the unique solution is

(z,y, z) = (6/13, 16/13, —17/13).

<
r+y+22=0
(b) 2z —y+ z=1
dr+y+5z=1

» Solution. Do Gauss reduction using the augmented matrix.

1 1 2]0 ) 1 1 210 1 1 210
29 —1 1|1 ‘4&?’2 0 —3 =31 ¢ [0 -3 —3|1
4 1 5)1) 7"t \o -3 —3|1 0 0 010

This last matrix is the augmented matrix of the linear system in echelon form:

r+ y+22=0
—3y—3z=1
0=0
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Thus, x and y are the leading variables and z is a free variable. Solve for x and

y by back substitution to get y = —z — (1/3) and = —z + (1/3). Thus, the
solution set is

1
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