Homework #9 Solutions Due: November 13

In all homework problems; it is not sufficient to show only the answers. You must show your
work. These exercises are based on Chapter Four.l and Four.III from the text.

1. Compute the determinant of each of the following matrices. Show your work.

(a)

0111 2.0 3 2 2 1101
1011 5 1 2 4 212 —-11

(b) )l001 2 0
1101 301 2 L 03 11
1110 53 21 511 2 1

» Solution. (a) The matrix is reduced to an upper triangular matrix by the follow-

ing sequence of elementary row operations:

01 11 -1 1 0 0
1 01 1 p1+p2 —2pa+p3 *%P3+P4 01 1 1

A= — T = s =B
1 101 —p2tp1 p1t+p3 —2p2+pa 00 -2 -1
1110 e 00 0 -3

Since each of these elementary row operations does not change the determinant,
it follows that the determinant of the original matrix A is the determinant of the
upper triangular matrix B. The latter determinant is the product of the diagonal

entries. Thus ;
det A=detB=(-1)-1-(-2)- (_5) _ 3

The matrix is reduced to an upper triangular matrix by the following sequence of
elementary row operations:

2 0 3 2 2. 0 3 2
5 1 2 4| —3pitee ~Zpstps |0 1 = 1
A: 2 7 2 _ B
30 1 2 syttt |00 -1 -1
53 2 1] -Sete 00 0 -2

Since each of these elementary row operations does not change the determinant,
it follows that the determinant of the original matrix A is the determinant of the
upper triangular matrix B. The latter determinant is the product of the diagonal

entries. Thus 7 29

The matrix is reduced to an upper triangular matrix by the following sequence of
elementary row operations:

211 0 1 2 1 1 0

212 -1 1 IPUUI (s

A=1lo001 2 0 ’Hf pacRe — 5 1o 0 1 2
—Lio+ —p3+pa

103 1 1| Czohe 0 0 0 —3

211 2 1 0 0 0 0
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Since each of these elementary row operations does not change the determinant,
except for the single row swap, it follows that the determinant of the original
matrix A is minus the determinant of the upper triangular matrix B. The latter
determinant is the product of the diagonal entries. Since one of the diagonal
elements is 0, det B = 0, and hence det A = —det B = 0.

<
a b c
2. Let A= |d e f]|. If det A =7, compute the determinant of each of the following
g h i
matrices.
a b ¢ 3d 3e 3f a b c
(a) |2d 2e 2f (b) fa b ¢ (¢) [2d+a 2e¢+b 2f+c
5g 5h 5i g h i g h 1

» Solution. (a)

a b ¢ a b c a b c
2d 2e 2f|=2|d e f|=2-5|d e f|=2-5-7T=T70.
59 bHh 51 5g bHh 5i g h 1
(b)
3d 3e 3f d e f a b c
a b c¢|=3la b ¢|=3-(-1)|d e f|=-21
g h 1 g h 1 g h 1
()
a b c a b ¢ a b c
2d+a 2e+4+b 2f+c|=12d 2 2f|=2|d e f|=14
g h 1 g h 1 g h 1
<
1 01
3. Compute det B> where B= |1 1 2
1 21

» Solution. First compute det B: Use Laplace expansion along row 1 to get

1 2
11

1 2

5 = —3+1=-2

11
PR I PR

Then the product rule for determinants gives det B®> = (det B)® = (—2)° = —32. <«

4. Verify that det(AB) = det Adet B for each of the following pairs of matrices.
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wasf o=
[—31 i B:[—Lll —21}

_9l
» Solution. (a) det A =3, det B=8and AB = [
24 =3 -8 =det Adet B.

(b) A

6 0
17 4] . Thus, det(AB) =6-4 =

(b) det A =3-(=2)—(—1)-6 =0, det B=4-(—1)—(~1)-2 = —2 and AB = {_62 8]
Thus, det(AB) = 0 = det Adet B.
<

5. Let A and B be 3 x 3 matrices, with det A = 4 and det B = —3. Use properties of
determinants to compute:

(a) det AB (b) det5A (c) det B™! (d) det A3 (e) det BAB™?

» Solution. (a) det AB=det AdetB=4-(-3)=—12.

(b) detbA = 53det A = 53 -4 = 125 -4 = 500. The first equality follows from the
property det kA = k™ det A if A is an n X n matrix.

(c) det B~'=1/det B=—1/3.
(d) det A% = (det A)® = 4% = 64.
(e) det BAB™2 = (det B)(det A)(det B)™2 = (=3)-4-(=3)"% = —4/3.
<

6. For each of the following matrices, determine all of the values of x for which the matrix
is not invertible.

» Solution. (a) A is not invertible if and only if det A = 0. In this case, det A =
(2—2)?—4=2%—4x=0if and only if z = 0 or z = 4.
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(b) B is not invertible if and only if det B = 0. Use Laplace expansion along the first
row to compute det B:

det B= (4 —z)((-2 —2)(—4 —2) = (=3)(—4)) — (=4)(2(—4 — z) — 3(—-4))
+ (=4)(2(=3) = 3(-2—x))
= (4 —2)(2* + 61 —4) +4(4 — 5z)
= 42% + 247 — 16 — 2° — 62 + 42 + 16 — 207
=—2%— 222 + 8z
= (—z)(2* + 22 — 8) = (—x)(z — 2)(x + 4).

Thus, B is not invertible precisely for x =0, x = 2 and z = —4.
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