Homework #6 Solutions Due: October 13

In all homework problems; it is not sufficient to show only the answers. You must show your
work. These exercises are based on Chapter Three.l and Three.Il from the text.

1. Let f: P; — R? be defined by

f(wb@:[jfz].

(a) Find the image of each of the following elements of the domain:
() 1—2 (i) =143z (i) 4+ 4z

(b) For each of the following vectors Li] € R?, find a vector a + bx € P; with

fla+bz) = mz (i) m (i) m (i) H

(¢) Show that f is an isomorphism.

» Solution. (a) (i) f(1—2)= B} (i) f(—1+3z) = [_24], (ii) f(4 4 4z) = m

) @ 52 = 2], 60 53+ 50 = [I] 6 s0 00 = [}

(¢) Let U7 = aq + byz and ¥y = ay + bex be arbitrary vectors in Py and let ¢1, co € R
be arbitrary. Then

(61<6L1 + b1UL> + CQ(CLQ + bgl))
((cra1 + caaz) + (c1by + coby)x)
(

(

c1a1 + Caa2) + (c1b1 + c2by)
c1a1 + caaz) — (€11 + c2bo)

et + cath) =

f

=/
Cl a1 + bl + CQ(CLQ + bg)
c1(ay —by) + ca(ag — by)

. a, + by L as + bo
! a; — by ’ ag — by
= c f(0h) + cof ().

Hence f is a homomorphism.

To show it is an isomorphism, it is also necessary to show that f is one-to-one
and onto. Given Lﬂ e R? f(4e+ Sin) = LCJ € R? so f is onto. To show that
f is one-to-one, suppose f(a; + byjz) = f(az + bex). Then

a1+b1 o a2+b2
al—bl o a2_b2 '
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This means that a;+b; = as+bs and a1 —b; = as = by. Adding these two equations
gives 2a; = 2as, so a; = ay and subtracting the equations shows b; = by. Thus,
a1+ bix = as + bex and f is one-to-one. Therefore, f is an isomorphism.

<

2. Neither of the following functions f : R? — R? is an isomorphism. For each function
identify a property in the definition of isomorphism that fails, and verify that that
property fails.

ORI A EORIH S A
> Solution. (a) f(m) - H and f(M) _ H but H + m _ m and

A= # ol ol = olp ool

Therefore, f does not preserve vector addition and hence is not an isomorphism (or

. . . : 1 1
even a homomorphism). It is also true that f is not one-to-one since f( [0] ) = [ }

s ][ |

3. For which n is the space isomorphic to R™?

120 -1 4

(a) Ps (b) Mays (¢) The null space of A = 001 3 -2

» Solution. (a) n =4, (b) n =06, (c)n = 3 since there are 3 free variables for
the linear system Ax = 0. <

4. Verify that each map is a homomorphism.

(a) f:R?— Py given by f({(lj) = (a+0b)x+ (a—b)z>

a—>b
(b) g:R?* = R3 given by f({(g]): 0
a+b
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» Solution. (a) Let ¥} = [Zl} and Uy = [22} be arbitrary vectors in R? and let ¢,
1 2
¢ € R be arbitrary. Then

f(CﬂTl + 02172) = f(61 |:Zi:| + Co |:ZQ:|>

2
C1a1 + C2a9
- f({clbl + cgbz})
= ((c1a1 + c2a2) + (c1b1 + c2b2)) + ((c1a1 + c2a2) — (c1b1 + c2b2))x
=ci1((a1 4+ b1) + (a1 — b1)x) + c2((az + b2) + (a2 — bo)x)
= c1f(Th) + cof (V).

Hence f is a homomorphism.

(b) Let vy = [Zl} and U, = [ZQ} be arbitrary vectors in R? and let ¢;, ¢; € R be
1 2

arbitrary. Then

flerty + cots) = f(a [Zl] + o [Zg])
1 2

_ ( C1a1 + C202
Clbl + Cgbg
(clal + 62(12) — (Clbl + Cgbg)
= 0
(01&1 + CQCLQ) + (Clbl + Cgbg)
(c1(ar = b1) + ca(ag — by)
= 0
(c1(ar +b1) + co(az + bo)
a) — b1 a9 — b2
= C1 0 + C 0
a; + b1 as + bg

= c1 f(U1) + cof (V).

Hence f is a homomorphism.

<

5. Find the (i) range space, (ii) rank, (iii) null space, and (iv) nullity for each of the
following homomorphisms.

(a) f:R*— Ps3 given by f({g]) = (a+b)+ (a+b)x + (a+b)z>

a b

(b) g:M2X2—>Rgivenbyf([c d]):b—c.
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a
b

(a+ b)z? = (a + b)(1 + x + %), where a and b are arbitrary. Thus, rank(f) = 1.

» Solution. (a) Range (f) = Span(l + z + z?) since f([ }) =(a+0b)+ (a+b)x+

Z is in the null space of f if and only if a + b = 0. Thus, the null space of A is
Span( [_11} ). Hence the nullity of f is 1.

(b) The range of g is R, so the rank of f is 1. The null space of g is all 2 x 2 matrices
with b = ¢. Thus, the null space is

(o =elo sl e o] el 3y

A basis for this subspace is

bool 1ol o3>

Thus, the nullity of ¢ is 3.
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