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1. INTRODUCTION

1.1. Overview. The mathematics done in this manuscript accomplishes the refor-
mulation of graph coloring problem as an obstruction problem with the thesis:

(1.1) Certain problems in mathematics disquise itself as a local to global problem

This is a thesis and not a theorem. Nonetheless, powerful enough to make one
see the graph coloring problem as a problem of obstruction, and to view the word
problem in group theory as a cobordism problem in certain bordism category. To see
this, let us consider the problem of graph coloring first, where this thesis is easier
to demonstrate. Fig. 1| shows the Tait-coloring process of a theta graph. Where, a
Tait-coloring stands for a 3-edge admissible coloring of a graph: if the edges share a
vertex then they all should get a different color. ( [Ballg|, [Tai0], [KR21], as well
as [PTT71] are places where this definition can be found.)

When attempting to color such a graph I', embedded in some surface 3., we begin
locally: by choosing a stratified neighborhood (U,I'y) (see U and V in (i) in figure-
1)) and stack over it the same neighborhood but with an admissible coloring to the
graph in it. The stratified neighborhood (U,T'y) is well covered by the collection
of all admissible coloring of I'y;. A coloring of the portion of the graph in this
neighborhood, namely ['y;, can be thought as a choice of a section over (U,T'y).
We extend such sections over the union of two neighborhoods (U,T'y) and (V,T'y)
by keeping only those sections (from all possible combinations) that agrees on the
intersection. With this idea, we see immediately that the entire graph I' admits an
admissible coloring if this can be done globally, or if a global section exists. These
are the kind of problems that the subjects of obstruction theory deals with. From
this perspective, the famous formulation of the 4-color theorem by Tait in terms of
3-edge coloring of a trivalent graph can be restated as:

For a planar trivalent graph I', the only obstruction to its 3-edge coloring is given
by a bridge, that is, if ' is a trivalent, planar, and bridgless graph than a global

section always exists.
1
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FiGURE 1. Caption

Note that I chose to state it as a meta-conjecture rather than a conjecture. The
reason behind this is that we do not quite have a formulation in terms of the above
‘sheaf’ like gadget at this moment (see 77 for detail), but what we really have is more
like a jigsaw puzzle perspective coming from a special kind of cell-decomposition.
Consider again the graph I', embedded in some surface ¥, we use the piecewise
linear cell-decomposition (or PLCW for short, introduced in [KJ12] inspired by the
work in [Lur0O8] ) to decompose this stratified space into cells. Next, color the
graph inside these cells admissibly and put it back to its original place, as if we are
solving some jigsaw puzzle. If we can do this to all the pieces (2-cells) and complete
the surface with an admissibly colored copy of the same graph, then we say that
the graph admits an admissible coloring. Before giving an account of how this is
achieved, I want to point out, at this point only heuristically, that solving a word
problem has a very similar local to global flavour: we can pick a spot in the string
of generators and use the relation to untangle it, but whether this word is same as
a given another word can only be decided after looking at the entire string. By the
end of this subsection we will know that the theory developed to tackle the problem
of graph coloring as a local to global problem gives this formulation of the word
problem as a byproduct.

The main tool that is used is the concept of field theory with defects. Defects are
everywhere in mathematical physics: from condensed matter physics to quantum
field theories (see for instance [FMT22] and [BEMT22]). Justifying its name,
they are defective in the sense that the theory that governs them is different than
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the surrounding theory. I refer to the excellent survey [CDZR23] for a decent
knowledge and for now, only mention that a pair (X,T") where ¥ is a surface and T’
is an embedded graph is an example of what I call a surface with defects. (It can
be generalised for sufficiently nice higher dimensional stratified spaces, but I limit
myself to dimension two.) There are two key steps:

e Given a group G and a presentation Pg, construct a category Bordgef “Y(Pg).
Objects in this category are given by a marked circles (marked by generators
of Pg). A morphism between two objects is given by a isotopy (relative to
boundary) class of a surface with defects locally modelled by the relations in
Pg. Finally, the composition is given by gluing along the common boundary.
Both objects and morphisms are equipped with a PLCW decomposition. As
an example, when G is Klein-four group Ky and Pg = {(a,b,c | a®> = b* =
c* = abc = 1), the set of morphisms consists surfaces with trivalent graphs
all of which are 3-edge colorable.

e Next, based on the work of [DKRII] construct a lattice TF'T

X : Bordi " (D?) — Vecty(C)

Where Vectr(C) is the symmetric monoidal category of finite-dimensional C-
vector spaces, and Bordi?“”(D3) is the category whose objects are trivially
marked circle and whose morphism are given by isotopy classes of surfaces
with single-colored trivalent graphs. (A trivially marked circle can be thought
of as unmarked circle, and similarly a single-colored graph can be thought as
uncolored.)

Then the main result can be stated as:
Theorem 1.1. Let I' be a trivalent graph embedded in S?. Consider the surface
with defect (S?,T) in Mor(Bords®““(D3))(D,0). The action of the functor y on
(S2,T) is the assignment
X“(S%T):C —C

(12) A > #Tait(T)A

In other words the number x“’(S% T')(1) is the number of Tait-coloring of the
planar trivalent graph I'.

The proof of this theorem uses the forgetful functor
1 . Bords™ ““(Pg,) — Bords® “(D?)

to construct a stratified covering projection 7 called bleach that forgets the color.
A coloring process of a given trivalent graph is then a choice of local-section of 7.
(Please note the notation 'cw’.)
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2. CATEGORY OF 2-DIMENSIONAL BORDISM WITH DEFECTS

The goal of this section is to define the category of smooth bordism with defects.
We essentially follow [DKRII], but we give some new definitions and modify some
old ones in order to set the ground for our work in the subsequent sections. By
Bord® we actually mean the category Bordi? P but we omit the word ’top’ as
we are dealing with topological defects throughout this manuscript. The category
Bordgef (D) constitutes objects and morphisms that are stratified spaces with each
strata labelled with elements of sets called defect conditions. We explore each of
these concepts in the following subsections.

2.1. Defect Conditions.

Definition 2.1. Given an n-dimensional oriented manifold M, and a collection & =
{My, ..., M,} of submanifolds of M, we say that & is an admissible decomposition
of M if the following conditions hold.
e (covering) M = J, M,,
e (decomposition) dim(M;) =i, M; N M; = 0 for i # j, and the orientation
of M, is induced by the orientation of M, and
e (admissibility) each partial union Uf:o M; is a closed subset of M for every
k <n.

Remark 2.1. (1) A consequence of admissibility condition is that Mj \ M is
contained in the union Uf:_ol M; of lower dimensional pieces. Where M, is
the closure of M, in M.
(2) Let 9M* denotes the partial union Uf:o M;, then we have the filtration by
closed subspaces

(2.1) M=Mm">Mm" "> .omo>m' =40

and 9F\ MM*F~1 = M,.. Therefore, an admissible decomposition canonically
leads to stratification of M. We will refer to the components of M as the
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q

FIGURE 2. An admissible decomposition U = {Uy, U;} of S!, where
Up = {pa%ras} and Uy = St \ Uo-

k-dimensional strata of M. We refer to the reader to [Fril7], (2.2) for the
definition of a filtered space and stratification.

Example 2.1. (1) Let M be n-dimensional, the collection &y = {M}, which
means M, = M if k = n, and M, = () otherwise, is an admissible decompo-
sition of M.

(2) Let U = S* denote the unit circle in the complex plane. Form the collection £
with Uy = {p,q,7,s}, where p=1,¢=1,r = —1,s = —, and U; = S*\ My =
{(p,q),(q,7),(r,s),(s,p)}. Then, i is an admissible decomposition of S'. See
Fig. 2 below.

(3) (non-example) Let v : S* — R? be the stereographic projection. The
collection &y = { My, My, My}, where My = {1»=1(0,0)}, My = {4 ({(,0) |
r € R,z #0})}, and My = S\ (MyUDM,) is not an admissible decomposition.
My is the south-pole, M; is the great circle containing the south-pole but
missing the north-pole - co. We see that My U M, is not closed in S? as the
north-pole, which is in the closure of My U M, is missing.

(4) (turning  (3) into an  example)  However, the  collection
Sy = {M}, M], M}, where M} = {171(0,0),00}, M{ = M; and M} =
S\ (M} U M), is admissible.

(5) Given a link L C S3, the collection My = My = ¢, M} = L, and M3 =
S\ (Mo U M; U M) is an admissible decomposition of S?

(6) Let ¥ be a surface and I' an embedded graph in ¥ with vertex set V(I') and
edge set F(T') such that V(I')N9%X = 0. The collection ¥y = V(T'), X, = E(T)
and Xy = X\ (3o U X,;) is an admissible decomposition of X.

Given a set D, let D; be the set of formal inverses of elements in D;, and X; =
D; U D;. For example if D; = {z,y,2} then D; = {z7 'y 1 271} and X; =
{z,y,z,27 1y~ z~'}. With this convention, we define:

Definition 2.2. A defect condition is a class {Ds, D1, Dy} together with two maps

’QDLQ : X1 — DQ X D2 and @071 : XO — u;.szo((Xl)m/Cm)
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FIGURE 3. The map v 2 can be visualised as (i) where (in this case)
it is: @ — (o, ). (ii) represnts o, : u = [(21, 79, 23", 24, 25 1)]. (iii)
(respectively (iv)) represents the orientation consistency condition for
n 2 (respectively g 1).

Where, by (X;)™ we mean m-fold cartesian product of the set X;. These maps are
subject to the following two orientation consistency conditions:

o If Yy 9(z€) = (o, B) , then 1 2(z7) = (B, ). And,

o If ¢0,1 (ue) = [(xqv s 7x6m)] ) then 1/}0,1(7176) = [(C(erm, . ,J]iél)]
Usually, in the literature, the map 1), 2 is given in terms to two maps s,t : X; — Dy
such that for z¢ € Xy, 2(2¢) = (£(x°), s(x9)).

See Fig. [3| for a pictorial representation of the maps 12,01, and the orienta-

tion consistency conditions. We will see in later sections that these are not just
representations and carry deeper meaning.

At this point, if we introduce the groups
F[Do] = (X |0) , F[Di] = (X1]0) , %[Ds] = (Xs|a=0a"})

and identify an ordered tuple (x1, ..., z,,) with the (unreduced) word x; ... x,,, then
the two orientable consistency conditions in can be written as:

Yra(e™) = (Yra(a)) ™
Yo (x7) = (o (a)) ™!

The reason that the corresponding group on D, is not free, in contrast with
its counterparts on Dy and D;, has to with the orientation condition in [ [2.1]
(decomposition)| as we will see in the subsequent sections.

After fixing a defect condition D := { D5, Dy, Dy, 01,12}, we define objects and
morphisms in the category Bord$® (D) in the next few subsections.

(2.2)

2.2. Objects. Naively, an object in the category Bord$® (D) is a circle with marked
points and arcs. Points are marked with the elements of D;, and arcs are marked
with the elements of Dy. If we denote the circle by S! then these points give rise to
admissible decomposition of S! as in Example- (2) More generally, given sets of
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i) (ii)

FIGURE 4. (i) shows a circle with defects. The map d : S* — X
takes p = w1, = a7 = 21,8 = o, (p,q) = a, (¢,r) =
B, (r,s) — a, (s,p) — B, and ;1 maps x; to (a,f) and zy to
(B,a). (ii) shows a cylinder on this circle with defects. If we agree
to call p(respectivelyq, r) x [0, 1] as p[l] (respectively ¢[1],7[1]), then
there is no change in the map d as p (respectively ¢,r) lies in the
unique component p[1] (respectively ¢[1],7[1]). Same holds for the two
dimensional strata.

defect conditions &€ = {Ey, Ey, ¢o1}, where Ey = Dy, By = Dy and ¢p1 = 112 we
define:

Definition 2.3. a 1-manifold with defects with defect conditions € is a tuple (L, £, d)
where

(1) L is an oriented 1-manifold,
(2) £is an admissible decomposition of LL. It consists of a set of points Ly in the
interior of L and its complement L; = L\ Ly.
(3) For Y =E;UE;andY =Yy,UY; ,d:L — Y such that
e d(Ly) C Yo,
® d(L1> C El, and
® d|xy(r,) is constant
(4) The map d : L — Y respects ¢g1. More precisely, if py € Ly is such that it is
out-boundary of /; and in-boundary of ry for Iy, € Ly, then (tod)(po) = d(l1)
and (s od)(pg) = d(r).

Example 2.2. We upgrade Example , (2)] to a 1-manifold with defects in Figure-
M where Ey = {1, 22}, By = {a, 8}
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Remark 2.2. We call a closed 1-manifold with defect, a circle with defects. In this
case, we further assume that the underlying circle comes with a distinguished point,
which we denote by —1. No 0-dimensional stratum is allowed to pass through this
point under isotopy preserving the defect structure. In other words, all the marked
points lies in S*\ {—1}. See [ [Car16], 2.1] and [DKRIT], 2.3] for details behind this
convention.

2.3. Morphism. A morphism in the category Bord$® (D) is given by an equivalence
class of bordism between two circles with defects. We proceed to define this carefully.

Definition 2.4. Given a set of defect conditions D = {Ds, Dy, Dy, 191,112} and
associated sets {X;}, a surface with defects with defect conditions D consists of the
following data.

(1) An orientable surface ¥, possibly with boundary.
(2) An admissible decomposition & = {¥4,3, 3} of ¥ such that ¥y lies in the
interior of 3.
(3) For X = Xy U X; U Xy amap d: ¥ — X such that
® d(Ez) C Xz for all ¢ §é 2,
® d(22> C DQ, and
® d|y(x,) is constant.
(4) The map d : ¥ — X respects the maps 1o and 2. More precisely:
e For [ € ¥, and A, B € Y, such that [ is the out-boundary of A and
in-boundary of B, (tod)(l) = d(A) and (s o d)(l) = d(B).
e For a sequence [y, ...1,, € ¥ such that 0l; = £p where p € ¥, the tuple
(d(ly),...,d(l,,)) is in the same equivalence class as 1 1(d(p)).
We will denote a surface with defect by a tuple (3,8, D, d) or just by (X,8,d)
when the defect condition D is clear from the context. We will refer to ¥ as the
underlying surface.

Remark 2.3. A consequence of [[2.4] (4)] is that the ordered basis (s(z) — t(z), z)
gives the orientation of the underlying surface.

Convention 2.1. Let u¢ be the value of d at a given zero dimensional stratum. If
€ = +1, the sign of the defect at a 1-dimensional stratum is +1 if the zero dimensional
stratum is the out-boundary of it; negative otherwise. For example, in Figure- [6] the
map o1 (u) = [(z1, 29, 25", 25")]. The sign € in the expression z¢ is positive for x;
because the arrow is going into u (which means u is an out-boundary) while it is
negative for x5. The reason for this kind of convention can be inferred from | [Carl6]

, (2.16)]

Example 2.3. Figure- 5| shows both an example and a non-example of a surface
with defects. here, the underlying surface is a disk which is a surface with boundary.
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FIGURE 5. Shows an example of a surface (discs) with defect (left)
and a non-example (right).

Next, we define the concept of isomorphism between two surfaces with defects with
the same defect conditions D.

Definition 2.5. Given two surfaces with defects (U, 44, dY) and (V,0,d"), an iso-
morphism between them is a map f such that
(1) f : U — V is an orientation preserving diffeomorphism, together with the
property that for all 7, U; = f~1(V;). In other words, f preserves orientation
and admissible decomposition.
(2) dV = f*d", or the following diagram commute:

U / AT
dU
N 4
X

I aim to define it as the isotopy (isomorphism) of underlying stratified space that pre-
serves orientation and labels on the strata.

— Amit

Given a circle with defect (S*, €, d) with defect conditions £ as in there is
a canonical way to put a surface with defect structure on the surface S' x I for
any interval I. We denote this surface with defects by (S* x I,€[1],D,d). The
motivation behind such a notation comes from the observation that the admissible
decomposition, defect conditions, and the incident map is given by just shifting the
index by 41, while there is no change in the map d. Note that the resulting surface
with defects does not have a zero dimensional stratum.

Definition 2.6. Given a 1-manifold with defect S := (S', €, d) with defect conditions
£ as in Definition- [2.3]

(1) A cylinder on S is a surface with defect isomorphic to
(8" x [0,1],€[1], D, d)
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(2) a collar of S is a surface with defects isomorphic to

(St x [0,1),€[1],D,d)

In figure- ||, (ii) shows a cylinder on (i).
Finally, we define what does it mean for two circles with defects to be cobordant
via a surface with defects.

Definition 2.7. Let (U, 4, dy) and (V, 0, dy) be two circles with defects with defect
conditions € coming from the defect conditions D as in the Definition-2.3, A bordism
with defect is a surface with defects (X, S, d) with defect conditions D such that

(1) (Oriented bordism) 03 = (—U) UV where a minus (-) denotes the reverse
orientation.

(2) (compatible with admissible decomposition)U;UV; C 03,44 forall j =0, 1,2.

(3) Let i (respectively j) be the inclusion map for the inclusion of U (respectively
V) into 0%. The maps dy and dy is related to d via dy = i*d and dy = j*d.
These maps fit together in the following commutative diagram:

)y

IO

U d V

X

Convention 2.2. We denote an oriented bordism ¥ with in-boundary U and out-

by
boundary V' by / \ .
U Vv

Example 2.4. Figure- [f] shows an example of a bordism from a disjoint union
of two cirlce with defects to a single circle with defects. Here, we have chosen

D2 — {04>B7’Y>5}7D1 - {%1,$2,I3,$4,$57I6},D0 - {u};wlﬂ B (Oé,ﬁ),l’g —
(ﬁ,O{),Ig = (O{,’}/),J]4 = (Oé,’)/)71’5 = (’Y,Oé),.’E(; = (67 Oé>;1/}1,2 U [($27$5_1;$§17$1)]-

Finally, we collect all the constituent data of the category Bordgef(D) at one place:

Definition 2.8. The category Bordi(D) consists of the following data:

e The defect conditions D, which constitutes sets Dy, D1, Dy, and maps 91 o
and 1o defined in -
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4 @ / \
e su ]I |a ¥| o Y
a B \ /
L 2 \0/ L3
% %! X5

F1GURE 6. The pair of pants with defects is a bordism between two
circles with defects in the left and one in the right. The sign convention
on 1 strata is taken positive if the arrow flows in the direction of time.
Thus an in-boundary gets positive (respectively negative) sign if the
arrow is out of (respectively into) it. The opposite is true for the out-
boundary.

e an Objects is a disjoint union of circles with defects, defined in [2.3], together
with a germ of collars and distinguished points. As mentioned in | [Frel9],
1.2] we would like to think these marked circles as coming with a germ of an
embedding into a surface with defects. Further, the germ of collars makes
sure that the gluing is well behaved.

e Given two objects U and V', a morphism between them is either a permuta-
tion of markings on a given circle with defects or a surface with defect X such

that / \ and respects the condition on distinguished points. See

Deﬁmtlon 210 and Remark 2.4l below. We consider two such bordisms to be
equivalent if there is a boundary preserving isomorphism of surface with de-
fects. More precisely, a morphism between two objects is given by a defect
bordism class between them.

Example 2.5. Figure- [] shows an example of a morphism from marked circles in
the left to the marked circle in the right. Please note the convention about the sign
of 1-defect conditions.

Given a surface with defects (X, &, D, d), one would expect its cross-sections to be
object in the category Bordgef (D), but this requires some care as an arbitrary cross-
section may not have a germ of collar around it. Our strategy is to we only want to
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consider those cross sections which admits a collar around it. This is accomplished
in two steps. First, we note the existence of a forgetful functor into the category
Bordy. Next, we use Morse theory to define a generic cross-section.

Definition 2.9. For any set of defect conditions D, there exists a forgetful functor
D : Bordgef (D) — Bord, defined by its actions on objects and morphisms as follows:
(1) (On objects) ©((0,90,dp)) = O,
(2) (On morphism) ©((2,6,D,d)) =%
That is, the functor ® maps a circle (surface) with defects to the underlying circle
(surface) by forgetting all stratification and defects.

Next, for a surface ¥ (or an underlying surface of a surface with defects) choose a
height function f : ¥ — R. Since ¥ is compact, we can assume that f(X) C [0, 1].

Definition 2.10. Let (2, &, D, d) be a surface with defects, and f : ¥ — [0,1] be a
height function. For ¢ € [0, 1], we say that f~!'({t}) is a generic cross-section of the
surface with defects (3, &, D, d) if there exists € > 0 such that f~'([t — e, t + €]) is
isomorphic to the cylinder over f=({t}).

We refer to [ADEI14] , (1.2) for the existence of Morse function on a given surface
Y. The existence of a height function follows from the existence of Morse functions.

Remark 2.4. To respect the condition on distinguished point, we demand that a
generic cross-section is a circle with defects with a distinguished point.

We end this section by mentioning that we have kept ourselves limited to two-
dimensional defect data as it is best suited for our objective, but it is possible to
talk about higher dimensional defects and with structures. One such generalised
picture is presented in ‘[Lur(8], Section-4.3. The other approach, as suggested by
our definition of a surface with defects, comes from the introduction of constructible
sheaf. This latter approach has been developed well in [FMT22], Section-2.4 and
2.5 in relation with topological symmetries of QFT.

3. TOPOLOGICAL FIELD THEORIES WITH DEFECT

Let K be a field and Vectx denotes the symmetric monoidal category of K vector
spaces. A topological field theory or TF'T with defect is a symmetric monoidal functor

T : Bord$™ (D) — Vectg

We are interested in the category of K vector spaces with a trace pairing, which
restricts the target category of T' to Vectr(K) - the category of finite dimensional K
vector spaces. One example of such a funtor comes from the lattice TF'T construction.
We do not give this construction in detail, but highlight only the essential ingredients
and steps. A detail of this construction can be found in | [DKR11], (3)], which is
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closest to the spirit of this manuscript. Other references are: [ [FERS07] , [FRS02]],
together with an earlier work [ [Tur99]].

3.1. Category of bordism with PLCW decomposition. The most essential in-
gredient for lattice TFTs is the category Bord‘zieﬂ (D). Tt has same objects and
morphisms as the category Bordgef(D) but they come equipped with an extra struc-
ture, namely a PLCW decomposition. We only collect the key feature of PLCW
decomposition, and refer to [KJ12] for details. The main feature of PLCW decom-
position is that although, it is more general than triangulation, it is less general
than a CW decomposition. More precisely, for a cell-decomposition of a compact
n-dimensional manifold M into generalised k-cells for k = 0,...,n, if ¢ : B¥ — M
is the characteristic map then ¢ is a homeomorphism when restricted to the interior
of each (k — 1)-cell of OB*.

Possibly I should write it in slightly more detail.

— Amit

Example 3.1. cell-decomposition of S? into a single O-cell and a single 2-cell is a
CW-decomposition but not a PLCW decomposition since for no cell-decomposition
of St the attaching map is a homeomorphism.

Convention 3.1. We follow [DKRI11] for notations and conventions. In particular,
by a cell-decomposition of a manifold M, we mean a PLCW decomposition of M,
and by a cell, we mean a generalised cell.

Convention 3.2. For a space M with a PLCW decomposition, we will denote the
collection of cells by C'(M), and by Cy(M) the collection of k-cells.

Definition 3.1. The category Bordy®™ (D) consists of the following data:

(1) The set of defect conditions D as defined in Definition [2.2]

(2) Objects are disjoint union of circles with defects U together with a cell-
decomposition C'(U), such that each point of the set Uy lies in a 1-cell and
each 1-cell contains at most one such point. (Fig.[7 (i).)

(3) A morphism is a surface with defects equipped with a PLCW decomposition
C(X) that is homeomorphic to one of the configurations in Fig. (7] (ii), (iii),
or (iv)(after ignoring the labels.) More precisely,

e the 1-dimensional submanifolds ¥; only intersects 1-cells and 2-cells, but
not 0-cells. Moreover, each 1-cell intersects only one 1-stratum of 3, .

e Each O-dimensional stratum lies inside a 2-cell, and each 2-cell contains
at most one such strata. It may only contain a star-shaped configuration
of 1-strata such that each edge of this cell is traversed by exactly one
1-stratum.
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FIGURE 7. (i) shows an object in the category Bordy™ (D). Note
that the 1-cell es does not contain any defect. (ii) is not a convex cell,
but a generalised cell and does not contain any defect. We will refer
to (ii), (iii) and (iv) as basic-gons. The map 1, 5 follow the orientation
of the 1-stratum to call the left of it ¢(z) and the right s(z). For
example, from (iii) we read ¥y 2(z) = (o, 5). To read the map g,
at u€, if ¢ = 41, then follow the orientation of the surface treating
the boundary as the in-boundary. On the other hand, if ¢ = —1,
then follow the opposite orientation treating the boundary as the out-
boundary. For instance, in (iv) 1 (u) = [(z1, 25", 23", 24, 25", 25 1))
Where we have oriented the surface in anti-clockwise manner.

e If a 2-cell contains no 0-stratum but only 1-strata then it must be home-
omorphic to the configuration shown in Fig. [7 (iii).

Convention 3.3. We will refer to Fig. [7] (ii), (iii) and (iv) as basic-gons. We would
like to think our surfaces with defects as assembled from them.

Remark 3.1. It is better to think the basic-gons as cups and caps. One can check
that under orientation consistency conditions of Definition [2.2] caps transforms to
cups and vice-versa.

We note that there is a forgetful functor F : Bordy®™™ (D) — Bordi®(D), which
is full and surjective. The lattice TF'T construction uses the PLCW decomposition
to construct a symmetric monoidal functor

TV Bordy®™ (D) — Vectp(K)
and then F is used to show that 7°W is independent of the cell-decomposition by

showing the existence of a unique symmetric monoidal functor T° that makes the
following diagram commute:
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TCW

Bor QGf’ (D)

(3.1) X Ely

Bordy™ (D)

We do not prove this here but refer to [ [DKR11]], Section-3.6.

> Vectp(K)

3.2. Lattice TFT with defects. In short, a lattice TFT assigns a Frobenius alge-
bra A, to 2-dimensional stratum labelled with defect a, a (A, — Ap)-bimodule X,
to the 1-stratum labelled with x such that ¢(z) = a and s(x) = b, and a bimodule
intertwiner to 0-dimensioanl stratum. We refer to [DKRI11] Section 3.3 for an overall
algebraic preliminaries, with supplements [Koc| for Frobenius algebra, and [ML13]
for bimodules. We employ the following convention for the rest of this manuscript
as it will prove very handy for our purpose:

Convention 3.4. Let A and B be a unital, associative algebra over K, and X be a K
vector space. We write X for an A— B-bimodule X, and X ! for the B — A-bimodule
X* - the dual of X. This way, we can denote a bimodule by X¢ where € = +1.

Recall, that for A - an associative, unital algebra over K, a right A-module X, and
a left A-module Y, the tensor product X ®4 Y is defined as follows:

(3.2) XQAY 5 XY B X®,Y,

where [ is the left-multiplication map given on pure tensors by l(z®a®y) = z®(ay)
and extended by linearity. Similarly, r is the right-multiplication map given by
rr®a®y) = (ra) ®y. Where z € X,y € Y and a € A and ® denote the tensor
product of K-vector space - ®x. When X is an A — A-bimodule, the cyclic tensor
product is defined:

(3.3) A X B X Bo X,
where [(a ® x) = ax and r(a ® x = za).

Definition 3.2. A topological field theory T : Bordi (D) — Vectp(K) is a
trivial surrounding theory if Dy = {x} and T§" assigns K to .

Such a theory is characterised by the fact that the non-trivial part of the theory
lies solely on the 1-dimensional strata. It assigns a K vector space X, for each
x € Dy, which is naturally a K — K-bimodule. Note that it is enough to consider
the assignment for D; as it can be extended on entire X; using the orientation
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consistency and Convention [3.4] via the rule: T¢¥(z™!) = T¢¥(z)~!. In other words
if T assigns x a K-vector space X, then it assigns z ™! its dual - X .

We state the following proposition, which is very important as all the calculations
we are going to do is based on it:

Proposition 3.1. For a K vector space X,Y, the following identities hold:
(1) X kY 2X®Y
(2) Ok X =2 X

Do I need to call this a proposition; it’s quite trivial?
— Amit

Where the tensor product ®g on the left of (1) is the tensor product in the sense
of Eq. , and the tensor product ® on the right is the tensor product of K-vector
space.

The proof of Proposition [3.1]is fairly straightforward. So, we omit it.

We summarise below the input data for a trivial surrounding theory before giving
its lattice TFT construction. The reader should consult | [DKR11], 3.4, 3.5] for a
more general theory.

Definition 3.3. A lattice TFT, which is a trivial surrounding theory assigns:

(1) The field K for * € Do,

(2) a C-vector space X, for each z € Dy, extended to X; by the rule T¢*(z 1) =
Tgo(z).

(3) for u € Dy such that ¢ (u) = [(27', ..., z;")] alinear map p,, € Homg (X ®
- ® X, K) with the property that p, is invariant under the induced ac-
tion on X! ® --- ® X of the action of the cyclic group C, on the tuple
(xf', ..., zy). We will denote the set of such maps by O,y Homg (X ®@---®

Xz, K).
Remark 3.2. We just state that Definition [3.3}(3) is a consequence of the definition
of general lattice TF'T data and Proposition (3.1}

Example 3.2. Let X = C(a,b,c). The map p: X ® X ® X — C defined on the
bases by the rule

1 if x,y, z are all different

Hrey®z) = {0 otherwise

and extended by linearity satisfies the condition [Definition (3)]. In fact, it is
invariant under the transposition of factors.

Remark 3.3. We set K = C for the rest of this manuscript, and emphasize that
the assignment C to two-dimensional starta by a trivial surrounding theory should
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be viewed as a Frobenius algebra. Indeed the non-degenerate pairing f: C® C — C
given by f(a®b) = ab makes C a Frobenius algebra with the counit ec as the identity
1c : C — C. The copairing v: C -+ C® C = C is also the identity map.

Construction 1. Fix the defect condition D with Dy = {*}. We proceed to explain
the trivial surronding theory as a symmetric monoidal functor

T - Bords® “(D) — Vecty(C)
defined on objects and morphisms using the PLCW decomposition as follows:

e On objects. Let U be an object in Bords”““(D) which is a single circle. By
the definition of the category Bordi™““(D), it comes equipped with a cell-
decomposition as in Fig. [7}(i). Let e € C(U) be such a 1-cell. We assign to
it the vector space:

(3.4) R _ {(C if e contains no 0 — defect

X5 if e contains a 0 — defect with label x¢

then the action of 7i{" on this single object U is given by

(3.5) T5"(U)= Q) Re
6€Cl(U)
Here we are using Convention For a general object O = Uy U---UU,,

we extend the definition of T§™ by 'monoidal property’ namely: T5"(0) =
I5“(Uh) ® - - @ Tg"(Un)

Example 3.3. We refer to Fig. [§ and want to evaluate T§"(U) and T5* (V). We
make a table below to achieve that:

e: |e|ea|e|filfa|f
Ro: | X | X|C|X|X|C

From this, we get
15°(U) = Rey ® Re, ® R;
(3.6) =X®X®C
2X®X
A similar calculation shows that T¥"(V) = X @ X.

e On morphism. Let ¥ : U — V be a bordism in Bordi”““(D), the action of
the functor 75" on (X : U — V) is given by:

lTch(U)®T(E) 8(2)®1TOCUJ(V)

(3.7) Tgu(S) : Tgo(U)

I(U) @ Q(X) @ Tg™(V) 15 (V)
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We need to describe all these components: the vector space (%), and the maps
P(X) (propagator) and &(X)(evaluation). By definition ¥ is equipped with a PLCW
decomposition. We use this fact to define the space (X)) and maps P(X), and finally
use the basic-gons (see Fig. [7) to define the map £(X).

We begin with vector space Q(X). Let 0.2 be the part parameterised by U - the
in-boundary of 32, and J,,+X be the part parameterised by V' - the out-boundary of 3.
For P € Cy(X), we consider triples of the form (P, e, ) where e € C1(X) is a 1-cell
forming an edge of the polygon P, and £ is an orientation of e. We demand that the
triple satisfy the condition that the orientation of P comes from the orientation of
Y., which in turn also orient e as a portion of 9P. In other words, the pair (e, ) is a
part of 9P as an orientated edge. We will follow the outward normal first convention.
Thus an edge e gets O as +1 if the orientation on e with the outward normal first
convention gives the orientation of P and —1 otherwise. Next, to each such triple
(P, e, ) we assign a vector space:

(C if (e,9) does not intersect 3.

X, if (e,O) intersects ¥y at a defect with label x
(3.8) QPeo) = and is oriiented into the polygon P, and

X if (e,O) intersects X; at a defect with label x

L and is oriented out of the polygon P

Finally we define the vector space Q(X) by:
(3.9) QX)) = ® Q(Pe.0)

(P,e,0),e¢0in 2

Example 3.4. We again refer to Fig. [8l and want to calculate Q(X) for the PLCW
decomposition given there. We list the data in the following table.

(P,e,O): | (Prer,—) | (P, +) | (01, =) | (Po,ea, =) | (Pa, 1o, +)

Q(P,e,D) : X C X X X
(P,e,O): [ (P, hy, =) | (P, 11, +) | (Ps,lp,—) | (P3,m,+) | (Py,m,—)
QP : C X X X* X
(Pve7D) : (P47T1,—) (P47T27+> (p57927+> (P57r17+) (P57f17+)
Qreo : X X* C X X+
(P7e7D) : (P67T27_> (P67h'27_) (p67f27+> <P7é7_) (Pa f? +)
Qpeo) : X C X+ C C
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P, P,
& X 12 m x |22 A
X
P P R P i
> 3 ILILH; IF 4 é £
€ 1, 1 f,
P, _ P -
g £ P 43 hlr -A hy -
P
U >V U >V,

FIGURE 8. U and V both have two 0-defects labelled x.

The

two bottom pictures shows the PLCW decomposition using basic-
gons. It has eight 0-cells (marked as small blue-circles), 15 1-cells,
CI(M) = {617 €2, é) g1, 92, hla h27 lla le 77% 1,72, fla f27 f}: and seven 2-
CGHS, CQ(M) = {Pl,PQ,Pg,P4,P5,P6,P}.

(P,e,D): (P,g17_> (P7.927_) (P7h17+) (P7h27+)
QP : C C C C

Finally, we drop the contribution from edges e, e5 and é to write

QX)) = Qg1 @QrL—) @ QPrtnr) @ Qryhn,—) @ Qrsir 4
®Q (P 1z @ Q(Pym,+) @ QPym,—) @ QP —) @ QP t)
RQ(Ps.ga,+) ® QP51 +) ® Qs f1,+) © Q(Pyra,-)
OQ(Ps,ha,—) @ Qs o) ® Qp f 4y @ Qp gy )
®Q (P go,-) ® Q) ® Qo)
Which in turn gives

QE)=CoX* X' CRX®XX* XX X' ®@C®X
RX*'XRCRX*CRICRCRC®C

19
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Where we have intentionally kept copies of C for now. The reasons for this will be
clear soon. We also write the edges from where C or the vector space X are coming.
Since we are only dealing with a single label this does not create any confusion. We
will see in subsequent calculations (for evaluation) that it is important to keep track
of the edges contributing to Q(X). So, we conclude this example by just rewriting
Q@ (%) where the contributions of relevant edges have been marked correctly:

(3.10) ®X; ®X; ®Cy ®X,, ® X}, ® X, ® Chp,
®X;;2 ®Cf®(Cgl ®(C92 ®Ch1 ®Ch2

Next, we turn to the propagator P(X) : C — Q(X)@T5" (V). We note in Eq.
that each edge appears twice: one with X and other time with X*.(Same holds for
C but it has been identified with its dual.) This is not a coincidence as we are going
to see below that the space (X)) has been assembled from the propagator P(X).
Each edge e € C(X) appear twice (with opposite orientations): once as in-boundary
of some P € Cy(M) and other time as out-boundary. The construction of the map
P(X) is based on this fact: defining on each edge e and assembling at the end. Let
us denote the two triples involving the edge e by (P(e)1,e,O;) and (P(e)s, e, 7).
The notation means that e appears as the boundary of P(e)q, P(e)y € Cy(X) with
orientations 9 and 5 which are opposite to each other, depending on whether e is
an in-boundary or an out-boundary of P(e);. We have two cases to consider.

e ¢ is an interior edge, that is, e ¢ C1(X)NOX. In this case we define the linear
the map
Pe 1 C = Qpie),e,01) @ Q(P(e)a,e,09)
according to the following two sub cases:

(1) If e does not intersect ¥; then both Q(p(e),,e.0,) and Q(p(e)., e.02) is C. In
this case, we take P, = v where ~ : C —> C®Cis the copalrlng of the
Frobenius algebra C, which by Remark is the identity map. Thus for
ed¢ Ci(X)N Xy, P.: C— Cis the identity 1c.

(2) If e does intersect 3 then it does so in a defect labelled . In this case
one of the Qp(e);,e,0,) and Q(p(e)y,e,0,) 18 Xz e and the other is X7 . If
we choose to erte P, . C— Xg[;,e ® Xy, then P, is given by

(3.11) Pe(N) = A v @0}

where {v;} is a basis of X, . and {v}} be the corresponding dual basis of
X ., that is, v} (v;) = 5; Here we have denoted the vector space X, by

x,e’

X, to keep track of the edge.
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e If e is such that e € C1(X) N JouyX then there is exactly one of the triple
(P,e,9) contains e. Let us call such a triple (P(e), e, 0), and define
(312) iPe = QP(e),e,D & Re
Note that if one of Qp().,0 and R, gets X, ., the other will get its dual X, .
Altogether, the propagator P(3) is defined by

(3.13) = Q) P

e€C1(X),e¢0in X

Example 3.5. We again refer to Fig. [§land Example[3.4and compute the propagator
P(X). To do that we list all the individual maps P.:

P ZC—)CQI(X)CQI (.‘Plli(c—>Xll®X;<1 T122C—>X12®X;;
Pp. :C = Cp, @Ch, P :C = Xy ® X3 P, :C— Cy, ®C,,
P CoX, X! P,:CoX,0X Ppn:C—oC,eC,,
Tflz(C—>Xf1®X;l fPfQZXfQ®X}k2 ?f@%(%@@@f

We see, after arranging Eq. (3.10) that P(X) : C — Q(X) ® Tg¥(V).

Finally, we are going to define the evaluation map £(X) : T¢"(U) @ Q(X) — C.
By adjoining T5"(U) to Q(X), we have gathered all the Q(p.o) from the table in
Example [3.4] which we dropped when writing the expression of Q(X), that is,

I (U) @ Q%) = & Q(Pe,0)

PECH(M),(e,0)€0P

(3.14)

Therefore, for each polygon P we define a C-linear map

(3.15) Ep: (X Qres) = C

(e, 0)eP

according to the following three cases depending on what kind of defects does P
contains.

(1) P does not intersect ¥y or ;. In this case we get € : ®"C — C which is given
by Ep(c1 ® -+ ®¢,) = €c(cr ... ¢m) Where e is the counit from Remark
which we saw to be identity. So, under the identification of the space ®"C
with C we see that Ep : C — C is simply the identity map 1c.

(2) P intersects ¥, but not £y. By the definition of Bordi™ “’(D), it must
resemble Fig. (iii), that is, there is only one such component of »;. Let it
be x. There is one oriented edge where x leaves P. If we choose to denote
this (oriented) edge by (e1, 1) then Q(pe, 0,) equals X. Starting from this
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edge we traverse the edges of P in anti-clockwise manner. The linear map
Ep then takes the form

Ep: X ®(@MC)® X, ® (®C) - C

We set
8]—"(1}; R Q- ®Cn1 ®waz ®Cn1+1 PIUEE ®Cn1+n2)

3.16) )
( (e o )W (Carsr o Corins))

By linearity it becomes (¢ ... cp, ) Vi (wy)(Cryt1 - - - Cnytny), Which also shows
that in case of a trivial theory, we could have picked-up any edge of P.

(3) As the last case suppose P does contains a component of 3. Then by the def-
inition of Bordi™ ““(D), it must look like Fig. |7 (iv). Explicitly, each oriented
edge (e;,9;) € OP intersects X;. We choose an arbitrary edge (e;,9;) and
order the remaining edges in an anti-clockwise manner. Let u® € Xy be the
label at the only element of ¥g N P, and v (u¢) = [(z{',...,25)]. If e =+1
then the TFT T§" assigns v an element 1, €Ory Homg (X ®- - -@ X, K).
We set Ep(v1 @ -+ @ vy) = pu(v1 ® -+ - ®v,,). Note that this is independent
of the choice of (e1,01) sinceOr,, Homg (X! ® --- ® X, K)is defined that
way. See Definition for detail.

If e = —1 then we repeat the same argument but with the class [(z,, ", ..., z]")].

Example 3.6. We continue to evaluate the TFT assigned to Fig. 8l Moving ahead
of Example 3.5/ we now write € p for polygons in Cy(X). The only polygon of type-(1)
is P, for which

€pt Qupey@CQupn 1) @Qpn, 1) @Qpg, )@ Qg ) @Qpsy —C
(317) Cé®Ch1 ®Ch2 ®C91 ®Cg2 ®Cf — C
Ae @Ay @ Apy, @ Agy @ Ay, ® )\f > Ae A Ay Agy )\92)\]5

Py, Py, Ps and Py is of type-(2):

€pt Q- ® Q) @Qwpg+) = C
(3.18) X ®X,®Cy —C
VERQ W R Ny, —> Ay U (w)

and similarly for P, P; and FPs. In this case all of these maps are same except
for the indexing. Finally, Py and P, is of type-(3).Since v 1(u) = [(z,z, 27 1)] T
assigns u some 13 €O,y Home (X, ® X, ® X7, C) where all of X,,,, X;, and X, are
X,
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Epy 1 Qi) @ Qpsia,—) @ Qpymy) = C
(319) Xll X Xlg &® ngt — C

V1 ® Uy & U3 —> ,u1(v1 ®Uz®v3)

Next we turn to Py, the TFT T¢" assigns u™! an element py € Oryy Home (X}, ®
X @ XX, C). Again, all of X,,,, X, and X, are X,,.

727
8}34 : Q(P477=17_) ® Q(P4,m,—) ® Q(P4,7’21+) —-C
(3.20) X @ X, ® Xt — C
V1 & Vg & U3 — ,uz(m & v ®U3)

We conclude this example by pointing out that the map p from Example can
take place of both p; and po. This map will be useful in next sections.

This finalises the construction of a lattice TFT with a trivial surrounding theory.
All these conditions can be deduced from the lattice TFT construction in [DKRI1I]
with the special case when the trivial Frobenius algebra, namely K is assigned to
all the two dimensional strata. Therefore the trivial surrounding theory enjoys all
facilities as its more general counterpart - lattice TFT. In particular, the trivial
surrounding theory is independent of the choice of a PLCW decomposition. Two
such cell-decomposition is forced to look similar in the vicinity of a defect by Fig.
but it can always be refined, and altered in many ways. We refer to [DKRI1I]
and [KJ12] for details. Alternatively, one could simply define the map P and &
by declaring identity on regions with no lower-dimensional defects (that is without
resorting to the Frobenius algebra property of C) and using just the property of
vector space and then proving the independence on cell-decomposition from scratch,
following section-7 and 8 of [KJ12]. However, we will not take this approach here.

3.3. Some useful results. Now, we are going to state and prove results that is going
to simply the calculation in the case of a trivial surrounding theory. All the proofs
in this section relies on two facts. First, that the TFT is independent of a PLCW
decomposition. Second, a trivial surrounding theory assigns C to two-dimensional
strata.

let Cyy : U — V be the morphism from U to V such that underlying surface
with boundary is a cylinder. Since, it has to respect the distinguished point, there
exists a PLCW decomposition decomposing C,, into two polygons M and M, where
M is such that it contains no 0 or 1 dimensional strata.(See Fig. |9)) for a visual
demonstration.) Under this decomposition U (respectively V') decomposes as Uy UUs
(respectively V1UV3) such that Uy (respectively V)) is the restriction of U (respectively
V) to M, and U, (respectively V5) is the restriction of U (respectively V) to M. Let
T5*(Ur) = @ececy i) Re and T5* (V1) = ®fec, (vi) Ry and we define P(M) by keeping
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Vi

g
U,

ey e o o e

FiGURE 9. We have the cylinder as a morphism in the left, and
on right is the polygon containing all the defects of C,, C1(U;) =
{e1,...,er} which forms C;(U) tigether with é. Similarly, Cy(V}) =
{f1,..., f»} which with f forms Cy(V). The red dots (...) depicts
the continuation of 1-dimensional defects in that region. The cells
{h1,...,h,} and {g1, ..., gm} are the 1-cells of C;(C,,) that forms the

two common boundaries of M and M

only contributions from M, that is, if e € C1(OM) N C1(OM), we define a truncated
propagator P, : C = Q(p(e)e,0) where P(e) € Cy(M) and define
(3.21)

PM) = ( ® Pe) ®cccyomn Pe » E(M) = ® Ep

6¢M,e¢6in0m,,6601 (Cuv) P€C2(Cuv)’P7éM

and (M) be the restriction of Q(C.,) to the codomain of P(M).
The following theorem says that under such conditions, the calculation can be
done on planar polygon M.

Proposition 3.2. If T is a trivial surrounding theory then T¢*(Cl,) : T¢¥(U) —
T¢"(V) equals Ty (M) = T§*(Uy) — T (Vy). Where T5*(M) is defined is the com-
posite:

Lygw(uy)®P(M) E(M)®1zguy,)

(3.22)  T5™(Uh) I7*(Uh) © QM) @ Tg™(V1) I7* (V)

Proof. Let’s denote the single edge covering Us (respectively V5) by é (respectively

~

f). The map T°(Cy,) : T*(U) — T°"(V) is given by

chw(U)@P(Cu»U
Sk

L 7o) ® Q(Cu) ® T(V)

E(Cu’u)@chw(V)
e

(3.23) T°(C.,) : T**(U) Te(V)
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The key step is to write

S(Ouv) = ( ® 8:0) ® 8M

PeCo(Cuv),P£M

and arrange the middle term in the Eq. according to it. We get T¢"(U) =
15" (Ur) @ Re and Tg*(V) = Tg*(V1) ® Rj. The propagators Py, : C — Cy, @ C,,
has the form 1 — 1, ® 1, and similarly for h; for every i. Let P, (respectively
P,,) be the polygons containing g; (respectively h;). One of the two factors from
Py (1) (respectively Py, (1)) goes with Ep, (respectively Ep, ) and the other with €5

reducing Eq. (3.23)) to:

lTé:w(Ul)®P(M)
I5*(Uy) @ Ce I5"(U) @ QM) ® Ce ® (®4,Cy,) © (®,Ch,)

(3.24)

cw E(M)®1TOW(V1) cw
T (V1) ® Cg ——————— 15" (V1) @ C;
Which gives the desired result since for a C-vector space X, X ® C = C.
O

Theorem 3.1. The calculation of a trivial surrounding theory 75" (Cy,) as in Propo-
sition [3.2] can be done on the polygon of the kind M in Fig. [J] as shown below:

(3.25) R

Proof. This is simple application of the fact that the TFT is trivial, it assigns a
C vector space to co-dimension 1 strata, and the definition of €p. First, note
that is obtained from M in Fig. [9] by identifying all the zero cells on non-
object sides (g1,...,9m) and (hy,..., hy,) to (two distinct) single O-cells. Then,
since P assigns C to these edges and both v* and p, are C-linear, one can take
the contribution from these edges out, for instance, Eq. can be written as
(€1 oy )V (we)(Cpyst - - - Cuyany ), Which is same as if the polygon had only two
sides, one where the defect enters and the other where the defect leaves, since ¢; are
scalars. If (say) g1, ..., gm are vertices of one of the basic-gons with a 0-defects, then
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each cell containing g; and g¢;41 is of the kind discussed in Eq. (3.16) and thus can be
identified. Repeating this process identifies each g; and the same holds for h;. 0

To state our next proposition we need to use the fact that the category of 2-defect
TF'T is equivalent to a Pivotal 2-category. We do not make this construction explicit
here and refer to [Carl6] (2.2) and (2.3). In what follows, we only highlight the key
features of this construction.

For a defect TFT T : Bordi™ “(D) — Vecty(K), the data of the 2-category By
consists of:

e (level-0) the class Obj(Br) = Dy. The string diagram is shown below:

(3.26)

e (level-1) Given two objects «a, 5 € Do, a K-linear category Br(«, 5) whose
objects are 1-morphisms X : a — 3 and as a category it is a free category
generated by the pre-category given by maps s,t : D; — Ds. (See Defini-
tion . As string diagram:

X Y
[} B B Y
(3.27)
We have morphism in this category, a K-linear map
Br(8,7) ® Br(e, 8) = Br(a,7)
called "fusion’ and represented as the string diagram:
X Y X Y
(3.28) a B © B Yy = a B Y

The output in Eq. (3.28) is usually written as X @ Y= : a — 7.
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e (level-2) The K-linear space of 2-morphism between X = (z{',...x25") : v —

n

Band Y == (y}*,...,y%") : o — 3, Hom(X,Y) is given by T(Y @ X 1):
1 m

o vy v

Y1 Ym
(3.29) Hom(X,Y) = T( )
=€ “En g

€
o X Xp

This does actually correspond to the local operators inserted at defect
junctions. We refer to [Carl6] (2.17) for details on how to build the set D,
from this data. For now, we only mention that one should think this space
as the space of discs with at most one labelled vertex available to fill-in. For
example when Y = X the identity 2-morphism 1x, which is an element of
Hom(X, X) is given by (i) below.

Ty s W
B <> a ¥ b B a o
/o x
b ¥
® (i) (dii)

(ii) shows the vertical composition v o u of two 2-morphisms u € Hom(X,Y)
and v € Hom(Y,Z), while (iii) shows the horizontal composition b ® a of
b € Hom(Y,Y’) and a € Hom(X, X’). Note that we have used the same
symbol ® for both horizontal composition and fusion as they coincide.

Remark 3.4. A consequence of the functoriality of fusion ® is that the horizontal
and vertical composition satisfies the interchange law: For ¢p € Hom(Y,Y"), ¢ €
Hom(X, X')

(3.30) Vo= ®1x)o(ly ®¢) =1y ®¢)o (v ® 1x)



28 AMIT KUMAR
f fy
\A gV,
P. P, hy' 2
hy i 4 2] :
) I I
) P3 " \ M] ® M2 =
1 . !
h] 1 g hl &
Pz Pl
< Ul U2

€

FI1GURE 10. Despite being an element of the same category their cell-
decomposition may produce extra cells when fusing. One can subdivide
to get a cell decomposition on M; ® M, that restricts to the given cell-
decomposition on both M; and M,
\"
S

a4
\ / . 0
OOMo"

/xy\
Ve WVRlyo(ly®9P)

]

Iy ® P) oy 1)

Now, we return to the case of lattice TFT and trivial surrounding theory and can
state the following proposition

Proposition 3.3. Let M; : Uy — Vi and M, : Uy — V5 be two bordism restricted
to respective polygons. With the definition of T°*(M) as in Proposition , for the
fusion

M1®M21U1®U2—>‘/1®‘/2

we get
15" (My ® My) = T, (M) @ T, (Ms)

Proof. Choose a cell decomposition of M;® M, such that it gives a cell-decomposition
of both M; and M5 and such that the same holds for U with respect to U; and Us,
and for V with respect to V; and V5. This is always possible after suitable refinements
of cell decompostions of M; and M;. See Fig. [10] for an example. With this we get
the data as follows:
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0= ® R

ecC1(U)

(3.31) =& R &K

ecC1(U1) e'eC(U2)
= T15"(Uh) @ T5*(Us)
Similarly, we get T (V) = Tg" (V1) @ T5*(Va). Furthermore,

(3.32)
:P(Ml ® MQ) e ® ?e

6€C1(M1®M2) S(Ml ® MQ) - ® SP
e¢0in (M1QM>) PECy (M@ M)

= Q) P KR P - ® L X e
€¢8i7(LM1) /¢ 0y Mo PeCy(My) P'eCy(Ma)
e€C (M e'eCq(Mz)

=E(M;) ® E(M.
= iPMl (%9 fPM2 ( 1) ( 2)

Note that while defining the propagator P(M) in Eq. we kept only one
copy of Q(p(en),er,0) for an externel edge €’ of the polygon M. We get two copies of
Q(p(en),er,0) With opposite signs 9 from this edge in M; ® M, - one from each of M;
and Ms; as one would expect from en internal edge.

Next, T"(M; @ My) is given by the composition

1RP(M1®Ms2)

I5*(Uy © Us) I7*(Ur @ Uz) @ Q(My ® My) @ Tg* (Vi @ Va)

E(M1®M2)®1
—_—

I (Vi@ Va)
Using Eq. (3.31), Eq. (3.32) and Q(M, @ Ma) = Q(M,) ® Q(Ma) we get

1QP(M1)®P(Ma)
—_—

15" (Ur) @ Tg*(Us) I5*(Uh) @ T5*(U2) © Q(M) © Q(Ma)

(3'33) E(M1)RE(M2)®1
—— > I7"(V1) @ T (Va)

T (V1) @ T5*(V2)

After arranging it gives

P(M71)RP(M2 cw cw cw
530 TEo(Uy) @ Tew(Uy) 222HETOR), pew iy @ QM) @ TEw(Vi) @ TE(Us)
DQ(My) ® @T"(Vy) SR

Now, look at the following composition of maps:

T3 (Vi) @ T5"(V2)
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1QP(M1)®1 cw cw
TEU(U) @ Te(U) M5 qev(y) @ Q(My) © TE (Vi)
(3‘35) ®T(fw(U2) E(M)®1®1 T(fw(Vl)®TOC“’(U2) 1R1QP(Ms) Tocw(vl)

12E(M2)®1

T (Us) @ Q(Ms) © T5*(V2) I7* (Vi) @ 15" (V)
This is the map (1 ® T¢") o (1§ ® 1), but this also equals:

(1©E(M)®1)o (1010 P(M))o (E(M) ®1®1)o(1@P(M)®1)

Two terms in the middle can be interchanged as a consequence of the interchange
law in the monoidal category Vectr(C). This gives:

1REM)®1)o(E(M)®1®1)o(1®1QP(M))o(1®P(M)®1)
, but that equals by functoriality of ® to:

(E(My1) ® E(M2) @ 1) o (1 ® P(My) ® P(My))
Comparing this with Eq. (3.33)) we get the desired result.
[

Alternatively, one could have first proven (again using a clever PLCW decomposi-
tion) T§*(1®@ M) = 1@ T¢"(M) and then functoriality and interchange law to prove
Proposition

T5"(My @ M) = T5*((My ® 1) o (1 ® My))
=T5"((My ®1)) o Ty ((1 ® My)) [functoriality of T
— (M) @ 1) 0 (10 TE"(My)
=T5"(My) @ Ty (M) [functoriality of ®)]

4. SURFACE OF DEFECTS FROM A GROUP PRESENTATION

In reference to Fig. 7| one can easily see that one can read off all the ingredients of
the defect conditions D of the category Bordy (D) by looking at all the basic-gons
in the category Bordy™ (D). The basic-gons of type (iii) gives the map v 5, while
the map 1 is obtained from the basic gons of type (iv) as explained below Fig. .
Moreover, if t(z) = s(z) for some x € Dy, then = can not be distinguished from
= and we can get rid of direction (orientation; note that this condition is trivially
satisfied if D, is a singleton.) In other words, the category Bordy®™ (D) can be fully
specified by specifying all the basic-gons that can appear in this category. Hence,
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A%
>

gg =€ | (iii) g8y gS g4g5 g@ =6
(i) g 'y’ = (We=e

FIGURE 11. The condition for (ii) is trivially satisfied when D, is a
singleton. (iv) is a depiction of permutation of defects which is a part
of morphism. There is a special vertex there which is characterised
by the property that it is idempotent under the operation of vertical-
composition. See the caption below Fig. .

using the forgetful functor in Eq. the category Bordi’(D) can also be fully
specified in this manner.

With that in mind, given a group G and a presentation Py := (Bg | Rg) we define
a collection of basic-gons for each (trivial or non-trivial) relations in R as shown in

Fig. [11]

Proposition 4.1. The basic-gons defined in Fig. [I1] defines a set of defect conditions.

Proof. We need to check that the maps 1 2 and 1), are well-defined and satisfies the
orientation consistency conditions of Definition 2.2 The set D, is singleton. Thus
the map 11 » well defined and trivially satisfies the orientation consistency condition.
Well-definition of vy follows from the following easy fact:

o If a word g;! ...g;' is in R then so is any cyclic permutation of it.

For the orientation consistency condition we use Eq. (2.2)). g1(u™') is given by
inverting the word g ;, which is also in Rg.

O
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N /v N /x

@ G

I
=
=

v\ 5/ \r
(iii) Gav)

FIGURE 12. (ii) represent a 2-morphism 7: X ® Y — Y ® X in the
same manner as (i) represent the identity 2-morphism [ : X @ Y —
X ®Y. (iv) shows the interpretation of (iii) in terms of filled-in discs
analogy of 2-morphism mentioned in the paragraph below [3.29

The basic-gon (iv) in Fig. [L1] can be better understood in terms of the interpre-
tation of the data of Dy given in m The basic-gon (iv) should be thought as
a 2-morphism 7 : X ® Y — Y ® X with the property: 7 o7 = I. Where "o’ is
the vertical composition of 2-morphisms. Pictures in Fig. explains it better by
drawing analogy with the identity map.

Remark 4.1. Eq. (2.2)) reveal the hidden group structure for defect conditions. The
proof of Proposition {4.1| reveals the basic procedure: form the basic-gons for every
word in Rg; the value of the map 1y ; on the inverse will be given by the inverse
words.

Remark 4.2. D, does not have to be a singleton. Any suitable set for which the

map 2 is well-defined and satisfies orientation consistency condition can be taken
as Ds.

Definition 4.1. Given a group G and a presentation Pg = (Bg | Rg) we define the
category Bordy®™ “(Pg) as follows:
(1) as a category it is Bordy® (D) where Dy = {*}, D; = Bg, and Dy and v, is
determined by basic-gons of type (iii) in Fig. [11} The map ty 5 is trivial.
(2) The basic-gons corresponds to words in R as in Fig.

In other words, the category B ordgef’ “¥(Pg) has morphisms as surfaces with defects
with a PLCW decomposition such that each generalized cell looks like one of the
basic-gons in Fig. (11}
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L S
F1GURE 13. We have denoted a, b, ¢ by colors blue, red, green respec-
tively.

Example 4.1. Let K4 be the Klien four-group with the presentation Pk, = (a,b, ¢ |
a’? = b* = % = abc = 1) be a presentation of Klein-four group. The basic-gons for
the category Bor 2ef’ “(Pk,) is shown in Fig. ,

Although, we have not defined coloring yet (we will do it in the next section)
but relying on pictures Fig. for now, we note that a surface with defect 3 in
Mor(Bordy®™™ ¥ (Px,)) is precisely a pair (£, T') where I is a trivalent 3-edge colorable
graph embedded in ¥. Here by a coloring of an edge e of I' we mean the image of e
under d in Bg,, which is the set {a,b, c}.

Example 4.2. Consider the symmetric group .S,, with the presentation

Sn = <’7’1,...,’7’n_1

The basic-gons for the category Bords™ °(S,) is given in Fig. [14]

The class Mor(Bordy®™ “(S,,)) consists of n-graphs with only hexagonal vertices.
It is worth mentioning that a general n-graph also have trivalent vertices. n-graphs
were introduced in [CZ23| where it was used to construct Legendrian surfaces in
the first jet space of the underlying surface of the n-graph. We do not make this
construction explicit here.

TiTi4+1Ti = Ti+1TiTit1

2 _
7/ =1

TiTj = T;T; "l—j‘>1>
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F1GURE 14. Caption

Definition 4.2. Given Dy = {x} and D; = {e}, both singletons, we define a category
Bords® “(D®) with the property that it has a basic-gon of type-(iii) with n sides
for every n > 2. We define the subcategory Bordi ““(D") with the property that
the only basic-gon of type-(iii) it has are those with n sides. Similarly, the category
Bordgef’cw(Dﬁlr) is the category with n-regular undirected graphs.

Definition 4.3. We define a forgetful functor
1 : Bordy” ““(Pg) — Bordy™ (DY)

as follows:

e On objects it changes the labels on a (disjoint union of) circles from ¢¢ € Bg
to e;

e on morphism it is defined via its action on basic-gons, where it changes a
label of 1-strata from ¢ € By to e€

Again, referring only to pictures, the map II°’ can be thought as bleaching that
forgets all the colors on 1-dimensional stratum (or replace all of them by a e without
forgetting the signs.)

Given two objects Oy and O, in Bordi“”(Py,), the assignment ¥ — II°(X)
induces a function

(4.1) 7« : Mor(Bordi““(Py,)) (01, 05) — Mor(Bord™ (DR (11 (0, ), I (O,)
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Since a surface ¥ in the set Mor(Bordi™ " (Py,)) includes the information about

5
the source and target objects in its boundaries via the cobordism / \ ,
O, O,

we simply write Eq. (4.1)) as:
(4.2) 7% - Mor(Bordy”““(P,)) — Mor(Bordi” " (D®)

We conclude this section with the following remarks:

Remark 4.3. The category Bordi”(DY) which is obtained from Bordi™ “(D®) using
the forgetful functor F' in Eq. (4.3)) is the category one gets by using single defects
for both Dy, Dy and adjusting D accordingly.

Remark 4.4. The forgetful functor 'bleach’ induces a forgetful functor
I1 : Bordi(Pg)) — Bordi“ (D))

in a canonical way, namely the following diagram commute on the level of functor.

Bordgef’ “(Pg) _me Bordgef’cw(DN)
(19 s s
Bord®(Pg) ———— Bord{(DY)

and there is a function

(4.4) 7 : Mor(Bordy(Pg,)) — Mor(Bord;?(D®)
analogous to the functor 7 in Eq. (4.2)

We refer to both 7% and 7 as bleach.

5. A SPECIAL TRIVIAL SURROUNDING THEORY

This sections aims to give an example of a lattice TF'T which is a trivial surround-
ing theory as introduced in Construction [} In what follows, let X be a C-vector
space generated by a,b and c. Further let X* be the dual vector space with corre-
sponding dual basis a*, b* and c¢*. We assume X = X* via the induced inner-product.
A choice of such an X gives meaning to the fact that on undirected graph, one can
choose any direction when calculating a TFT.

Definition 5.1. Let X be the vector space Ca,b,c) as in Example . We define
the trivial surrounding theory x® : Bords®"(D3) — Vect(C), with the properties
that
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e it assigns to a 1-cell e containing the single defect, the vector space R, = X,
and
e to a trivalent vertex u, the map u : X®@X®X — C as defined in Example[3.2]

Remark 5.1. A consequence of Definition is that x“* assigns to a circle with
n-defects, the vector space X®".

Remark 5.2. Since X = X* y“ is passes to a functor, which we also write as y“
by the abuse of notation,

(5.1) X : Bords”“(D3) — Vectp(C)

where the category Bords”““(D3) is defined in Definition M To do that, we choose
any orientation on the edges of a 1-strata.

Now, we compute the value of x* on some simple patterns and basic-gons. We
begin with x““(Fp) for the polygon Py : U — V as shown below:

A
4 f

€

(5.2) ® (ii)

In the light of Theorem [3.1] we use the cell-decomposition (ii) to calculate x“(F).
First, we see that both of x“(U) and x*(V) is X, which gives x““(Fp) : X — X.
What is this map? Well, we calculate using the composition:

cw cw cw cw é(P)@1
X“(Po) : x*(U) X“(U) @ Q(Py) @ x™(V) ——
We need the data:

1®?(P0) ch(v>

<P0767D> (P()’ea_) (P07f7+)
Q(Po,e,D) Xe X}

From this we get Q(Fy) = Q(py,f,+) and P(P) = P; which is the co-pairing map
C — X} @ X;. This leads to

1®?(P0) (P0)®1

XU(Py) : X, X, ® X @ X; %

which is explicitly given by:

Xy
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PP E(Py)®1
L LON, (a5 @ ag + b5 @by + ¢ @ ¢p) LCULIN ay(x)ay + by(x)bs + cj(x)cy

Therefore the map

ar—a

XY FPy):<{b—b
c—c

Hence x““(Fy) = 1.
Next, we consider P, : U — V shown below:

A%

A

£ f;

(5.3) ® (i)
Again, we use the cell-decomposition (ii) to calculate x (P, ). In this case we have
x(U) = C. and x*(V) = Xy, ® X7, which gives x*“(P,) : C = X ® X*. We want
to find out what is this map? We need the following data:
(P’y767£)) (P € _> (P’yaf17+) (P’Y’f27+)

vy &
Q(P,Y,@D)

Ce Xy X3,
From this we get Q(Py) = Qp,.f,,1) @ Qp, ., fo,+) and P(P,) = Py, @ Py, with

fPfli (C—>Xf1®X}k1 ':sz ZC%X}Q@X&

Therefore we get

1QP(P. E(P, 1
(P € P L0 X © X © Xy, @ X, S X, @ X,

among which 1 ® P(P,) :

15 = 16 ® (a’}z ® CLf2 + b}z ® bf2 + 0}2 ® Cf2) ® (a}l ® a’fl + b;‘l ® bfl + C?l ® Cfl)
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Thus the image of 1 € C, under 1 ® P(F,) equals

le®ay, @ap, ap @ay +1.@ay, Qap, by, @b} +1.®@a}y, @agp, @ cp @,
+16®b}2®bf2®afl®a}1+1e®b}2®bf2®bf1®b}1+1e®b}2®bf2®cf1®c}l
+le®ch, ®cp, ®ap ®ay, +1.@cp, Qcp, @by, @ + 1 @ ¢, @cp, @y @

The action of E(P,) ® 1 on these is given by
a;g(leaﬁ)afz ® a}l + a’}é(lebﬁ)afz ® bj‘l + a’}z(lecfl)a’fQ ® C}l

+b;2(16af1)af2 ® a;’l + b?z(lebfl)bfZ ® b}l + bj‘g(lecfl)bh ® C;kfl
+C>}2(16af1)cf2 ® a’}kﬁ + C;Q(lebfl)cfz ® b}l + C?g(lecﬁ)ah ® C}l

Therefore the map

(5.4) XUPy):l—=a®a" +b@b" +c®c”

is the very co-evaluation map.
Now, we turn to the map P, : U — V shown below:

\Y
f
Pp
€ €1
U
(5.5) @ (i)

Like earlier, we use the cell-decomposition (ii) to calculate x““(P,). In this case
we have

x“(U) =R, @ Re, ; x“(V) =Ry
= Xe, ® Xey = Xy
Thus we get the map
X)) Xey @ Xey, = Xy
. We need the following data to know this map explicitly:
(P#,S,D) (Pwel’_) (PH7627_) (Puvf7+)
Q(P,..0) Xe, Xe, X;
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From this we get Q(F,) = Q(p,.r,+) and P(P,) = P defined as Py : C — X7 ® X;

we get

1QP(P, &P 1
ch(P‘u) : Xel ®Xe2 M) Xe1 ®Xez ®X; ®Xf % Xf

which, for z € X,, and y € X,,, is given by
(5.6) TRY TRY® (a;@ap+b; @by + ¢ @cy)
= TQYRa;Var+rQyRb; Qb +r QYR ¢y

Recall the map p: X ® X ® X — C from Example The action of (E(P,)®1)
on [5.6]is given by

(5.7) 2@YRa;Rar+2RYRL b +rRYR ;R
= op(a; @y @x)ap + pu(b; @ y @ x)by + pu(c; @ y @ x)cy

Therefore the action of the map x“(P,) on the basis elements are given by:

a®a,b®b,c®c —0

a®b,b®a > C
5.8 “(P,) : ’
(5.8) X“(Py) c®a6®c b
b®c,c®b —a
Finally, we want to know the action of the TFT x“ on (Ps) : U — V shown
below:
v
A f
Py
/) €3
U
(5.9) @ @)

We see from (ii) that CU) = {e1, ez} and C(V) = {f}, which gives x*(U) =
Re, ® Re, = X7, ® X, and similarly x**(V') := Ry = C;. The data for Q(p,) is given

by the table:
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(Pﬁvevg) (PB7617_) (Pﬁ7€27_) (P57f7+>
Q(Pg,e,D) X; Xez Cf
and P(Pg) = Py, where Py : C — C; ® C;. Therefore, we get the composition:

P( )®1

1QP(P, E(P,
X(Ps) : Xy © X2, 0, x, @ Xz, 0 Cp 00 S ¢

given explicitly by:

18P(Pg)

E(P,
(5.10) roy 2 e e1e1 S

y*(z)

Thus x““(Ps) is given on the basis elements by

a®a*,bRb,cxc —1
0 otherwise

(5.11) V(P {

which is nothing but the evaluation map.
We will return to x*“ in the next-section and will interpret computations of this
section in-terms of graph-coloring.

6. APPLICATIONS TO GRAPH COLORING

We met the category Bords™ “(Pg,) in Example , and mentioned that an ele-
ment of the set Mor(Bords™ (P, ) is precisely a pair (X, T), where I is a trivalent,
3-edge colorable, graph embedded in . In this section, we give the proper defini-
tion of 3-edge coloring, a 3-edge colorable graph, and construct a trivial surrounding
theory X : Bords™ “(D3)) — Vectp(C) which counts the number of Tait-coloring
of a trivalent planar graph.

Definition 6.1. Let X be a directed set, that is, an element of X is in the form of
an ordered pair (z,¢) with e = +1. Let (£,T") be a pair such that I" is a un-directed
graph embedded in ¥, and is such that each of its vertex has valency greater than
or equal to 2. An admissible coloring of I', with values in X, is characterised by the
following features:

(1) Every edge of I" gets assigned an elements of X,

(2) each edge, sharing a vertex, gets assigned different elements of X, and

(3) an equivalence relation that decides when two such assignments for I' are
equivalent.

When Y = S? and I is trivalent, that is, it is 3-regular, we define an equivalence
relation on the assignments, which is generated by identifying (z,€) with (x, —e¢).
The corresponding admissible coloring is called the Tuait-coloring of the graph T
The total number of such assignments (modulo the equivalence relation) is called



COLORING TRIVALENT GRAPHS: A DEFECT TFT APPROACH 41

the number of Tait-coloring or 3-edge coloring of the graph I'. A theorem due to
Tait (see [Tai80]) establishes correspondence between 4-color theorem and number
of Tait-colorings of a planar trivalent graphs.

Example 6.1. Consider the pair (S?, ©). Let R be the subgroup of rotations of
Diff(3,I'). Declare two assignments of © R-equivalent, if there exists an element of
group R taking one to another. Then, the number of Tait-coloring of © is six, but
the number of admissible coloring mod R is three.

Conjecture 6.1. For every such equivalence relation, there exists a group (at least
a groupoid) whose orbit is this equivalence class.

Remark 6.1. The definition of admissible coloring given in Definition [6.1] is more
general, but reduces to the usual definition of Tait-coloring used by several authors,
including the work of Penrose from 70’s in  [PT71] and recent works like [Ball§]
and [BM23]. The name admissible coloring is inspired from an analogous concept
in [KR21]

Next, we are going to use the tools we have developed so far to give the definition
of coloring. Recall the forgetful functor I : Bordi““(Pg) — Bordi®*(D®) from
Definition In the case, when G = Ky, and Py is as in Example the target
category is much smaller, and we have, by abuse of notation,

e . Bordgef’cw(Pm)) — Bordgef’cw(Df’L))

mapping into the subcategory Bordgef’cw(l)i). A natural question that can be asked
is: “Is the functor II°“ full?” In terms of [4.1] this amounts to asking whether the
function 7, of Eq. , surjective for every two objects O; and Oy in Bordg il “(Pk.)-
Theorem answers it negatively, and gives a way to construct many counter-
examples, but first, we give the definition of coloring by K, in terms of the category
Bord®*(K,) and the map 7.

Definition 6.2. For an object O in Bords” (D), a coloring of O is an object O
in Bordy™ " (Py,) such that II**(0) = O.

Definition 6.3. Given (X, T) in Mor(Bordy”“*(D3)), let 7= 1(%,T) == {(%;, T, Ky) €
Mor(Bord3® " (Py,)) | (%, T;, Ky) = (2,T) Vi}. A coloring is a map

s : Mor(Bords”““(D3) — Mor(Bordy™“*(Py,))

in the opposite direction of map 7 in such that (7 o s)(3,T) = (X,T) if
71(%,T) is non-empty, and s(X,I') = 0y (the empty morphism), if 7#=1(3,T) is
empty.
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The value of s at a surface with defects (X,T") is called a coloring of (X,T"). A
trivalent graph I" embedded in a surface ¥ is said to be 3-edge colorable if s(X,T") #
(o, or equivalently 7=1(3, T') is non-empty

Remark 6.2. It follows from the definition of II® that if 3 € Mor(Bord““(Px,))
is such that 7°*(32) = (2,T), then they have identical (isotopic) underlying stratified
space, namely given as in Example[2.1](6). Thus each individual element in 7=(3,T)
is a copy of (X,T') as a stratified space. Writing 7= 1(2,T") = U;(3;, T, Ky), we can
define the map p : 7 1((2,T)) = (Z,T) by p(2) = 7°(%), which satisfies pos = 1,
thus s can be viewed as a section of p : 771((X,T)) — (%,T).

Example 6.2. We take O; = (), O, as a single circle O with two 0-defects, and
(X,T') : ¢ = O as shown below in Eq. (middle). Note that orientation on the
1-strata does not matter and both 0-defects has got the same label 'o’. The following
figure shows some maps s : (3,I') — 7= ((3,T")) such that pos =1

(6.1) ® —Z U,

Note, that an object with two 0-defects labelled by any two (but different) of a, b
or ¢ also lies in IT71(O) in the category Bordgef (Pk,), but they do not appear as an
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out-boundary of a morphism in the Figure This is not a coincidence, and is a
consequence of Theorem We will return to it.

We see using Definition [6.3] that the question, whether TI¢ is full can be rephrased
as: whether every trivalent graph, embedded in some surface, is 3-edge colorable.
Theorem gives a necessary condition on a planar trivalent graph to be 3-edge
colorable using the group structure of K, and Corollary [6.1] answers the question
about the fullness of II° negatively.

Next, we want formulate the idea of coloring process for a given trivalent graph
I', embedded in a surface 3. We do so by considering the pair (X,I") in the set
Mor(Bords®“(D3)). The first definition in the line is:

Definition 6.5. For a surface with defect (¥X,I) in Mor(Bordgef’cw(Df‘r)), let P €
C5(X) be a basic-gon considered as a morphism from () to P , a choice of a 3-
edge-coloring localised at P is a the value Sp under the function s of Definition [6.3]
Alternatively, it is a choice of a section sp of p : #~'(P) — P in the sense of

Remark [6.2]

Here, by P € Mor(Bordgeﬁcw(Di)) we really mean the pair (P,I'p) but we have
suppressed I'p for convenience of notation. We will follow this convention throughout
this manuscript.
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Remark 6.3. It follows from the definition of II and the identity w o sp = P that
the image s(P) has an isotopic underlying stratified spaces as P. Thus s(P) is
isomorphic to one of the discs in 771 (P) as surfaces with defects. The color assigned
to the graph I' in P is the label, (in Pk, ), that edges of I' gets under this s.

By definition, a surface (3,T) € Mor(Bordgef’cw(Di)) comes equipped with a
PLCW decomposition into cells Cy(X),C1(X) and Cy(X) such that each 2-cell is
isomorphic (as a surface with defects) to one of basic-gons as in Fig. [7] (ii), (iii) and
(iv).

Convention 6.1. Referring to Fig. 7]

(1) for two basic-gons P, P; of type (ii) or (iii), we denote by P,® P; the gluing of
P, and P; along P;; := P,NP; € C1(X). Although, this seems like an abuse of
notation, but it is indeed the fusion (horizontal composition, see when
we consider the defect data of P; and P;.

(2) For a basic-gon P, of type (iii) we use the vertical composition P, o (P;, ®
-+ ® P,,) to denote its gluing along the 1-cell formed by the intersection of
P, P ,...,P,. Again, this is indeed the vertical composition of the under-
lying defect data.

We are ready to give the definition of a coloring process:

Definition 6.6. Given an un-directed trivalent graph I', embedded in a surface X,
a coloring process is the following data assigned to the surface with defects (3,I") €
Mor(Bordy™“*(D3)) -
e A coloring sp for every P € Cy(X), as defined in Definition [6.5]
e A coloring s(pep,) for every fused cells P, ® --- ® P; given by spep,) =
$p, ® sp;, and
e A coloring s(p,.p,) for each vertical composition P, o P, given by sp,op,) =
SPN o Sp,.
In short, a coloring process is an assignment of coloring to each 2-cells and a schema
to glue them together with the aim to produce a coloring of the entire surface (3, T")
as (2) and (3) facilitate gluing of coloring of an arbitrary (finite) number of cells by
repeated application.

Do I need to show that Definition is well-defined? That is, sp,gp; defined in the
second bullet is indeed a coloring?

— Amit

Definition 6.7. A surface with defects (3, T') € Mor(Bordy”““(D3?)) admits a 3-edge
coloring or, is 3-edge colorable, if these exist an s : (X,T) — 7 1((X,T')) extending
all sp for P € Cy(X), and satisfies the condition of Definition when restricted to
a sub-complex formed by fusing and composing a number of 2-cells.
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What is the definition of extending in this context? What does it mean to be extend-
ing all sp?
— Amit

We see that this map p coincide with the one defined in Definition [6.5( on 2-
cells. Therefore, it is right to say that the map s in Definition is a global
section, or a graph I', embedded in ¥, is 3-edge colorable if a section s, as in Def-
inition exists globally on the surface with defects (3,I'). Note that, given a
surface (X,T) € Mor(Bordy™“(D3))(0y, 0,), local sections always exists at every
basic-gons. Definition says that the graph I" is 3-edge colorable if all these local-
sections can be patched together to give a global-section. In that case, a coloring of
' is given by such a global section.

Theorem 6.1. Consider the surface with defect (S2,T,K,) as an element in the set
Mor( Bordd“" “(K4)) Let S! be a generic cross-section of (S*,I", K,) then the product
of defects on S! is 1.

For the rest of this section, we only consider graphs with single component. Given
a graph ', a bridge is an edge of I' whose deletion disconnects the graph into two
components. (See [Bol98] for more detail and general, as well as, alternative defi-
nitions.)

Using Definition we deduce the following famous result from Theorem [6.1],
which has been known to people since Tait:

Corollary 6.1. A planar trivalent graph I' with bridge is not 3-edge colorable.

Put differently, it means that a pair (S?,T') with I having a bridge never lies in
the image of 7. Setting O; = Oy = () we see that 7 is not surjective. Hence I1¢%
is not full.

We prove the corollary first using Theorem

Proof. If the trivaelnt graph I' with bridge e is 3-edge colorable then the edge e gets
a,b or c as the color. If S! be a generic cross-section, then it contains a single defect
labelled by a,b or ¢. A contradiction to [l

Proof of Theorem [6.1]

Proof. Let 7,, denote the union of all the edges of the graph I' with color x and y.
Then all of Y4, 7pe and v, are piecewise linear simple (Jordan) curve embedded in
S? and thus intersects any generic cross section even number of times. Let S; be a
generic cross section and 2nq,2ns and 2n3 be the number of intersection points of
it with vu, V5 and v, respectively. Note that it is enough to consider only two of
them, say 7 and 5. The contribution from v, will be of the form a*b?>"1—* for
some positive integer k. The share of ¢ comes from the curve 7,. and is equal to
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2= (2m—k) - Therefore the product of defects of S, equals a*b?*1—F¢2r2—2m+k - Thig

product simplifies to (ab=!)kc* or ¢, which equals 1. O

Theorem is more general than the classical statement of Corollary [6.1 We
return to the comment made below Example in connection with it. Now, we
see that there can not be a morphism between () and a single circle labelled with
two distinct defects that projects to X. For, if there is such a morphism, take its
dual and vertically compose along the common circle to produce a pair (S* T, Ky).
We see that, it contradicts Theorem However, one could deduce the same from
Corollary by a suitable clever construction. In fact, this make us to conjecture:

Conjecture 6.2. The statement of Theorem [6.1] and Corollary [6.1] are equivalent,
that is, one could deduce Theorem [6.1] from the validity of Corollary

I think, I do have a proof.
— Amit

6.1. Planar trivalent graphs. Finally, we restrict our attention to un-directed,
trivalent, planar graphs. In the language of surface with defects, it is a pair (S%,T') €
Mor(Bords®““(D3)) (0, 0), with admissible decomposition as discussed in Example
(6). The goal of this section is to address the question of coloring of such a graph.
In other words, whether a given surface with defects (S, T') lies in the image of 7
in Eq. . We saw in Corollary that it is not always possible to find a global
section s : (X, T) — 7 1((3,T)) such that pos = 1. Note that the cardinality
of 771((S?,T)) is precisely the number of Tait-coloring of the planar graph I'. By
definition of s, it is also the total number of such global sections s.

We begin with an example demonstrating the coloring process for planar trivalent
graphs:

Example 6.3. We see that for the dumbbell graph below, there are three choices
of sections for each of P, P, and P, and six choices for P; but no such choice of
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4 LATBLEZ
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FIGURE 15. shows the existance of local sections on the southern
hemisphere made by fusing P; and P] (bottom), cylinder made by
fusing P, P; and Pj(middle), and finally cylinder made by fusing
Py, Ps, Ps and Pi(top). They do not glue in any manner to produce a

section on the southern hemisphere of that restricts to individual
sections.

Spy, Spy, Sp, and sp, extends to a global-section s as this will contradict Theorem .

2 12 Pﬁq
2\
[n
P,

(6.2)

Fig. 15| demonstrate the coloring process for the dumbbell graph in [6.2; extending
the sections to P3 ® P, ® P, under horizontal composition by the rule sp,op,ep; =
spy, ® sp, ® sp;, and to the vertical composition (P3 ® P, ® P;) o (Py ® P;) by
(sp, ®sp, @spy)o(sp, ®spr). Note that for no choice of sp,, ..., sp;, these individual
sections can be extended to (Fs @ P, ® Ps @ Pj) o (P3s® P, ® Py) o (P, ® P{). The
caption below Fig. [L5|delve deeper.
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It is the vertical composition that is the real deal. Note, for a cylinder C in
Mor(Bords™““(D3))(0y,0y), if s(C) exists then it is a cylinder C' in the category
Mor(Bords™* (P, ))(Uy, Uy) for some circle with defects Uy and Uy with the property
that [1°(Uy) = Oy and 11°“(Us) = O,. Therefore, if C} and Cy are two such cylinders
in Mor(Bordy™““(D3)) such that Cy 0 Cy is defined then s¢, and se, extends to a
section scyec, if and only if the composition s, o s¢, exists in Bordi™(Pg,), in
which case a section s¢,o¢, is given by the composition s¢, o s¢,, as suggested by the
coloring process.

Next, recall the trivial surrounding theory x : Bords?“(D3) — Vectp(C) from
Section [5] Under the isomorphism X = X* it is independent of the orientation on
the edges of the graph I' and thus we can talk about the correlator of a surface with
defects in Bordy?*“(D3) by choosing an arbitrary orientation of I-strata. Thus we
formulate the main result:

Theorem 6.2. Let I be a trivalent graph embedded in S?.. Consider the surface
with defect (S?,T) in Mor(Bords®“*(D3))(D,0). The action of the functor y on
(S2,T) is the assignment

XU (S T): C — C

(6.3) A > #Tait(T)A

In other words the number x“’(S? T')(1) is the number of Tait-coloring of the
planar trivalent graph I'.

Proof of Theorem will take us a while. First thing on this line is the planar
trivalent decomposition theorem stated and proved below:

Theorem 6.3. Every planar trivalent graph, when seen as a surface with defects
(S2,T) € Mor(Bords®(D?)) can be written as the composite p;, o- - -0 p;, where each
pi; 1s one of the four patterns shown in the figure -

Proof. Because I' has only a finite number of vertices, it can isotoped so that the
handle decomposition of S? in terms of cylinder contains at most one vertex. Now,
the portion of the cylinder far from this unique vertex is planar and thus generated
by U; == ;0 5;. (See [DP03] or [Kau90] for a proof of this fact.) On the other hand
the trivalent vertex will look either like p; or one of the three patterns in the bottom
of figure - However, all of these can be obtained by a combination I, u;, 5; and
v; as shown in figure- [1L8|

O

We also prove the following analogue for the category Bordgef’cw(Di)
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S IR O I bi

1 1 i+l n 1 i i+l

Bs /‘\ Yi

F1GURE 16. The four patterns I, u;, 5;, and ;. The value of n can be
2, in which case 7 equals 1 and 7 4 1 equals 2. We have presented only
the rectangle part of the cylinder. The part of the cylinder not shown
is the region on the sphere without defect.

Ui=7i° Bi

YL Y] A

FIGURE 17. The three possible configurations of trivalent vertices,
other than p;, is displayed at the bottom. The top shows how to get
U; - the generators of planar diagrams - using ~; and f;.

Proposition 6.1. Given a planar graph (S?,T') € Mor(Bord;?““(D?)), there is a
PLCW decomposition of it making p;; of Theorem . More precisely, each p;; can

be written as p;;, = Pi® - ® P’ for some Py .. P,ij € Cy(S?).

Proof. Figure- [6.2| gives an idea about how to do it. First, choose a height function
on S? and obtain generic sections containing the cylinders pi;- Since, each p;. has
finitely many 1-defects, insert a 0-cell between any two consecutive defects. Referring
to Fig. [16], we see that there is a bijection between all such 0-cells inserted on either
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Y-
N

FIGURE 18. The picture is arranged in ”"top-bottom” pairs. Rectan-
gles at bottom shows how to write the trivalent vertex above it as a
word involving I, i,y and /3 from Figure- [16] Where we have dropped
the subscript ¢ for notational convenience.

>

side of rectangles except for those between ¢ and 7+ 1. Join these two to form 1-cells.
For I, this will immediately give a decomposition into basic-gons. For (;, u;, we join
the two neighboring 0-cells of the 0-cell between ¢ and 7 + 1 as shown in the picture
below. ~; is done in a similar fashion as §;.

\4

Next, we prove the following important property of 3-edge coloring which is analo-
gous to the sum over intermediate states property in QFT. (See [CR17], Section-2.1.)

Lemma 6.1. Let (Chy,T'15) € Mor(Bordy?““(D3?))(01,00,) and O, be a generic
cross-section of (Cig,'12) that fits into the composite bordism

(C1i, Ty) (Cy2,T't2)

If Tait; 41", stands for coloring of the cylinder (Cyy, I'y,), with given (ﬁxed) colors
Z on the in-boundary x and g on the out-boundary y, then

(6.4) #Taity, 5,112 = _(#Taitg, o, T1e)(#Taite, 5,T'12)
Oy

O
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Proof. The lemma says that if we choose a coloring Ol of O; and 02 of Oy, then the
number of 3-edge coloring of I'y5, such that the in-boundary O; receives the color
O; and the out- boundary receives the color Og, is the sum of the product of number
of 3-edge coloring of the graph I';; with in-boundary O, and out- boundary O,, and
;s with in-boundary O, and out-boundary O, over all the coloring O, of an (given)
intermediate cross-section O;. We will prove this by establishing equality between
two sets A:

{s | sis a Tait-coloring of(C'2, '12) with in-boundaryO; and out-boundary 02}
and B:

{s| s is obtained by gluing s; and s, along the common boundary

Ot where s; is a Tait-coloring of I'y; with in-boundary Ol
and s, is a Tait-coloring of I';s with out-boundary Og}

First, B C A is obvious. Conversely, if s € A, then s restricts to two sections s;
and sp that can be glued (composed) along the common boundary, namely the color
that O; receives to give a Tait-coloring of I'15; proving A C B. Eq. is then a
statement about the cardinality of A (left) and B (right). To find the cardinality of
B, notice that for a coloring Ot of Oy, if there are m distinct coloring of I';; with
out-boundary Ot, and n distinct coloring of I'ys with in-boundary O,, then they can
be combined in mn ways to give a Tait-coloring of I';5. The cardinality of B is
obtained by summing over all such coloring O, of O.

O

Compare Eq. (6.4) with the matrix product formula. Although, this is formally stated
below.
— Amit

Lemma says that the sum can be taken over arbitrary coloring of O,, that is, it
may or may not lead to a Tait-coloring on any of I'y; or I';s. The contribution from
a color Oy, which can not be extended to Tait-coloring of I'y9, is zero because of the
relation A C B. It also means that for such a coloring either #Tait@hotru is zero
or #Taity, 5,112 is zero.

Let B(V') denotes the set of bases of the C-vector space V. For V' = X®" this set
is the set of colors or states that y““ assignes to a circle with n-defects. We state
the following interpretation of the calculations of x”(P) where P is a polygon as in

53 5353 and 3
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Proposition 6.2. To the basic-gons of the category Bords”““(D3), when viewed as

a cup Dp € Mor(Bordy”“(D3))(, 0Dp), X assigns a vector v € x*(IDp) whose
component in the direction of a basis vector w; € D(x“(0Dp)) is the number of
ways the embedded graph I'p can be 3-edge colored so that the out-boundary 0Dp
receives a color w;.

Proof. First, note that patterns [5.2/and [5.9)are both Pattern P, from [5.9)as a basic-
gon. So, in this case the statement of the proposition is Verlﬁed by Eq - (See
the map Sy in Fig. |1 ) For D, it follows from Pr0p051t10n and the decomp081t10n
(iii) in the picture below.

- A
@P()@Py) \_// ~
P’Y

(k1)) (@ii)
It follows from the vertical composition shown in (iii), Proposition 3.2 and functo-
riality of x“ that
XCM(DM) =x“(F® P, ® Fy) o X“(Po ® Pv) © xcw(Pv)

which gives

1 X et bbb+ e C 1QaQaRata®a®beb

+a®aQRcRe+HbIRIR®RARa+bRDRXDIRI+bRIbRcRc+cRcRa®at

X (R EX ()X (o),

X (Po)®@x* (P’y)

aRcRb+a®@b® c+
bRQeRa+bRQaRQc+cRbRa+cRa®b

but these are the words from the boundary of all the sections s : D, — 7~ }(D,) O

cRCERIRXID+cRcRcecRc

The following lemma generalises Proposition [6.2}

Lemma 6.2. Let S, and S, be two objects in the category Borda® "““(D#) comprising
of single marked circles with ng and n; number of markings (0- defects) respectively.
The TET X : Bordy®“’(D3) — Vecty(C) assigns to a cylinder (Cy,Ty) : Sy — S
a linear map x“(Cyq, I'st) : X" — X®™ that sends a basis vector v; € B(X®"™)
to a vector B € X®" gsuch that the component of B in the direction of a vector
w; € B(X®") is the number of ways 'y, can be 3-edge colored so that the in-
boundary Sy receives the color v; and the out-boundary S; receives the color w;.
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If we denote the linear map x“(Cy, Tg) : X — X by a 3™ x 3™ matrix
A = (a;;), then with the notation of Lemma

(66) Q35 = #Taitvj,wif‘st

for v; € B(X®™) and w; € B(X®"). In simple words, a;; is the number of ways
I's; can be 3-edge colored so that the in-boundary Sy receives the color v; and the
out-boundary S; receives the color w;. In this language Eq. is the familiar
matrix product a;; = >, bixcr;. Something, which is expected from the composition
of linear maps in Lemma [6.2

The following corollary to Lemma [6.2] is immediate:

Corollary 6.2. The TFT y“ assigns

(1) to a cup (D, Ty) : 0 — S; a vector w € X®" whose component in the
direction of w; € B(X®™) is the number of ways one can 3-edge color the
graph I'; so that w; is the color received by the boundary circle S;.

(2) For a cap (Us,I's) : Sy — C, x*(Us, I's) assigns a covector v which evaluates
to k; on v; € B(X®") with the property that there are x; ways to 3-edge
color I'y so that the in-boundary S, receives the color v;.

First, we give a proof of Theorem [6.2] from Lemma [6.2] and Corollary [6.2}

Proof. For a given surface with defects (S?,T"), choose a generic cross-section S;.
By Corollary (1), x*(Dy,I'y) is a vector of the form >, \;jw; where \; is the
number of ways one can color I'; so that the cross-section S; gets the color w;. Now,
consider the cap (U, I'), where I' is the portion of I' embedded in the cap U;. By
Corollary (2), x°“ (U, T) is a covector that maps w; € B(X®™) to k; € C with
the property that the graph I'; can be colored in k; ways so that S; receives a color
w;. Composing the two we get:

X (8%, T)(1) = x™ (U TY) o (D, Ty))(1)
(6.7) = X“((Us, 7)) o X ((Dy, 1)) (1)

= Z Kli)\i

Which is the number of Tait-coloring of (S%,T') by Lemma[6.1] So, once we have
shown that this number is independent of the choice of the generic cross-section, we
are done. For that, let S; be another generic cross-section. Without loss of generality,
we can assume that it fits into the following composition
(Cst7F5t)

(Ds.Ts), wery,

(6.8) 0

The action of y““ on it gives:

Ss > St
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X ((Ds,l's)) X ®ns X ((Cst;lst)) X ((Ue,1'}))

(6.9) C xem C

Let x“(S%,T)(1) = Zj K\ along S, which means x*(D,,I',) = Zj Nv; for v; €
B(X®"), and x*(Us, I'y) maps v; € B(X®"™) to xj. Now, suppose x™(C, I'st) =
(a;;) in the same bases {v;} of X®" and {w;} of X®". The functoriality of x“*
applied on the identities (Cs,I'st) o (Ds, I's) = (D4, I't) and (U, I7) o (Cst, Tt) =

(U..T") gives
)\i = Z CLZ])\/ s /{;- = Z /{iaij

j
respectively. This leads to

PRI D) DIIEED B) DITTVED DI DI A0 pr
J Jjooi i g ( J i
]

Proof of Lemma [6.2}

Proof. By Theorem every cylinder (Cg, ') can be written as the composition
of basic cylinders as in Fig. [[6, Let n be the length of such decomposition, that
is, the minimum number of basic cylinders p;; required to make a given cylinder
(Cst, ['y;). We prove Lemma E 6.2| by induction on n. The base caseisnm=1. In thls
case, (Cyg, 's) is one of the four basic cylinders in Fig. Use Proposition
obtain a cell-decomposition and write each basic cylinders as horizontal composition
of basic-gons. Then the statement of the Lemma [6.2]follows from Proposition and
Proposition [6.2] (Since, other than (i,7 + 1), everything else is the identity, (i,7+ 1)
is one of the four patterns appearing in Proposition ) Now, for the induction
step, assume the statement of Lemma is true for all £ < n. Choose a generic
cross-section S, of the cylinder (Cg,I'y;) and obtain the composite

Csm Fso Cot; FOt

Each of the cylinders (Cy,, I's,) and (Cy, Fot) has lengths less than n, so the statement
of Lemma is true for them by the induction hypothesis. By the functoriality of
X, we get the composite

(6.10) x@ns X Cealeo) ram, X

which equals x*(Cy, I'st). Let B(X®") = {v;}, B(X®”°) = {z} and B(X@nt) —
{w;}, and in these bases, the matrices of X (Cs;, I'st), X (Cso, I'so), and x(Cop, I'st)

ch (Cot 7Fot)
s
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are given by A = (a;;), B = (bg;), and the matrix of C' := (¢;;,) respectively. By
linearity we get

(6.11) a; =Y by
k

By Lemma ik is the number of coloring of (Cy, I'y;) with in-boundary color
2z, and out-boundary color w;. Similarly, by; is the number of coloring of (Cs,,I's,)
with in-boundary color v; and out-boundary color z,. Now, Lemma implies that
Eq. is nothing but the number of 3-edge coloring of (Cg,T's) with an in-
boundary color v; and out-boundary color w;, but by the definition of a matrix, a;;

is the component of x““(Cly, I'st)(v;) in the direction of w;.
O

Not sure, if the proof based on induction is the best someone can do. I am not satis-
fied and still looking for another proof.
— Amit

Remark 6.4. We chose a PLCW decomposition to define the Tait-coloring, but
Theorem also shows that the number of Tait-coloring is independent of this
choice as the functor xy“ is. See and [DKRI11], Section-3.6.

In fact, it is not difficult to show using "Kirillov-moves’ ( [KJ12], Section-6,7) that
the definition of a 3-edge coloring is independent of a choice of a PLCW decompo-
sition, but we only need the number of such coloring, so we are going to content
ourselves with Remark [6.4]

We conclude this section with a conjecture, which is a reformulation of 4-color
theorem in the language we have developed so far:

Conjecture 6.3. If " is a planar trivalent graph with no bridge then y“*(S?,T')(1) #
0.

It is immediate from Corollary [6.1]that if I" has a bridge, then x““(S? T')(1) equals
0. Conjecture[6.3]is the converse of it. Equivalence with the 4-color theorem is easily
established from the statement of Theorem and a result due to Tait, see [Tai80)]
and [Ball§| for details. Since, we are only working with one-components graph, a
bridge on a planar graph is equivalent to the existence of a generic cross-section with
a single defect. Therefore, Conjecture [6.3| can be reformulated as:

Conjecture 6.4. If the linear map x““(S%,T') : C — C can be written as the

composition
ch(w,St) ch(St7®)\

C X > C

then it is the zero map.
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7. CONCLUSION AND FUTURE DIRECTION

We conclude this manuscript with the mention of future projects of potential
interests.

7.1. Reformulation using constructible sheaf and infinity category. There
are two immediate projects related to my PhD work that I have already started to
pursue. These are:

e Redefining everything in terms of the language of (oo, 2) category. The (0o, n)
perspective of a topological field theory with defects was already touched by
Lurie in [ [Lur08], section-4.3]. I have two reason to pursue this. First, having
a potential project in hands is a golden chance to learn infinity category.
Second, the work of Khovanov-Robert [KR21] on Foams appears very similar
to work done by me, but one dimensional higher. Foam find its place in
defect TFT in the subject of orbifold-completion as discussed in [Car23| and
[Car16].

e Defects were formulated using the notion of constructible sheaf in | [FMT22],
section-2.4, 2.5]. I myself saw the possibility to introduce constructible sheaf,
but it has already been developed by Freed, et-al. So, I am looking forward
to translate my work and in the process learn about the connection of defects
with topological symmetries in QFT.

These two may very well be related. At this point, I am not sure but have a strong
gut feeling. This is why I have listed them as two bullet-points of same project.

7.2. A generalisation of the universal construction. Referring to [Kho20)]
[section-1] if we choose « to be the number of Tait-coloring of a planar trivalent
graph then it satisfies the property a(I'; UTy) = a(I'1)a(I;). So, the question is
can one generalise this construction for defect TFTs? In fact, my initial plan was to
generalise this and to prove that the two functors y“ and x are naturally equivalent.
Given the correspondance between extended and defect TFT [ [Kapl0], section-2.3]
and the fact that there is already a version for 2-extended TFT given in [Kho02],
this should not be very difficult.

7.3. Tait’s correspondence, defects, and obstruction. Both [DKR11], footnote-
7 and [CDZR23| Introduction, paragraph two mentions how defects generalises
groups. This action of 1-defects is exactly the procedure Tait describes to estab-
lish correspondence between 4-face coloring and 3-edge coloring in the case of planar
trivalent graphs. Can this pursuit, with the tools given by defect TFT, and possibly
with projects mentioned in Section [7.1], lead to an obstruction theory that proves
Tait’s conjecture?
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7.4. Word problem and n-deformation. We promised in the introduction that
the word problem gets interpreted as a local to global problem. Here is the precise
statement:

Theorem 7.1. Given a group G and a presentation Py, form the category
Bordgef ““(Pg). Two words w; and wq represent the same element of the group
G if and only of the two circles with defects are cobordant in Bordi“*(Pg).

So, now the question is: can we produce a TFT that captures the obstruction? It
may even be vague to state at this point. I do not think that it is going to be that
straight forward. Same construction also gives the category Bordgef ““(G), which has
the property that only those elements of the group meets around a junction whose
product is the identity. The definition of Bordi®*”(Pg) has uncanny resemblance
with some of the conditions for 2-deformation given in [Wri75]. It is better to work
with the category Bords®*®*(G) defining two surfaces that differs by a presentation as
weekly equivalent (as described in [Grol5]) so that the overall mathematics does not
depend on a specific presentation. Again, this problem might be strongly connected
with the future direction discussed in ‘Section [Tl

7.5. Graph connection and trivalent vertices of N-graphs. It is time to reveal
that the result of my PhD work is actually a chance discovery, and I was really
working on something different: ribbon graph formulation of N-graphs. There was
more than one problem in my mind coming from the work of [CZ23] and [TZ16]. The
main reason to introduce ribbon graphs was to connect with special Legendrians in S?
(see [Wan02]). However, one would need to allow to glue more than just disks if they
want to work with legendrian weaves. There could be ways as discussed in [Bar21]
but there might be other ways, which I refrain to discuss here. The chance discovery
came while exploring the connection given in Appendix-A in [CZ23]. Indeed, an
N-graph with only hexagonal vertices lives in the set Mor(Bordi" " (Pg,)) where
TiTit1Ti = Tit1TiTi+1

Sn = <T1,...7Tn_1

We still do not know how to incorporate trivalent vertices. I suspect that this
problem is closely related to connect to the theory of graph-connections [see [BZ23],
section-3], to which my work has some uncanny connections.

TiTj = T;T; |’L—j|>1>
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