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Abstract

We study the modified Helmholtz equation in a semi-strip with Poincaré type
boundary conditions. On each side of the semi-strip the boundary conditions involve
two parameters and one real-valued function. Using a new transform method re-
cently introduced in the literature we show that the above boundary-value problem
is equivalent to a 2 x 2-matrix Riemann—Hilbert (RH) problem. If the six paramet-
ers specified by the boundary conditions satisfy certain algebraic relations this RH
problem can be solved in closed form. For certain values of the parameters the solu-
tion is not unique, furthermore in some cases the solution exists only under certain
restrictions on the functions specifying the boundary conditions. The asymptotics
of the solution at the corners of the semi-strip is investigated. In the case that the
2 x 2 RH problem cannot be solved in closed form, the Carleman—Vekua method for
regularising it is illustrated by analysing in detail a particular case.

1. Introduction

A new method for studying boundary value problems for integrable PDE’s in
two dimensional domains (z,y) has been introduced recently and reviewed in [1].
Examples of integrable equations are linear PDE’s with constant coefficients and
the usual integrable nonlinear PDE’s such as the Korteweg—de Vries equation.

Let q(x,y) satisfy a second order linear elliptic PDE with constant coefficients in
a convex polygon in the complex z-plane, z = z + 4y. This polygon can be either
bounded with corners z(,...,2,, Zm+1 = 21, or unbounded with corners z; = oo,
29,y Zm—1,%m = 00. On each side of the polygon, namely on the side (z;11,2;)

T The address for correspondence.
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Fig. 1. Geometry of the problem.

referred to as the side (5), let g(x, y) satisfy Poincaré type boundary conditions

dq
| 9T 90 (1-1)

€

where g—z le, = Vq-e; is the outward directional derivative in the direction e; specified

by the constant 3; (see Fig.1), y; is a real non-negative constant, and g; is a real-
valued function with appropriate smoothness and decay. The main steps of the
method are as follows:

(1) Construct an integral representation in the complex k-plane for ¢(x,y) in terms
of a certain function p(k) = {p;(k)}" called the spectral function. The function
p;(k) is expressed as an integral over the side (j) involving g, ¢s, g», Where gs, ¢,
are the tangential and the normal derivatives of the function ¢. Thus from (1-1)
and integration by parts it follows that each p; involves one unknown boundary
value.

(2) Use the fact that p(k) satisfies a certain global relation to characterise the part
of p(k) involving the unknown boundary values in terms of {(3;,v;,g;}*. For a
general m-gon with the boundary conditions (1-1), this involves the formulation
of a matrix Riemann—Hilbert (RH) problem.

Regarding this method we note that the formulae for p(k) and for ¢(z,y) are
generalised direct and inverse Fourier transforms respectively, ‘custom made’ for
the given PDE and the given polygon. We also emphasise that for simple polygons
and for a large class of boundary conditions the above RH problem can be reduced
to either a triangular RH problem (which can be solved in closed form), or to two
separate scalar problems; we will refer to such cases as triangular and scalar cases,
respectively. In some particular cases, the scalar RH problems can be bypassed all



The modified Helmholtz equation in a semai-strip 341

together, and p(k) can be obtained using only algebraic manipulations; we will refer
to such cases as algebraic cases. It turns out that both the Dirichlet and the Neumann
problems belong to these algebraic cases.

In this paper, we apply the above method to the Poincaré boundary value problem
for the modified Helmholtz equation in the semi-strip D = {(z,y) € R* : 0 < z < o0,
0 <y <} (Fig.1)

Oq O

ot oy 40°¢=0, 0<z<oo, 0<y<l, (1-2)

side 1:  cos Bigy —sin Bigy + 114 = gi(x), 0<zxz <oo, y=0,
side 21 cos Bogqy — sin Bogy + %20 = ¢2(y), =0, 0<y <,
side 3:  cos B3¢, +sin B3q, + 730 = g3(z), 0<x <oo, y=I, (1-3)
where o is a real constant, 7, are real non-negative constants, and 0 < 3; < «
(7 = 1,2,3). The functions g((z), g3(x) vanish at the points z = 0 and z = oco.
Let 2y = 00 +10, 20 = 0,23 = il, 2, = 0o + il. It is shown in |2] that the generalised

direct and inverse Fourier transform pair associated with the modified Helmholtz
equation

-a?q=0, (1-4)

in the semi-strip with the end-points {z, 22, 23, 24 }, are given by:

2 . .
p;(k)= / e~ (ik=+ir2) (qzdz+ %qdi) , Im(k) <Oforj=1,3and k € C for j=2,
] (15)
and

3

— 1 ikz-%—”—;zé dk

q—m;/e i ,oj(k)?, 0<z<oo, 0O<y<l, (1-6)
=1

where the contours [; are the rays

LL={keC:argk=0}, L={keC:argk=1n}, lIz={keC:argk=m},
(17)
directed away from the origin.
Furthermore, the spectral function p(k) = {p;(k)}} satisfies the global relation

> pilk) =0, Im(k) <O0. (1-8)
=1
For the semi-strip D and the boundary conditions (1-3), the analysis of the global
relations gives rise to a matrix RH problem on the real axis.
The main aims of this paper are:

(1) to derive the associated matrix RH problem;

(2) to solve this RH problem in closed form in the triangular and scalar cases;

(3) to analyse and solve the matrix RH problem corresponding to the Laplace
equation, as a particular case of the Helmholtz equation.
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The paper is organised as follows. In Section 2 we review the method of [1] and
use the simple case of the Dirichlet boundary conditions to illustrate the main ideas.
The Poincaré boundary-value problem for the modified Helmholtz equation in the
semi-strip D is reduced to a 2 X 2 matrix RH problem on the real axis in Section 3.
In Section 4, the scalar cases are analysed, namely it is shown that if

ﬂ- 2 P — ¢ .
BitBe=gm, (207 =) = (20 —))(=0)", m=1,23, (19)
and
™ 2 P p g n— —
Bo= By =5m, (20°=95) = 207 = 5)(=1)""", m=—1,0,1, (1-10)

then the coupled 2 x 2 RH problem can be reduced to two separate scalar RH
problems which can be solved in closed form. In Section 5 the triangular cases are
analysed, namely it is shown that if either of the conditions (1-9) or (1-10) is valid,
then the matrix RH problem can be mapped to a triangular RH problem which
can be solved in closed form. In Section 6-1 the matrix RH problem associated
with the Laplace equation in the case 8 = {(83 — By) is solved in closed form when
all the parameters v; (j = 1,2,3) are equal to zero; in Section 6-2 it is assumed
that v# + 43 + 43 # 0 and the relevant matrix RH problem is regularised by the
Carleman—Vekua method [5].

2. Basic notations and the Dirichlet problem
For elliptic equations it is convenient to replace the usual Cartesian coordinates
(x,y) with the complex coordinates (z, 2) = (z +1iy,  —iy). For example, the modified
Helmholtz equation (1-2) can be written as

—aqg=0. (2-1)

An equation in two dimensions is called integrable if and only if it can be expressed
as the condition that a certain associated 1-form W(x,y, k), k € C, is closed, i.e.
dW = 0. A closed 1-form associated with an arbitrary linear PDE with constant
coefficients is given in [4]. For example, a closed 1-form for the modified Helmholtz
equation (1-2) is

L2 ;2
Wiz, 2, k) = e F="72 (qzdz + %qdz) , keC. (2-2)
Indeed,
—ikztict 2 5 i’ —ikz+icl -
dW:(e k qz)_dzAdz-k(?e z q) dz Ndz
o pia® ia? io? ;
= g tkzt 2 [(qzz + qu> dz Ndz + (qu + ofq) dz A df] . (2:3)
Thus, using dz A dzZ = —dz A dz, it follows that
AW = e—ik=+152 (g2 — &*q) dz N dz. (2-4)

Hence W is closed if and only if ¢(z, Z) satisfies the modified Helmholtz equation (2-1).
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Suppose that the integrable equation satisfied by ¢(z, 2) is valid in a simply con-
nected domain D with the boundary 0D. The equation dW = 0 implies

/W(z,z, k)y=0, keC. (2-5)
oD

Following [2] we will refer to this equation as the global relation. For example,
suppose that ¢(z, 2) satisfies the modified Helmholtz equation in the semi-strip D.
Then the global relation (2-5) becomes equation (1-8), where p;(k) are defined by
(1-5).

The above discussion indicates that both the global relation and the definition of
p(k) are a direct consequence of the closed 1-form W(z, z, k). It was shown in [2]
that the global relation can be used to characterise the unknown part of p(k), i.e.
the part of p(k) that involves the unknown boundary values. This suggests that it is
desirable to express ¢(z, Z) directly in terms of p(k) (and not in terms of the boundary
values themselves). For the modified Helmholtz equation this expression is given by
equation (1-6).

Such expressions can be derived either by using the spectral analysis of the closed
I-form W [2], or by using the so-called fundamental differential form (which is a
slight generalisation of 1) and a reformulation of Green’s formula [4].

We now use the Dirichlet problem to illustrate the method [1].

Example 2-1. Let the real valued function g(x,y) satisfy the modified Helmholtz
equation (1-2) in the semi-strip {0 < z < 00,0 < y < [}, with the Dirichlet boundary
conditions,

q(:z:,()) = gl(‘r)a Q<x7l) = 93("1:)’ 0<z< o0,

q(0,y) = g2(y), 0<y<l, (2:6)

where the real valued functions g; have appropriate smoothness and decay and are
compatible at the corners (0,0) and (0,1). Then

q:

3

1 el dk

o E /em“ik‘zhj(k)?, 0<zr<oo, O<y<l (2:7)
j:ll

where [; are the contours (1-7), and the functions h;(k), 7 = 1,2,3, are defined in
terms of the given functions g;, j = 1,2, 3, as follows. Let

Gi(k) = l/e(’“roiz)ac <d91(l’) + 2;‘ézgl(x)> dz, Re(k) <0,

dx k

l

o (W_;Z)y(dgxy) 202 )
Gak)=—5 [ e\ 7 +—g:(y) | dy, ke€C,
2/ dy k
Gall) = = [ lo%)- (dg;f) +szgg<x>> dr, Re(h) <0, (28)
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G(k) = i[G(—ik) + Ga(k) + E(R)Ga(—ik)], E(k) = =51 (2.9)
E(—kK)[G(k) — G(k ER)[G(=k) — G(—k
P = EERIGH E((kEiE((—)IE:)( )~ G-kl (2.10)
 G(k) — G(k) + G(—k) — G(—k)
Fy(k) = B Th | (2-11)

Then
hi(k) = —Fi(k) —iG((—ik), ha(k) = —iGa(k) + G(k),
hy(k) = —E(k)[F3(k) + iG3(—ik)]. (212)

In order to derive formula (2-7) we first use the boundary conditions to simplify
the spectral function p(k) and then analyse the global relation.

(a) The spectral function

Using ¢, = 1(gz — iqy) and the fact that z is z, iy and x + i, on the sides 1, 2 and 3,
respectively, the definitions of p;(k) (equations (1-5)) yield

T —(4 a? T 1 7 042
pi(k) = /e (ik+20) <§qm — 50— Eq) (z,0)dz, Im(k) <0,

) o2, (1 i ia?
p2(k) = —Z/e(’“ ¢ ) (—qz — 50— 7(1) 0,y)dy, keC,

2
0
a2 & . a2 1 ) 2
pa(k) = —e (B! /e(zkw)f (5% _ %qy - O‘_kq> (@, ) dz, Tm(k) <0. (2-13)
y 1

0

By substituting the boundary conditions (2:-6) into these expressions we find
pi(k) = ih (—ik) + Gi(=ik), Tm(k) <0,
p2(k) = s (k) + Gay(k), keC,
ps(k) = e(m%)l[izﬁg(—ik) + Gy(—ik)], Tm(k) <0, (2-14)

where the known functions G are given by formulae (2-8), and the unknown functions
¥; are defined by

(k) = ;/e(’“*f)ﬂ”qy@,m dz, Re(k) <0,
0
l
vk = —5 [ g0y, kec
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(b) The global relation
Substituting equations (2-14) into the global relation (1-8) we get

Pi(—ik) + a(k) + E(k)s(—ik) = G(k),  Tm(k) <0, (2-16)

where E(k) and G(k) are given by formulae (2-9). The complex conjugate of this
equation together with the substitution k — k yields

(i) + o) + E(kyy(ik) = G(k),  Tm(k) > 0. (2:17)
Both equations (2-16) and (2-17) are valid for £ € R. Subtracting these equations we
find
n(ik) — i (—ik) + Bs(ik) — oy(—ik)] = G(k) — G(k), ke€R.  (2-18)
Letting k — —k we obtain
Ui (ik) — i (—ik) + E(=k)[13(ik) — ¢a(—ik)] = G(=k) — G(=k), kER. (2:19)

The functions ¥;(¢k), j = 1,3 are holomorphic for Im(k) > 0, while the functions
¥;(—ik), 7 = 1,3 are holomorphic for Im(k) < 0. Furthermore, the Riemann—
Lebesgue lemma implies

Yi(k)=o(1), k—o0 or k—0, j=1,3. (2-20)

Equations (2-18) and (2-19) are the boundary conditions of the following 2 X 2 matrix
RH problem:

Find two pairs of functions {1 (ik), ¥s(ik)} and {(—ik),p3(—ik)} holomorphic in
the wpper and lower half-planes respectively, decaying at infinity, which on the real axis
satisfy the conditions (2-18) and (2-19).

The above RH problem has the distinctive feature that is “doubly triangular”,

namely each of the combinations v;(¢k) — v;(—tk), j = 1,3, can be determined
independently:
Y1(ik) — i (—ik) = Fy(k), keR, (2-21)
P3(ik) — Ys(—ik) = Fy(k), keR, (2-22)

where F, I} are defined by equations (2:10), (2-11). Each of equations (2:21, 2-22)
(together with equation (2-20)) define an elementary scalar RH problem which can
be solved in closed form. However, it turns out that using the representation (1-6) it
is possible to avoid solving these RH problems.

(¢) An algebraic case

The integral representation (1-6) of g involves the spectral functions p;(k), j =
1,2,3, which are given by formulae (2-14). We now concentrate on the part of ¢
involving the unknown functions ¥, (—k), ¥a(k), ¥3(—tk). We will show that this
part can be expressed in terms of a known part as well as the unknown functions
Y1 (ik), ¥3(ik). Furthermore, using the Cauchy theorem, we will show that these
unknown functions do not contribute to q. Indeed, using equation (2-17) (which is
valid for Im(k) > 0) and equations (2-21) and (2-22) (which are valid for k € R) we
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can express Vs (k), P (—ik), Ps3(—ik), respectively, in terms of ¥ (ik), ¥3(ik),

(k) = i (ik) + E(k)s(ik) - Gk, arg k = 7,
(k) = wi(ik) — Bk, k>0,
3(—ik) = 3(ik) — F3(k), k> 0. (2-23)

The unknown part of ¢(z, z) involves

% / 61k2+?_kz¢l (Zk)d—kk o / ezk(z—zl)-%—f—k(z-*—zl)wg(ik)d_kk ,
L ot

where L = {(ico,0) U (0,00)} and L= = {(—00,0) U (0,i00)} denote the positively
oriented boundaries of the first and second quadrant of the complex k-plane. The
function 1/kexp (ikz + (o*/ik)z) with & > 0, y > 0, is analytic and bounded in
the first quadrant of the complex k-plane. Similarly, the function 1/kexp[ik(z —
il) + (a?/ik)(z +dl)] with z > 0, 0 < y < [, is analytic and bounded in the second
quadrant. Furthermore, the functions 1, (¢k) and 13(¢k) are analytic and bounded
for Im(k) > 0. Thus, the application of the Cauchy theorem implies that the above
integrals vanish.

Recalling that p;(k) involve G, and taking into consideration equations (2-23),
relation (1-6) yields (2-7).

3. Derwation of the 2 x 2 RH problem
We now consider the modified Helmholtz equation (1-2) with the boundary condi-
tions (1-3) under the assumption that sin 8; # 0, j = 1,2, 3. We note that if sin 3; = 0,
j = 1,2,3, then after an elementary integration the boundary conditions (1-3) reduce
to those considered in Example 2.1.

ProrosiTiON 3-1. Let the real value function q(x,y) satisfy the modified Helmholtz
equation (1-2) in the semi-strip 0 < x < 0o, 0 < y < I, with the boundary conditions
(1-3), where sin B; + 0, j = 1,2,3. Then

3
— 1 ikz+”f—?2 dk
=ty

where the rays 1; are given by (1-7) and the functions h;(k), j = 1,2,3 are defined in
terms of {6;,7,9;}. 7 = 1,2,3 as follows. Let

o+ Lt et = S e

Jilk) 2sin £y » Ja(R) 2sin 3, ’
o i —iBs
s+ e + ke .
i = .2
J3(F) Tein ) (3-2)
T (k+5)e .

; = ; =1,: (k) < 0;
G;(k) 25 7, /e g;(x)dz, j ,3, Re(k) <0
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Galh) = —— / g yay, kec, EBg=eMTN (33
2sin >

G(k) = G\ (—ik) + Ga(k) + B(k)Gs(—ik)

B —ifs —if —iBs
+@ ° 45 —ﬁE(k) ° - . (3-4)
2 \sin B; sin B 2 sin By sin (3
Then
hy(k) = —Jy(ik) (—ik) + Gy (—ik) + e dy g k=0
1((k) = =Ji(tk)i (—ik) + Gi(—ik) Sen g ek=0,
k) =, . . - . . —
ha(k) = Tak) [ Ji(=ik)ihi (ik) + E(k)J5(—ik)s(ik) — G(k)] + Ga(k)
2
E(k)dl — d{) _ ™
T 2emsm G, MEFT
Zﬁ:dl

hy(k) = B(k) |~ Jy(ik)s(—ik) + Gy(—ik) + argk=m,  (35)

2sin Gy
where dy = q(0,0), dy = q(0,1). and the sectionally holomorphic functions 1, (E£ik) and
W3(Eik) solve the 2 x 2 matriz RH problem defined by:
(1) Y((ik), ¥3(ik) are holomorphic for Im(k) > 0;
(i1) P((k) = o(1), ¥3(k) =o(1), k— 0 and k — oo;
(iii) for k € R, the functions 1p;(£ik), j = 1,3, satisfy the equation

Jl( Zlf) _ Jl(lk) .
Tk) Y (ik) AT Vi (—ik)
To(—ik) Ju(ik) _Ck) Gk,
# () | = (i) | = =5 T ()

together with the equation obtained from (3-6) with k replaced by —k.

Remark 3-1. 1f the function ¢(x,0) has a power singularity at £ = 0:¢(z,0) =
O(z*) and —1 < &, < 0, then the integrals p; and ps in (1-5) are understood in
the regularised sense, and d, = 0. Correspondingly, if ¢(z,l) = O(z®), z — 0 and
—1<0; <0,thend; =0

Proof. The spectral functions p; are defined by equations (2-13). Solving equa-
tions (1-3) for gy(x,0), ¢.(0,y) and gy(x,!), respectively, substituting the resulting
expressions in equations (2-13), and integrating by parts, we find

p1 = ihy(k),  ps(k) = ihs(k),

Ek)d, — dy

p =i [—J2<k>w2<k> * Galh) — gt (37)

The unknown functions v;(k), 7 = 1,2, 3 are defined by

wl(k):/e(’”f)“”q(x,o)dx, Re(k) < 0,

0
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!
/ q(0,y)dy, keC,
(k) = / ), 1y dw,  Re(k) < 0. (3:8)

0

The abelian theorem applied to the above integrals implies that the functions (k).
P3(k) decay as k — 0 and k — oco. Next, using equations (3-7), the global relation
(1-8) becomes

Ji(ik)pi(—ik) + Jo (K)o (k) + E(k)J3(ik) s (—ik) = G(k),  Im(k) < 0. (3-9)
The complex conjugate of this equation together with the substitution k¥ — k yields
Ji(—ik)y (ik) + Jo (k)2 () + B(k) Js(—ik)s(ik) = G(k),  Im(k) > 0. (3-10)

The expression for ¢ is given by equation (1-6). Using equation (3-10) to express s (k)
in terms of ¥, (k) and ¥3(ik), and then substituting the resulting expression into the
expression for ps given in (3-7), it follows that ps = ihs. This equation together with
p1 = thy, p3 = ths imply that equation (1-6) gives (3-1).

Both equations (3-9) and (3-10) are valid for k£ € R. Eliminating 1, (k) from these
equations we find equation (3-6). The holomorphicity of v¥;(£ik), j = 1,3, follows
from the definition (3-8) of these functions. The proposition is proved.

In summary, the Poincaré boundary-value problem for the modified Helmholtz
equation in a semi-strip {0 < x < 00,0 < y < [} is equivalent to a RH problem with
the boundary condition

i)\ _ o (=) #8) |
J(k) <1/J]3(Zk)> J(k) <w;;(—zk)) + (—f(—k:)) , keR, (3-11)

where
Ji(—ik) E( )Jifzk)
J(k) = J(zi(’?k) :;z((ﬁ)ik) ’ (3-12)
nh LRy
G(k G(k
piy = S8 ) (3.13)

Multiplying the left- and right-hand sides of equation (3-11) by [J(k)]~", we find the
standard form:

Yi(ik) \ _ Vi(—ik) o
(1%(2]{:)) = H(k) <1/Jg(—lk?)) +p(k), keR, (3-14)
with
— 1 Hi (k) Hia(k) _ [ (k) _ —1 f(k)
H(k) = det J(k) <H21(k7) H22(]€)> - plk) = <M3(1€)> = )] (_f(_k)> ’
Ty (k) J(—ik) 7

Hu(k) = Jo(k)Jo(—k) To (k)
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Jy(ik) Jy(—ik)  Jy(ik)Jy(—i k)
) =25 (R Takida (k)
 DR)I(—ik) | TR T(—ik)
) = = R T Tkhk)
o T—ik)k) To(—ik) k) .
Healh) = =5 o B+ S S R (3-15)

It is unlikely that the general matrix RH problem (3-14), (3-15) can be solved in
closed form. In Sections 4, 5 and 6-1 we consider some particular cases which admit
a closed-form solution. In the general case, the above RH problem can be reduced
to a system of singular integral equations with a fixed singularity. In Section 6-2 we
regularige the matrix RH problem (3-14) in the case a« = 0 and 3> = L(85 — Bo).

4. Scalar cases
We will first find the conditions for the matrix RH problem (3-14) to be reduced
to two separate scalar RH problems. Let

iy = JiRRR) .

Rewrite the boundary condition (3-11) as follows,

J}Z( ))[wl(zk) Jia (k) (—ik)]
+ W[wm — Jaz(k)s(—ik)| = %((2 - ff@i bek
-8
s %__:)k) Tus(—F) {%(m) - Qﬁ;((__l:)) } = f((:i)) - ?:’Z) kER. (42)
Suppose tht Jia(k)Jj2(—k) =1, j=1,3. (#3)

Then the linear combinations v (tk) — Ji2(k)¥ (—tk) and ¥;(ik) — Js2(k)s(—ik) can
be found explicitly,

Vi(ik) = Jio(F)Yi(—ik) + wi(k), Kk eR, (4-4)
P3(ik) = Joa(K)hs(—ik) + wy(k), Kk €R. (4:5)

These relations are scalar RH problems which define the unknown functions ¥y, .
Here

_ _BWR)Iy(=ik) U [a Bk
=T R +Jl<m>{ "= <kz>G(k)}
ws(k) = [E<—k>Jg<—z'k:>  B(k)Ji(—ik) J5(— zk:)} !

5 Sa(=FR) Ti(—ik)Jy(—k)

J(—k

. {f( k)) G(—k)  Ji(—ik) )[@(k)_ Ta(k)

- - I (k)

7 A GE)|¢. (6
J(=k)  Ji(—ik)Ja(—k U]} (4:6)
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Clearly, ws(k) = o(1), k — *£o0, and wy(k) = o(1), k — —oo. If & — 400, then (4-6)
implies

wilk) = jﬁf(_k)k) [—Ts<—z‘k>w3<k> +Galik) — F L Gal=it)
d1 eiﬁ:; eiﬁz dljz(k') €_iﬁ3 e—iﬁz
+ 2 (Sin By sin ﬂz) ©2J(k) <sin 3  sin 52)] +o(1), k— +oo.

(47)

At first glance it appears that the function w(k) grows exponentially as k — +oo.
However, substituting ws(k) from equation (4.6) into the above relation, it follows
that the expression in the square brackets is equal to zero, and therefore w (k) = o(1),
k — +o00. As k — 0, the functions w; (k) vanish: w;(k) = o(1) (j = 1, 3).
The conditions (4-3) can be simplified and written in terms of 3; and ~; as follows
j=1: PR =1 (207 — 43) sin 26 — (2042 —7}) sin 26, =
]=3: etiBe=P) = 1, (2a ’y)) sin 205 + ( i 7;) sin 203, = 0. (4-8)

Since 0 < B; < mand y; > 0 (j = 1,2, 3) the above relations yield
JE1 0 B A= 20T o+ (-0 (207 =) =0, m=1,2.3,
j=3: Bo — B3 = .—, (—1)™(20° —73) +20° =95 =0, m=-1,0,1. (4.9

Thus, both conditions (4-3) are satisfied simultaneously for the following sets of the
parameters 3; € (0,m), v; > O:

() m=m= \/4042 -3, 0 <, <2al, Bi =7 — Po, B3 = Pa:

(2) m= \/402—72>'Ys—’)’z,0<%<2|a| Bir=7—0, Bs=p £

B) M=% B= \/4042—’Y§a 0 <y <2|0¢|a Bir=m—03 £ BX ﬂs B

s T T
4) 7 =7=7 5125*5% 5:3:T+527 0< B <2

2
o B =l T << (410)

B) == 6= 33
We now analyse the inverse transform equation (1-6) and investigate whether the
solutions of the RH problems (4-4), (4-5) can be avoided. The boundary conditions
(4-4) and (4-5) imply that the functions ,(—ik) and 3(—ik) can be analytically
continued into C™,

i (ik) — wi (k)

1/J1(—Zk’) = J]z(]f) )

keC,

P3(ik) — wy(k)
J32(k) ’

wg(—Zk}) = ke (C+. (411)

The function (k) can be expressed in terms of ,(ik) and 13(ik) using
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equation (3-10),

Jy(—ik) G(k)

oty = =Ly ity — B(k)

— a(1k) + ———. 4-12
o (k) Lk T (4-12)
Using (4-11) and (4-12) the inverse transformation equation (1-6) yields
q:I()+Il+IZ+IB, (413)
where
[T (—ik) Ja(k) ‘ ¢Bdy T serdk
2mly = e —e— + — 4+ | eWEFTIRR
wly /[ A wi (k) + G{(—ik) 25 B, e ’
R E(k)dy —dy] ez dk
+ = k) + Go(k) — ——F— | e F—
/ [ J2<k:>G() ) = S hrsn B | © 2
0
0 g "
) e 1 ikztolz
- - + ik~ —
/ [G,g( k) + 5 53] B(k)e*** 12 2=,
U [ Ty(—ik)J. L
I =—— wwi(ik)ezk,ﬁﬁz%’
27 Jo(k) A
Lt
0 __
1 o (—ik)J. e
Lh=—— wwg(k)E(k)elk“ﬁZ%7
2m Ja(F) k
L[ Bik)bEk) oot dk
P 2w Ty BB (414)
L+

and £**, L7 are the same contours as in Example 2-1.

We note that the integrals I, and I, are expressed in terms of the given boundary
conditions, while the integrals I} and I3 involve the unknown functions 1 (¢k), 13(ik)
which are analytic in the upper half-plane C*. The zeros k(IQ), kf) of the function

eiB2
 2sin S

Qk’;‘z) = (72 cos (B + (—1)1'_1\/4a2 —~3sin ﬂ2>
+1 <—"}/2 sin B + (—1)j_1\/410427—'y§cos ﬂz) 7 (4-16)

for 0 < v < 2|a| and by

2k;2> = (72 +(—1)7! W) (cos Bs — isin fBs), (4-17)

ka(k) = (k‘z — 'ygke_wz + aQe_zwz) (4-15)

are given by

for v» > 2|al.
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There exist three separate cases depending on the position of the zeros of k.J5(k):

(1)

Y2 > 2|al, (4-18)

or
Yo <2af, 0< < g, cot Ba < A, (4-19)

or
Y2 < 2|al, g <P <m, —cotBy <A, (4-20)

where X\ = y,(4a® — 42)~'/2. Then the zeros of J,(k) are in C™, thus I; = I; = 0, and
g=1Iy+ L. (4-21)

(2)
Yo < 2], 0< By <im, cot [y > A (4-22)

Then k5 € C, k) e C** = {k € C: Rek > 0,Imk > 0}. Thus, I; = 0 and I, can
be computed by the residue theorem

PR AR S g e T A R TIE
kJ, (k) P
(3)
Yo < 2la|, tw<fp<m,, —cotfy>A (4-24)
Then k¥ € C~, k) e C-" = {k € C: Rek < 0,Imk > 0}. Thus,
g=I+ L+, I =i eikﬁ%zE(k)wwg(ik) . (4-25)
k‘]z(k) K=k

To evaluate the values v, (ik(f)) and wg(ikf)) one needs to solve the scalar RH
problems (4-4), (4-5). In what follows we present the solution of the RH problem
(4-4) in the case 2. The coefficient Ji2(k) can be factorised explicitly:

(k=B (k= B8 (k= ) (k — k@))

Jia(k) = —e*Pthe ki’ Ky
(= K7) (= K07) (o — K7 (o — KET)

(4-26)
where
2k = e (z”yl +(—1)7 7" /402 — ﬁ) , j=1,2. (4:27)

Equatlon (4-10) 1mphes that the parameter v; depends on 7s:

=v/4a? =73, By =7 — (. Then
21Im k;-l) = (—=1)7 vy sin By — \/4a? — 43 cos Ba,
2Im k) = —yesin B2 — (—1)74 /402 — 3 cos fs. (4-28)

The function Ji3(k) has one zero and three poles in C*. This means that the winding
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number (index) of the function J»(k) equals —2:
1
ind JIZ(k) = g[arg J12(]€>]R1 = -2, (429)
Let

k— k) (k= k) (k — kS __

X+(1<;):( P— . X (k)= —X7(k). (4-30)
M

Then the functions X* (k) are analytic in C*, they do not vanish in C* and, in
addition, Jia(k) = X (k)[ X~ (k)]™", k € R. Applying the Liouville theorem gives the
solution of the problem (4-4)

Ui (ik) = X (k)x*(k), keC*, (4-31)
where
I | i wy(x)dz i )
X" (k) = i m, ke CT\R (4-32)

The functions 1 (ik) and ¥ (—ik) decay at infinity if and only if

T 2w (x)dx

= ) =0, 1. 4-3:
X" () 0, j=0, (4-33)
(b) 1 = ¥2, B1 = tm — Ba. Then Ji2(k) = 1, and by the Sokhotski—Plemelj formulae
1 [ wi@)d
by (ik) = — / Li@dr e o\ R (4-34)
27 x—k

Finally, we show how to fix the constants dy = ¢(0,0) and d; = ¢(0,1). We note that
in the scalar cases the function g(x,y) is bounded at the corners of the semi-strip D.
From (3:1) we obtain

3 3
1 dk 1 (k) . dk .
4=3.3 [rm a5 > [ InmE w)
oy Y

On the other hand, because hj(k) (j = 1,2,3) are linear functions of dy and d;, the
above relations can be rewritten as a linear system of algebraic equations

dy = Dyody + Dyidy + Dy,

dy = Dyydy + Dyydy + Dy, (4-36)

where the coefficients Dj,,., D; (7 = 0,1;m = 0,1) are known. The system (4-36)
uniquely defines the constants dy, d; provided the corresponding matrix is not sin-
gular.

5. Triangular cases

We assume that equation (4-3) is valid for j = 1, but is not valid for j = 3, i.e.

Jiz(k)Ji2(=k) = 1, Jsa(k)Js2(—k) + 1. (5-1)
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The first equation in (5-1) is satisfied if:

a) Vi :\/4a2—7§>51 =1 — [,

or

(b) vi =72, 1 =7 — B £ i

In the case (a), ind J2(k) = —2, while in the case (b), Ji2 = 1, thus ind J;» = 0
The inverse transform formula (1-6) implies

q:I()+Il+I*, (52)

where I, I; are given by (4-14) and

* _ 1 loojg<_zk)‘]2<k) . zkz+°‘—zdk
I / Btk Ble ;
0

dk

T (5-3)

0
+% / J(tk)s(—ik)E(k)e zkz+LZ

If tm < By < 7, then I} = 0 (see Section 4). If however, 0 < G < im, then I} * 0,
and in order to compute I; one needs to determine 1 (¢k). This function satisfies the
scalar RH problem (4-4), where the function w, (k) is now given by
E(k)J5(—ik) . 1[4 Ty (k)
———— |3 (tk) — S (k)3 (—ik) |+ = G(k) — Gk)|. (54
i ) — k) () ¢ == |Gl = TSGR - (54
Thus v (ik) can be computed by equations (4:31) or (4:34) provided that we first
compute ¥3(ik). This function satisfies the scalar RH problem

wg(’bkﬁ) = Q(k‘)’(ﬂg(—lk) + wg(k'), k S ]R, (a e

w1(k:) - —

C
[

where
1(k)=]az() O, (k)
Qi (k) — Qa(k)Js2(—k)’

Q(k) =

Q= AEWBCHEE g ) THEE)

Ji(—ik)J2(—k) Jo(—k)
ws (k) = —[Qi(k) = Qo(k) Jso(—k)] ™"
G=k) Gk =ik [~ Talk) ” .
{5k~ Ton - Famacs 29 Teew]l oo
The coefficient Q(k) is discontinuous at the points k£ = 0 and k = oo:
_ = ! — _ o 2i(B2—Ps) - 7. — _ 2i(Ba—Ps)
Q(—o0) () e , Q(+00) = J32(0) e ,
—0) = 1 — _p2i(B2—Bs) = 7..(0) = —p—2i(B2—P3) ~

Q(—0) Tn0) e ,  Q(+0) = J32(0) e . (5:7)

We fix the argument of the function Q(k) as follows
arg Q(—00) = 7+ 2(G; — B),  arg Q(+0) = 7+ 2(B; — ). (5:8)
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Then

arg Q(—0) =7 +2(85 — B2) + A7,  arg Q(+00) =7 +2(85 — [2) + A", (5-9)

where A~ (A*) is the increment of the argument of the function Q(k) as k passes the

negative (positive) semi-axis. It can be directly verified that Q(k) = Q(—k). Therefore
A" = A= = A. Comparing (5-7) and (5-9) we find

A=2mx+ 4(52 - ﬂg), (510)

where s is an integer. The function Q(k) can be factorised as

X" (k)
Qk) = R 5-11
M =%a Fe® (11)
where
17 log Q(k
XE(k) = kP exp { — / log k) ) L kece, (5-12)
271 r—k

p is an integer defined by the value of the parameter A. The analysis of the above
Cauchy integral yields

X (k) ~ AkP* 5k — 0,

X(k) ~ AkP"5 |k — o0, (5-13)

where Ay, A; are constants.
We assume

—37 < A < 3m. (5-14)

This is consistent with a variety of numerical experiments. Figures 2-5 present
graphs of Q(k), 0 < k < oo, for & = 1 and some values of the parameters 3;, ;.
For all these cases (5-14) is valid. Substituting equation (5-11) into (5-5) and using
Liouville’s theorem we find

Ya(£ik) = XF (k)X (k) + Pu(k)], k€ CT\R, (5-15)

where X* are defined in (5-12), x* (k) are given by

1 T wy(x) dx
s L 3
W =50 | Xem e =k

— 00

k€ CE\R, (5-16)

and P, (k) is an arbitrary polynomial of degree s. The required asymptotics (2-20)
of the function 1;(k) defines the class of solutions and will be used to fix the integers
p and s.

(1°) If =37 < A < =27, then p = 1, P,.(k) = 0. The behaviour of the solution at
k=0is
1 A

Wy (ik) = O(k" %), k — 0, —5 <1+ <0 (5-17)
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p1=37/4, By=1/4, B3=0.58,, y;= (4 02 - V%)m, »n=1=20=1

0.8

0.6

0.4

0.2

/ starting point

\ ending point

0.2 0.4 0.6 0.8 1

Fig. 2. The set {Q(k);0 < k < oo}: A € (2m, 3).

Bi=3n/4, By=m/4, B3= 158y, ;=@ 02— yDV2, =1, 73=2,0 =1
T

0.8

0.6 -

0.4+

“

ending point

starting point

RN

06 04 —02 0 02 04 06 08 1
Re Q(k)

Fig. 3. The set {Q(k); 0 < k < oo}: A € (37/2, 2m).

The solution is unique, and it decays at infinity if and only if

T ws(T)

X+ ()

dr =0, j=0,1. (5-18)

— 00



The modified Helmholtz equation in a semai-strip 357

5 ﬂl :27Z/3’ /’)2:”/3, ﬁ3: 1-1ﬂ2a VI:(4*‘X277§)]/2a V2= 1’ y3:29 a=1
T T T

ending point
0.1 1
—
0.05 .
<
& 0 J
E
—0.05 - 1
0.1+ —= 1
starting point
—0.15 )
0.2 I I I I I I
-1 —0.999 -0.998 -0.997 -0.996 -0.995 -0.994 -0.993

Re Q(k)

Fig. 4. The set {Q(k);0 < k < o00}: A € (—,0).

pi=nl4, By=3n/4, B3=13py, y = (4"02 "/%)1/2’ n=Ly=2,0=1

1 T

ending point

Im Q(k)

‘ \stanl?g point
-1 -08 06 -04 02 0 0.2 0.4 0.6 0.8 1
Re Q(k)

Fig. 5. The set {Q(k);0 < k < oo}: A € (=3m, —2m).

If these conditions are satisfied, then

. A 1
Py(Eik) = Ok~ %), k—o00, —1<-2—— < ——. (5-19)
2 2
We emphasise that the integrals (5-18) are convergent at infinity since
[ X*(x)]'wsy(x) = O(x™25 ), & — +oo and —2 + A/21 € (—7/2, —3].
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(2°) If —2m < A < 0, then p = 0, P,.(k) = 0. The solution exists and it is unique. It
has the following behaviour at zero and infinity

A
Py(ik) = O(k*), k—0, —1<—<0,
T

2
A A
Py(E£ik) = Ok~ "), k—o0, —1<—1-— 7 < 0. (5-20)
T
(3°) If 0 < A < 27, then p = 0, P,.(k) = Cy, C) is an arbitrary constant, and
A A
Y3(£ik) = Ok>), k—0, 0< or <1,
T
A A
27

(4°) If 2r < A < 3w, then p = 0, P,.(k) = Cok + C,, Cy, C; are arbitrary constants,
and

A 5
Wy(kik) = O(k), k—0, 1<—< 3
2 2
1 A
Py(xik) = O(k' ™), k — oo, —5 <15 <0, (5-22)
™

In the cases (1°) — (3°) the integral (5-16) is always convergent. This integral is also
convergent in the case (4°) provided that the function wy(z) satisfies the condition

lws(x)| < c|x|7%, |z| — 0o, ¢ = const. (5-23)

We now show how the constants dy and d; can be found. If w5(ik) = O(k™"),
k — oo, k € C*, then by the abelian theorem ¢(z,l) is bounded at = = 0. Since
the function v (ik) solves the RH problem (4-4) the function g(z, 0) is also bounded
at = 0. Therefore the constants d, and d; can be fixed in the same manner as in
Section 4.

In the case 93(ik) = O(k%), k — oo, k € C" and —1 < ¢ < 0, by the abelian
theorem, the function q(z, [) has an integrable singularity at z = 0: g(z,1) = O(x=¢~1),
x — 0. This means (see Remark 3-1) that the constant d; vanishes. The other constant
dy can be found from a linear algebraic equation by the method of Section 4.

6. Analysis of the matrix RH problem associated with the Laplace equation

Letting a = 0 in equation (1-6) we obtain

3
1 ik
=—— Eh; 0 . 31
a4 2m,;/e hi(k)dk, 0<z<oo, 0<y<lI (6:-1)
T
The functions h; (k) are defined by (3-5) with E(k) = e*'. The sectionally-holomorphic
functions 1 (£ik) and 4(£ik) solve the 2 x 2 matrix RH problem (3-14) with the
functions J; defined by

"+ ket V2 — ke " Y3 + ke
= Y54 7 k)=
2 sin [ 2sin 5 2sin [
Note that the matrix RH problem for the Laplace equation in a semi-infinite strip was
also derived in [3]. Here we analyse it and distinguish two cases: (i) v1 =72 =73 =0
and (ii) 2 + 3 + 7% + 0.

Ji(k) Ja(k) = (6-2)
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6-1. Caseyy =y =73 =0
In this section we analyse the matrix RH problem (3-14) in the particular case
a=0and vy =7 =y = 0. We have

V' (k) = Hy(k)p~ (k) + pu(k), kER, (6:3)
where
o (k)
v = (Ui )
_ 1 sinh (kl — ima) % sin (b — a)
IL“M"*gnhui+iﬂm (%%giﬂnwdr+a) mﬁhuﬂ+¢wa) )’
a:51+252—537 b:51+53. (6-4)
™ ™

Since 0 < 3; <7 (j = 1,2,3) it follows —1 <a <3,0<b < 2.
6-1-1. Casesinm(bta)+0,a=0.

We construct a closed-form solution of the matrix problem (6-3) assuming that
a=0andsinm(bta) £0,ie B = (B3 —F) and By £ —F + tom (m = 1,2,3),
B3 £ [o + imn (m = 0,%£1). In this case the system of functional equations (6-3)
decouples to two separate scalar RH problems

o; (k) = Nj(k)p; (k) +my(k), keR, j=1,2. (6-5)
Here
1 , .y sin 3 .
d)f(k) =3 |:wl(ilk) +(—1) I%B:Iswg(ﬂk)} ,

1 . sin Gy
. = _— + (— J 1— .
(k) = 3 [m(k) (=0 Mgu.s(k)] :
_ sinh Kl + (—1)7"Yisin 7b

Ai(R) = sinh (kl + mib)

i=t2 (6:6)

The functions A;(k) can be represented in terms of the I'-functions as follows
(1/2+b/2 —ik"I['(1/2—b/2+ k)

M) = TR 2 b2 T2~ b2 ik
_T(b/2 —ik\T(1 — b/2 + ik') ,
A“M_Iww2+wﬂn1—bﬂ—wky (67)
where k' = %, b= %([% + [3:). Next, we factorise the functions A (k)
Ai(k) = X5 (k) keR (6-8)
¥l - — ) 9
X5 (k)
where
I(1/2+b/2 F ik’ — §) N I'(b/2 F ik')
X (k) = X5 (k)=
v () (/2 —-b/2Fik'+46)’ > (k) (1 —b/2Fik")’
(0, 0<b<1 .
5_{L 1<b<2. (6-9)
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The functions X ]i(k:) are analytic and do not vanish in C*. To construct the solution
we need the Cauchy integral

1 T n;(z)dz

+ — +
(k)=— | =—/——"—=, keCT\R. 6-10
IR et \ (6:10)
Because of the asymptotics of the functions
XEE) ~ £(Fik)™,  XE(k) ~ (Fik)', k—o0, keCE (6-11)

and n;(z) = O(z™"), z — oo, the integral (6-10) converges at infinity. By substituting
formula (6-8) into (6-5) and by using (6-10) and Liouville’s theorem we find:
ifO< B+ 6 < im(0<b< 1), then

o1 (k) = X (kX7 (k), keCH,

¢y (k) = X3 (k)|[C + x5 (k)], keCF, (6-12)

where C is an arbitrary constant;
if ir < By + B <7 (1 <b<2),then

o1 (k) = X{F(k)[C + X (k)], keCF,

¢y (k) = X3 (k)xs (k), keC* (6-13)
The potentials ¢, (£ik) and 3(%ik) can be expressed through ¢i (k) and ¢3 (k) from
(6-6)
Vi (Eik) = G (k) + 65 (k),
sin (33
sin /81

Using the definition of the functions 1, (—1k), 13(—1ik)

P3(Fik) =

[0 (k) — &7 (k)] (6-14)

oo

it = [ 0ds, d-ib) = [ g dn (619
0

0

the asymptotics of the above integrals
Yi(—ik) = O(k"™"7°), k—o0, keCT, (6-16)

and the abelian theorem we estimate the asymptotics of the boundary values of the
function g(x,y) at the corners of the semi-strip D

q(x,0) = O@~""), q(x,1)=0@™""’), = —=0, —b+dse(=1,0.  (6:17)
ThUS, d{) = dl =0.
6-1-2. Scalar cases

We assume that sin 7(b —a) = sinw(b+a) = 0,1e G = =0+ imm (m = 1,2,3)
and B3 = B2 + imn (n = 0,%£1). In this case the matrix Hy(k) becomes diagonal
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and constant, Hy = diag{(—1)"~", (=1)""'}, and therefore the RH problem (3-14)
reduces to

Di(ik) = (1) i (—ik) + pu k),

Vy(ik) = (—1)" " "y(—ik) + ps (k). (6-18)

Consequently, the solution of the above problems is easily found in terms of the
Cauchy integrals. Clearly, to define the boundary values of the function ¢(zx,y) at
y = 0 and y = [ one can apply the Fourier transform to (6-18) using formulae (3-8)
for a = 0. Thus, for positive z,

q(.ﬁE,O) = ﬂ1<$>7 q($7l) = IELS(x)y (619)
where
o) = 5= [ wothye e (6:20)

The functions fi;(x) (j = 1,3) are bounded at x = 0 and therefore the constants d,,
d can be fixed by the method of Section 4.
6-1-3. Triangular cases

We assume now that sin (b —a) = 0 and sinw(b+a) + 0, ie. 8y £ =02 + imm
(m = 1,2,3) and B3 = [ + i7n (n = 0,£1). In this case, Hy(s) is the following

triangular matrix

sin (¢kl + 7b)

— 0
et sin (tkl — mb) P
Hys) = (=1) __ sin fysin 27b (6-21)
sin By sin (k! — 7b)
The problem of interest is the scalar RH problem
. n_y Sin (20K + b ) /
Gk = (- S IEEE D by k), keR, (622

sin 7(2¢k" — b)

where as before k' = kl/2m. The factorization of the coefficient of the RH problem is
given by
sin (2ik" +b) X7 (k)

—1)nis = R -2
( snrEik —b) Xk "% (6-23)

where

T(b— 6 — 2ik) T(b— 6+ 2ik')
(1 —b+0d—2ik")’ T'(1—b+0d+2ik)
The solution to the RH problem (6-22) in the cases 0 < b < 1/2 and 1 < b < 3/2

involves an arbitrary constant:

Py (xik) = XE(E) (k) +C], ke C*E (6-25)

X* (k) = X~ (k) = (~1)" (6-24)

In the cases 1/2 < b < 1 and 3/2 < b < 2 it is unique:

bi(Eik) = XF(k)xT(k), ke CF, (6-26)



362 Y. A. AxTrPov AND A. S. Foras

where

I | T wi(z)dz " ..
X (k)—%/m, ke CE\R. (6-27)

We note that b = 1/2 or b = 3/2 imply sin 7(b + a) = 0. The asymptotics at infinity
of the solution 9 (%ik) follows from the analysis of formulae (6-24) to (6-27)

Uy (Hik) = Ok k> o0, keCH (6-28)
where
,_ O, 0<b<jorl<b<? ,
6_{1, t<b<tlor3<b<2’ (6:29)
The abelian theorem yields the asymptotics of the function ¢(z,0) as x — 0
q(z,0) = 0@z 0. (6-30)

Clearly, 26 + ¢ — 2b € (—1,0). The above asymptotics implies that dy = 0. The
constant d; can be found from the corresponding linear algebraic equation following
the procedure of Section 4.

The remaining possible case sin 2(8; + 82) = 0, sin 2(83 — [2) * 0, can be treated
similarly.

6-2. Case v +~35 +~3 *+ 0: reqularisation of the RH problem

We assume that at least one of the constants v; (j = 1,2, 3) is different than zero.
We aim to regularise the matrix RH problem associated with the Laplace equation
inthecase a =0, By £ —Fo +imm (m =1,2,3) and B3 + B> + tmn (n = 0,£1).

According to the Carleman—Vekua method, the corresponding system of
Fredholm’s equations can be written explicitly since the dominant part of the mat-
rix H(k), the matrix Hy(k), has already been factorised (Section 6-1-1). Using the
asymptotics of the matrix H(k) as k — oo

. sinh kI[1 + O(k™")] o Bt gin wbl1 + O
B = ~ G imD) | sin n 7
sinh (R +amb) | TN G b+ O] sinh K[+ O(kY)]
S ﬂl
(6-31)
we represent the matrix H(k) as follows
Hi(k) = Hy(k) + H(k), H(Rk) = {Hpj(k) o1 (6-32)
By following the procedure of Section 6-1 we obtain
61 (k) = N (K)py (k) + (k) kER, j=1.2, (6:33)

where
27 (k) = i (k) + Hyy (k) (—ik) + Hya(k)ibs(—ik)

(e Sy + B (e (—ik) + Ha(Rys(—ik)]. (634)
sin 33

Using the solution of Section 6-1 yields another representation of the RH problem.
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For example, in the case 0 < b < 1 we have

LX) [ o T m©de
o= 32 [ rloeent W | [ maean ¢

osin gy JXT) [ aode ol w(Qd
s =55 e om0 5w [ soem
(6-35)

Substituting (6-34) into (6-35) and then taking the limit as £ = kg — 20, we find
a system of the Fredholm integral equations |[7]. Alternatively, we can apply the
inverse Fourier transform to the above equations, change the order of integration
and make the substitution 7z = —llog &,

1
r(E) + / R(E, Dr(r)dr = p(é), 0<£ <1, (6:36)
0
where
l l
@ =0 (100 g0}, e =(t1oe 1) (6:37)

R,,;(&,7), the elements of the matrix R({,7), are Fredholm’s kernels. They are
represented by double quadratures and can be evaluated by the residue theorem.

7. Conclusions

In this paper we have studied the modified Helmholtz equation (1-2) in a semi-strip
with the Poincaré type boundary conditions (1-1). On each side of the semi-strip, the
boundary conditions involve two real constants 3;, v; and a real-valued function g;,
j=1,2,3.

Using the method reviewed in [1] it is straightforward to reduce the above
boundary-value problem to a 2 x 2 matrix RH problem for the two sectionally
holomorphic functions 9 (%ik) and t5(&ik), k € C*. The jump matrix H (k) of the
associated RH problem (3-14) on the real k-axis is uniquely defined in terms of the
scalar functions J;(k), j = 1,2, 3, which are in turn defined in terms of the constant
a entering in the modified Helmholtz equation, and in terms of the constants 3;, v;,
j=1,2,3.

A crucial role in the investigation of the above RH problem is played by the
products

Jia(k)Jia(—k),  Jsa(k)Js2(—k), (7-1)

where Jis(k) and Jss(k) are defined in terms of J;(k) j = 1,2,3, by equation (4-1).
There exist the following three particular cases.

(I) Jlg(k)Jlg(—k) = 1, ng(k)ng(—k) =1.

In this case the basic RH problem reduces to two separate scalar RH problems, one
for the sectionally holomorphic function ¥ (£ik) and one for 15(3ik). Each of these
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RH problems can be solved in closed form; the solutions depend on the particular
relations between §; and ;. (a) If vy = \/4a®> — 43, 81 = m — [3», then the solution
1 (£ik) exists under the conditions (4-33) and it is given by equation (4-31). (b) If
Vi = Y2, Bt = im — B, ¥((Fik) is given by equation (4-34). Similar considerations are
valid for v3(%ik).

The solution q(z,y) of the modified Helmholtz equation also depends on the par-
ticular relations between 3; and «;: 1. If these parameters satisty (4-18) or (4-19)
or (4-20), then ¢ = I, + I,, where the integrals I, and I, depend only on the given
boundary conditions, see equations (4-14) (in these cases ¥ (xik) and ¥3(%ik) do not
contribute to the solution). 2. If the parameters satisfy (4:22), then ¢ = I, + I + I,
where I; depends on wl(zkﬁz)) and kEZ) is known , see equation (4-16). 3. If the para-
meters satisfy (4:24), then g = Iy + I, + I3, where I3 depends on ng(z’kf)), and kf) is
known, see equation (4-16).

Having constructing ¥, (¢k), ¥53(ik), the values ¢1(ik§2’) and wg(ikf)) follow.

(1) Jya(k)Jia(—=k) = 1, Jsa(k)Js2(—k) + 1.

In this case the basic RH problem is triangular. It can be reduced to the scalar
RH problem (5-5) for the sectionally holomorphic function ¥3(+ik) and to a scalar
RH problem for v, (+ik) whose jump depends on 3(%ik). Thus, after determining
Y3(£ik). ¥ (£ik) can be computed in closed form by solving a scalar RH problem
similar to the one mentioned in I above. The scalar RH problem for v3(£ik), whose
coefticient is discontinuous at £ = 0 and k = 0o, is solved by equations (5-15).

The solution q is given by g = Iy + I, + I*, where I; depends of ¥ (£ik) (see (4-14))
and I depends on ¥5(Eik) (see (5:3)).

(II1) Jia(k)Jio(—Fk) £ 1. Jsa(k)Jsa(—k) = 1.

This case is similar to 11 above.

We have also analysed the basic RH problem associated with the Laplace equation
(ov = 0). We have shown that if 8, = }(83 — (2) and v, = 72 = 3, then the correspond-
ing matrix RH problem can be solved in closed form. If however at least one of the
parameters v; (7 = 1,2, 3) is not equal to zero then a closed-form solution does not
appear feasible. In this case the RH problem has been regularised, i.e. reduced to a
system of two Fredholm integral equations.

Remark 7-1. We recall that the spectral functions (2-13) depend on the three un-
known functions ¥ (ik), 12(tk), ¥3(ik). The basic RH problem is a consequence of
eliminating s (k). It was shown in [3] that it is also possible to solve the Laplace
equation in the semi-strip by eliminating either ¢ (¢k) or ¥5(ik) instead of 15 (k). This
alternative approach has certain advantages since 1, (k) is an entire function (see [6]
for the analogous problem for the evolution equation). The implementation of this
approach to the modified Helmholtz equation remains open.
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