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Abstract

The problem that is studied concerns a semi-infinite crack in an infinite viscoelastic medium, propagating at uniform

speed but subject to time-dependent loading. A particular loading, consisting of a pair of concentrated shear forces

which come into existence as the crack passes their location, is studied in detail. Both sub-Rayleigh and transonic speed

ranges are considered. The solution displays a richer range of possible behaviour than the corresponding solution for an

elastic medium, which is likely to reflect in practice on the range of propagation speeds that may be achievable.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The background motivation for this study is

provided by the experimental observations of
Rosakis et al. (1999) of cracks, loaded under shear,

that propagate faster than the speed of shear

waves. The media are usually polymers, and im-

plications of the phenomenon are certainly of in-

terest for composite materials which may have

weak interfaces. Therefore, some degree of visco-

elastic response is likely to be observed, and it

becomes desirable to make a study of rapidly

propagating cracks, loaded dynamically, in visco-

elastic media. The present work constitutes a first

step in this direction. It identifies features associ-
ated with viscoelastic response in an illustrative

way through consideration of a standard linear

solid with constant Poisson�s ratio; detailed pre-

dictions suitable for comparison with experimental

observations will be addressed in later work. A

very recent contribution to the theory for an elastic

medium is that of Huang and Gao (2001), who

considered the transonic propagation of a crack
whose faces were subjected to concentrated shear

forces. The resulting solution is one from which

solutions for other static loadings can be con-

structed, by superposition. Here, the correspond-

ing solution is found, when the medium is a

standard linear solid. Sub-Rayleigh as well as
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transonic crack speeds are considered. Super-

Rayleigh but sub-shear wave speed propagation is

omitted, because it is known not to be possible in

an elastic medium displaying cohesion (in contrast

to propagation of a displacement jump along a

frictional interface; see, for instance, Broberg,
1989). We demonstrate a loss of uniqueness of

solution for a viscoelastic medium, in that speed

range.

The general qualitative observation is, not sur-

prisingly, that the stress ahead of the crack (which,

in practice, must suffice to ensure its continued

extension) is reduced, relative to its ‘‘elastic’’ value,

by the viscoelasticity. The singular behaviour at
the crack tip has the same dependence on distance

from the crack tip as in the elastic case, but the

coefficient of the singular term is reduced. Con-

trary to our prior expectations, the decay with time

of the coefficient is always algebraic, never expo-

nential. However, a long-time asymptotic analysis

of the stress at arbitrary distance n ahead of the

crack shows exponential decay with n, for some
but not all crack speeds. Changes in behaviour are

observed as the crack speed v increases through the
various wave speeds. As first observed by Willis

(1967) in the context of subsonic propagation un-

der Mode III loading, these are not only the high-

frequency ‘‘elastic’’ wave speeds, but also the

speeds with which plane waves of low frequency,

associated with the fully relaxed elastic moduli,
may propagate. Subsonic Mode I propagation has

been discussed by Walton (1990) and Herrmann

and Walton (1994).

Exponential decay does not necessarily occur

for all transonic crack speeds: it is necessary for

the crack to extend faster than the speed of low-

frequency longitudinal waves. This observation

could have some implications for the ability (or
otherwise) of a viscoelastic medium to suppress

transonic propagation. A more general study is in

progress.

2. Formulation of the problem

This work is concerned with an infinite, ho-
mogeneous, isotropic viscoelastic medium whose

constitutive equation is given in the form

rij ¼ L � fkdijekk þ 2leijg
� g � fkdijdekk þ 2ldeijg: ð2:1Þ

The function gðtÞ is the relaxation function and
LðtÞ ¼ _ggðtÞ is its derivative (interpreted in the

sense of generalised functions). The symbol �
denotes convolution with respect to time, t. Ex-
plicit formulae will be developed in the case of a

standard linear solid, for which the functions g
and L are

gðtÞ ¼ 1

1þ f 1

�
þ f exp

�
	 1þ f

s
t
��
HðtÞ;

LðtÞ ¼ dðtÞ 	 f
s
exp

�
	 1þ f

s
t
�
HðtÞ; ð2:2Þ

where HðtÞ is the Heaviside step function and dðtÞ
is the Dirac delta. The parameter f is positive; the

ratio of the long-term (or low frequency) elastic

response to the instantaneous (or high frequency)
response is 1=ð1þ f Þ. The relaxation time so de-

fined is s=ð1þ f Þ. It is recognised that the choice

of a single relaxation function, applicable to both

dilatation and shear deformation, limits the direct

utility of the results; however, as mentioned in

Section 1, the results obtained from this idealised

problem are intended to be illustrative, and the

choice of a simple relaxation function has the
virtue of limiting the number of parameters. It is

remarked, however, that the methodology to be

developed is applicable to more general viscoelas-

tic response, with frequency-dependent Poisson�s
ratio (see Appendix A).

The medium contains a semi-infinite crack

which occupies, at time t,

CðtÞ ¼ f	1 < x1 < vt; x2 ¼ �0g: ð2:3Þ

In the general case, the medium is subjected to

plane-strain loading that would induce, in the

absence of the crack, the stress field r0
ijðx; tÞ. The

presence of the crack introduces additional dis-

placement, strain and stress fields uiðx; tÞ, eijðx; tÞ
and rijðx; tÞ. Since the response of the medium is
linear, the additional stress and strain fields are

related by (2.1). The additional fields also obey the

equation of motion

rij;j ¼ q€uui; ð2:4Þ
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where q is the mass density, together with a ‘‘ra-

diation condition’’ that waves propagate away

from the crack, and boundary conditions, that

ri2 ¼ 	r0
i2 on CðtÞ; ð2:5Þ

reflecting the fact that the crack faces must be free

of traction.

In detail, however, the boundary conditions will

be specialised to the form

ri2ðx1;�0; tÞ ¼ 	di1dðx1ÞHðtÞ on CðtÞ: ð2:6Þ

These correspond to loading, at x1 ¼ 0, by a pair

of concentrated shear forces, from time t ¼ 0. To

the extent that all fields are zero for times t < 0,

the crack could equally well be regarded as having

been stationary for t < 0, and moving with uni-
form speed v for t > 0. The boundary conditions

(2.6) define a ‘‘fundamental solution’’, from which

more general loadings can be constructed by su-

perposition. The problem thus generalises to vi-

scoelasticity a problem recently considered for the

transonic motion of a crack in an elastic medium

by Huang and Gao (2001), following the precedent

set by Freund (1972) in the first of his famous
studies of subsonic crack growth in an elastic

medium.

The advantage of expressing the constitutive

relation in terms of the function LðtÞ is that La-
place transformation yields

r̂rijðx; s0Þ ¼ L̂Lðs0Þfkdijêekkðx; s0Þ þ 2lêeijðx; s0Þg: ð2:7Þ
The hat symbol denotes the Laplace transform so

that, for instance,

L̂Lðs0Þ ¼
Z
LðtÞe	s0t dt ¼ 1þ s0s

1þ f þ s0s ; ð2:8Þ

the second, explicit, form applying to the function

LðtÞ given in (2.2) for the standard linear solid.

The problem may now be formulated in terms

of one for a dislocation on the plane x2 ¼ 0 or,

equivalently, as a problem for the half-space

x2 > 0, since by symmetry the displacement com-
ponents u1, u2 will be, respectively, odd and even

functions of x2. Employing the latter interpreta-

tion, the displacement component u1 as x2 ! þ0 is
related to the stress component r12 so that

u1 ¼ 	G11 � r12; ð2:9Þ

where r12 is evaluated as x2 ! þ0 (in fact it is

continuous), G11 is the relevant component of the

half-space Green�s function, with ‘‘source’’ and

‘‘receiver’’ on the surface x2 ¼ 0, and � here rep-

resents convolution over x1 and t. The Laplace
transform of G11 (with respect to x1 and t) takes
exactly the same form as for elasticity, except that

the elastic constants, and hence also wave speeds,

become functions of s0. Thus, denoting this double
transform with a tilde,

~GG11ðk; s0Þ �
Z

dx1

Z
dte	ðkx1þs0tÞG11ðx1; tÞ

¼ s02b0

qb4D0ðk; s0Þ ; ð2:10Þ

where

D0ðk; s0Þ ¼ fðb02 	 k2Þ2 þ 4k2a0b0g; ð2:11Þ

a0 ¼ ðs02=a2 	 k2Þ1=2; b0 ¼ ðs02=b2 	 k2Þ1=2 ð2:12Þ
and the ‘‘wave speeds’’ a and b are

aðs0Þ ¼ ½L̂Lðs0Þ�1=2cl; bðs0Þ ¼ ½L̂Lðs0Þ�1=2cs; ð2:13Þ
with

cl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk þ 2lÞ=q

p
; cs ¼

ffiffiffiffiffiffiffiffi
l=q

p
: ð2:14Þ

The Laplace transformed version of (2.9) is

~uu1ðk; s0Þ ¼ 	 ~GG11ðk; s0Þ~rr12ðk; s0Þ: ð2:15Þ
For the problem of concern, it is desirable to em-

ploy a coordinate system that moves with the

crack. Thus, we introduce

n ¼ x1 	 vt ð2:16Þ
and define

uðn; tÞ ¼ u1ðx1; tÞ; rðn; tÞ ¼ r12ðx1; tÞ; ð2:17Þ
with n and x1 related by (2.16). It is elementary to

derive (Willis, 1997, 2000) that, if

F ðn; tÞ ¼ f ðx1; tÞ � f ðn þ vt; tÞ and

Gðn; tÞ ¼ gðx1; tÞ � gðn þ vt; tÞ;

then

F � Gðn; tÞ ¼ f � gðx1; tÞ;

the convolutions being taken over their natural

arguments. It follows also from elementary change
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of variables that the Laplace transform ~FF ðk; sÞ of F
is given by

~FF ðk; sÞ �
Z

dn
Z

dte	ðknþstÞF ðn; tÞ ¼ ~ff ðk; s0Þ;

s0 ¼ s	 vk: ð2:18Þ

Hence, finally, defining the transform

F ðf; sÞ ¼ ~FF ðsf; sÞ � ~ff ðsf; sð1	 vfÞÞ; ð2:19Þ
the relation (2.15) implies

uðf; sÞ ¼ 	Gðf; sÞrðf; sÞ; ð2:20Þ
where Gðn; tÞ ¼ G11ðn þ vt; tÞ and, correspond-
ingly,

Gðf; sÞ ¼ ~GG11ðsf; sð1	 vfÞÞ: ð2:21Þ
Going through the transformations explicitly, the

influence of viscoelasticity enters through

L̂Lðsð1	 vfÞÞ ¼ f 	 f0
f 	 f1

; ð2:22Þ

where

f0 ¼
s þ 1=s
vs

; f1 ¼
s þ ð1þ f Þ=s

vs
: ð2:23Þ

Correspondingly,

a0ðs0Þ ¼ saðf; sÞ; b0ðs0Þ ¼ sbðf; sÞ; ð2:24Þ
where

a2ðf; sÞ ¼ ð1	 vfÞ2ðf 	 f1Þ
c2l ðf 	 f0Þ

	 f2;

b2ðf; sÞ ¼ ð1	 vfÞ2ðf 	 f1Þ
c2s ðf 	 f0Þ

	 f2; ð2:25Þ

and

Gðf; sÞ ¼ ð1	 vfÞ2bðf; sÞðf 	 f1Þ2

qc4s sðf 	 f0Þ2Dðf; sÞ
; ð2:26Þ

with

Dðf; sÞ ¼ ðb2 	 f2Þ2 þ 4f2ab: ð2:27Þ

2.1. The branch points of the functions a, b

In the definition of the transform G of the

Green�s function, it is necessary to define branches

of the functions a, b so that Reðaðf; sÞÞ and

Reðbðf; sÞÞ are positive when f is pure imaginary

and s is real and positive. The first task is to

identify the branch points. From its definition

(2.25) (first term), the function a2 can be expressed

a2ðf; sÞ ¼ ðv=clÞ2 	 1

f 	 f0
ðf3 þ pf2 þ qf þ rÞ; ð2:28Þ

where

p ¼ c2l f0 	 f1v2 	 2v
v2 	 c2l

; q ¼ 1þ 2f1v
v2 	 c2l

;

r ¼ 	 f1
v2 	 c2l

: ð2:29Þ

The function aðf; sÞ thus has branch points in the

f-plane: f ¼ f0 > 0, and f ¼ a0; a1; a2, where

ðf 	 a0Þðf 	 a1Þðf 	 a2Þ
� f3 þ pf2 þ qf þ r: ð2:30Þ

Suppose first that v2 < c2l . Then a0a1a2 ¼ 	r < 0.

Therefore, at least one root is real and negative:

say a0 < 0, and a1a2 > 0. Also, a0ða1 þ a2Þ ¼
q	 a1a2 < 0, so a1 þ a2 > 0. Thus, both a1 and a2
have positive real parts. Branch cuts can therefore

be chosen so that a1 and a2 are joined, while f0 and
a0 are joined by a cut that avoids crossing
the imaginary axis by passing through infinity

(Fig. 1a).

Now suppose that v2 > c2l (Fig. 1b). This case is
uninteresting in itself but the reasoning will apply

also to the function b, with cs replacing cl. It fol-
lows, since r < 0, that there is a real root, a0 > 0,

and a1a2 > 0. This time, q > 0 and no simple de-

duction can be made about ða1 þ a2Þ. It can only

Fig. 1. The branch cuts for the function aðf; sÞ, for v < cl
(a) and v > cl (b).
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be said that the real parts of a1 and a2 have the

same sign. Furthermore, they remain in the same

half-plane for all values of s. If they did not, then

they would be pure imaginary (or exactly zero) for

some s, and this would give a1 þ a2 ¼ 0. This

would imply that a1a2 ¼ q, and it would follow
that pq ¼ r. Inspection of this last proposed rela-

tion shows that it can never be true for any real

s > 0, when v2 > c2l . Branch cuts may be chosen

that join a1 and a2, and f0 and a0. Asymptotic
analysis of the limit ss ! 0 shows, in fact, that all

branch points reside in the half-plane ReðfÞ > 0,

and that one of the roots, which it is legitimate to

call a0, tends to þ1 as ss ! 0. This latter fact is
important because it shows that a0 > f0, at least
for small ss. The inequality must remain true for

all ss since, if it did not, there would be some value
of ss for which a0 ¼ f0. It is easy to verify by

substitution that this can never happen. The in-

equality a0 > f0 ensures that ReðaÞ > 0 for all

f 2 L.
Similar reasoning applies to the function bðf; sÞ,

except that cl is replaced by cs. The roots are called
b0, b1, b2 and the convention is adopted that b0 is
the root that is guaranteed to be real, like a0.

2.2. Rayleigh poles

The function Gðf; sÞ has poles wherever

Dðf; sÞ ¼ 0. The function Dðf; sÞ is numerically
equal, apart from a factor, to the function D0ðk; s0Þ
in the numerator of (2.10), with the correspon-

dences s0 ¼ sð1	 vfÞ and k ¼ sf. Now D0ðk; s0Þ ¼ 0

when

s02

L̂Lðs0Þ
¼ k2c2R; ð2:31Þ

where cR is the speed of Rayleigh waves in an

elastic medium with wave speeds cl, cs. Corre-
spondingly, Dðf; sÞ ¼ 0 when

c2Rðf; sÞ �
ð1	 vfÞ2ðf 	 f1Þ
c2Rðf 	 f0Þ

	 f2 ¼ 0 ð2:32Þ

(compare with the definitions (2.25) of a2 and b2).

Thus, Dðf; sÞ ¼ 0 when f ¼ c0; c1; c2, which follow

the same pattern as a0, a1, a2 except that cR re-

places cl.

3. Riemann–Hilbert problem

3.1. Statement of the problem

The relation (2.20) between u and r provides a
formulation of the given problem as a Riemann–

Hilbert problem. First, the transform variable s is
regarded as real and positive; dependence on

other, complex, values of s can be established by

analytic continuation, later. Dependence on the

variable f, on the other hand, will be analytic in

some neighbourhood of the imaginary f-axis (for
real positive s), since two-sided Laplace transforms
with respect to n are involved.

The function uðf; sÞ, regarded as a function of f,
is, from its definition, analytic in the half-plane

ReðfÞ < 0, since the displacement component u1 is
zero ahead of the crack, so that uðn; tÞ ¼ 0 for all

n > 0. With the convention that the region to the

left of the Bromwich contour L for inversion of the
transform (in the present case, the imaginary axis
or a contour arbitrarily close to it) is considered as

the ‘‘þ’’ region, denoted Dþ, it is helpful to in-

troduce the notation

F þðf; sÞ ¼ s2fuðf; sÞ ð3:1Þ

(so that F þ is related to the Laplace transform of

o2u=onot). Next, the transform r is given in the

form

srðf; sÞ ¼ F 	ðf; sÞ þ /þðf; sÞ; ð3:2Þ

where

/þðf; sÞ ¼ s
Z 1

0

dt
Z 0

	1
dne	sðfnþtÞrðn; tÞ ¼ 1

ðvf 	 1Þ ;

F 	ðf; sÞ ¼ s
Z 1

0

dt
Z 1

0

dne	sðfnþtÞrðn; tÞ:

ð3:3Þ

The explicit form of /þ follows from use of the

boundary condition (2.6). The function F 	 is ana-
lytic in the variable f in the ‘‘	’’ region, denoted
D	, to the right of L. It follows now from (2.20) that

F þðf; sÞ ¼ Kðf; sÞ F 	ðf; sÞ
�

þ 1

ðvf 	 1Þ

	
; f 2 L;

ð3:4Þ
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where

Kðf; sÞ ¼ 	sfGðf; sÞ

¼ 	 fð1	 vfÞ2bðf; sÞðf 	 f1Þ2

qc4s ðf 	 f0Þ2Dðf; sÞ
: ð3:5Þ

In (3.4), the structure of the solution is anticipated

by taking L to be the contour

L ¼ ff ¼ 	d þ iy; 	1 < y < 1g; ð3:6Þ
where 0 < d � 1. The relation (3.4) presents the
following Riemann–Hilbert problem (Noble, 1988;

Gakhov, 1966):

Find the two functions F þðf; sÞ, F 	ðf; sÞ, ana-
lytic with respect to f in Dþ, D	 respectively,

which satisfy the relation (3.4) everywhere on

L except for the point of discontinuity of the

function Kðf; sÞ at infinity. The functions
F þðf; sÞ, F 	ðf; sÞ admit a H€oolder extension

to L apart perhaps from infinity, where they

have to be Lp-integrable, for some p > 1.

The solution of the Riemann–Hilbert problem

(3.4) takes different forms, depending on the speed

v of the crack, relative to the wave speeds of the

material.

3.2. Subsonic case

First, we study the behaviour of the function

Kðf; sÞ at infinity. To do this we analyse the as-

ymptotics of the functions a and b. Since v < cs,
both a and b behave similarly. An easy calculation,

taking account of the branch cuts, shows that, as
f ! 	d � i1,

a � gljfj; b � gsjfj; ð3:7Þ
where

gl ¼ j1	 v2=c2l j
1=2

; gs ¼ j1	 v2=c2s j
1=2

: ð3:8Þ
(modulus signs are included so that the definition

will serve for all v.) It follows that

Kðf; sÞ ¼ ij sgnfImðfÞg þ Oð1Þ;
f ! 	d � i1; ð3:9Þ

where

j ¼ v2gs
qc4sRðvÞ

; ð3:10Þ

with

RðvÞ ¼ ð1þ g2s Þ
2 	 4glgs: ð3:11Þ

The equation RðvÞ ¼ 0 defines the speed cR of

Rayleigh waves, as introduced above.

The function Kðf; sÞ is now expressed in the

form (see for example, Nuller, 1976)

Kðf; sÞ ¼ j tan pcsfK0ðf; sÞ: ð3:12Þ
Then, K0ðf; sÞ ¼ 1þ Oðf	1Þ as f ! 	d � i1 and,

furthermore, K0ðf; sÞ is non-zero at f ¼ 0. Now

since

tan pcsf ¼ TþðfÞ
T	ðfÞ ; ð3:13Þ

where

TþðfÞ ¼ 	
Cð1

2
	 csfÞ

Cð	csfÞ
;

T	ðfÞ ¼ Cð1þ csfÞ
Cð1

2
þ csfÞ

; ð3:14Þ

the Riemann–Hilbert problem (3.4) can be ex-

pressed in the form

F þðf; sÞ
TþðfÞ ¼ jK0ðf; sÞ

F 	ðf; sÞ
T	ðfÞ

�
þ 1

T	ðfÞðvf 	 1Þ

	
;

f 2 L: ð3:15Þ

Fig. 2 shows a plot (the solid curve) of fK0ð	dþ
iy; sÞ : 	1 < y < 1g, for the parameter values

f ¼ 1, s ¼ 1, s ¼ 0:1, d ¼ 0:01 and v ¼ 0:5cs, with
Poisson�s ratio k=2ðk þ lÞ for the medium taking

the value 0:3. 2 The corresponding Rayleigh speed

cR is approximately 0:93cs. The contour does not
enclose the origin. Therefore, the argument of

K0ðf; sÞ suffers no change as f traces the contour

L from 	d 	 i1 to 	d þ i1 ð0 < d � 1Þ. The
same behaviour has been confirmed numerically

for different sets of the parameters of the problem,

so long as 06 v < cR. This means that the winding
number of the function K0 is equal to zero.

Therefore, the Riemann–Hilbert problem (3.15)

2 This means, in effect, that time is measured in units of s,
and s is measured in units of 1=s. This interpretation will be

adopted without comment in the sequel.
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has index zero (Gakhov, 1966) and is solvable

uniquely.

If, however, cR < v < cs, the argument of K0

changes by 2p as L is traversed, as illustrated in

Fig. 2 for v ¼ 0:95cs (the dashed curve). The

problem then has index 1 and its solution is not

unique. The same situation arises in the purely

elastic case. The reason for the change of index is
the movement of the ‘‘Rayleigh pole’’ f ¼ c0 from
Dþ to D	 as v surpasses cR. The super-Rayleigh

r�eegime is not discussed further.

Now, reverting to the sub-Rayleigh r�eegime, in-
troduce the Cauchy integral

logX0ðf; sÞ ¼
1

2pi

Z
L

logK0ðg; sÞ
g 	 f

dg;

argK0ðg; sÞ 2 ð	p; pÞ: ð3:16Þ

Let the limit values of the function X0ðf; sÞ, as f
approaches g 2 L from Dþ and D	, be Xþ

0 ðg; sÞ
and X	

0 ðg; sÞ, respectively. Then by the Sokhotski–
Plemelj formulae,

K0ðg; sÞ ¼
Xþ
0 ðg; sÞ
X	
0 ðg; sÞ

; g 2 L: ð3:17Þ

The function Kðg; sÞ admits the factorisation

Kðg; sÞ ¼ Xþðg; sÞ
X	ðg; sÞ ; g 2 L; ð3:18Þ

where

Xþðg; sÞ ¼ jTþðgÞXþ
0 ðg; sÞ;

X	ðg; sÞ ¼ T	ðgÞX	
0 ðg; sÞ: ð3:19Þ

The Riemann–Hilbert problem (3.15) can now be

expressed

F þðg; sÞ
Xþðg; sÞ 	

1

X	ð1=v; sÞðvg	 1Þ

¼ F
	ðg; sÞ
X	ðg; sÞ þ

1

X	ðg; sÞ

�
	 1

X	ð1=v; sÞ

�
1

ðvg	 1Þ ;

g 2 L: ð3:20Þ

The function on the left side of (3.20) is analytic in

Dþ, while that on the right side is analytic in D	.
Therefore, together, they define an entire function.

This function tends to zero as its argument tends to

infinity, and hence, by Liouville�s theorem, is equal

to zero everywhere in the f-plane. Therefore, the
solution of the Riemann–Hilbert problem becomes

F þðf; sÞ ¼ Xþðf; sÞ
X	ð1=v; sÞðvf 	 1Þ ; f 2 Dþ; ð3:21Þ

F 	ðf; sÞ ¼ X	ðf; sÞ
X	ð1=v; sÞ

�
	 1

�
1

ðvf 	 1Þ ; f 2 D	:

ð3:22Þ

3.3. Transonic case

In the transonic r�eegime, the properties of the

branch aðf; sÞ are the same as in the subsonic case.

However, the function bðf; sÞ is not discontinuous
at infinity as it was in the subsonic case, because
the cuts joining the branch points all lie in D	. In

fact, b � 	gsf, f ! 	d � i1, while the formula

(3.7) (first term) for the asymptotic behaviour of

aðf; sÞ remains valid. The coefficient Kðf; sÞ of the
Riemann–Hilbert problem is discontinuous at in-

finity:

Kðf; sÞ ¼ v2gs
qc4s

v2

c2s

�"
	 2

�2

� 4igsgl

#	1

þ O 1

f

� �
;

f ! 	d � i1: ð3:23Þ

Fig. 2. The set fK0ð	d þ iyÞ : 	1 < y < 1g, for f ¼ 1, s ¼ 1,

s ¼ 0:1, d ¼ 0:01 in the sub-Rayleigh case ðv ¼ 0:5csÞ: the solid
curve, in the super-Rayleigh case ðv ¼ 0:95csÞ: the dashed curve,
and in the transonic case ðv ¼ 1:5csÞ: the dash-dotted curve.
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We now split the function Kðf; sÞ into the follow-

ing factors

Kðf; sÞ ¼ j
cos pj0ðtan pcsf þ tan pj0Þ

K0ðf; sÞ;

ð3:24Þ
where

j ¼ v2 cos pj0

4qc4sgl
;

j0 ¼
1

p
tan	1 ðv2=c2s 	 2Þ2

4gsgl
2 0;

1

2

� �
: ð3:25Þ

The advantage of the representation (3.24) is first,

in the relatively simple factorisation of the trigo-

nometric function (see for example, Antipov and

Arutyunyan, 1991):

cos pj0ðtan pcsf þ tan pj0Þ ¼
T	ðfÞ
TþðfÞ ; ð3:26Þ

where

TþðfÞ ¼ Cð1	 j0 	 csfÞ
Cð1

2
	 csfÞ

;

T	ðfÞ ¼
Cð1

2
þ csfÞ

Cðj0 þ csfÞ
; ð3:27Þ

and second, in the continuity of the function

K0ðf; sÞ at infinity. Indeed,

K0ðf; sÞ ¼ j	1 cos pj0ðtan pcsf þ tan pj0ÞKðf; sÞ
¼ 1þ Oðf	1Þ; f ! 	d � i1: ð3:28Þ

We have confirmed numerically, for different val-

ues of the parameters of the problem, that K0ðf; sÞ
has index zero (see Fig. 2 for v ¼ 1:5cs: the dash-
dotted curve). Therefore, the factorisation of the
function K0ðf; sÞ is constructed as in the subsonic

case and it is given by formulae (3.16) and (3.17).

Analysis of the behaviour of the functions X�
0 ðf; sÞ

and T�ðfÞ at infinity shows that

X�
0 ðf; sÞ � 1; T�ðfÞ � ð�csfÞ1=2	j0 ;

f ! 1; f 2 D�: ð3:29Þ

Therefore, the uniqueness of the solution of the

Riemann–Hilbert problem (3.4) is guaranteed in

the class of functions which possess the following

asymptotics at infinity

F �ðf; sÞ ¼ Oðf	j0	1=2Þ; f ! 1; f 2 D�:

ð3:30Þ
The functions F �ðf; sÞ are determined by formulae

(3.21) and (3.22), where T�ðfÞ; j and K0ðf; sÞ have
to be changed so that they conform to (3.27),

(3.25), (3.24), respectively. The form of the singu-
larity of the traction r̂rðn; sÞ at the crack tip n ¼ 0

follows directly from the Tauberian theorem:

r̂rðn; sÞ ¼ Oðnj0	1=2Þ; n ! 0: ð3:31Þ
Formula (3.25) for j0 indicates that this parameter

is independent of the viscoelastic parameters s and
f , and j0 ¼ 0 when v coincides with Eshelby�s
special speed

ffiffiffi
2

p
cs, which he derived for the elastic

case.

4. Stress singularity coefficients

4.1. Stress intensity factor: sub-Rayleigh case

We start with the sub-Rayleigh r�eegime, for

which j0 ¼ 0. The singularity takes its usual
square-root form and it is appropriate to measure

its strength via the stress intensity factor KII. Its

Laplace transform is given as follows:

K̂KIIðsÞ ¼ lim
n!þ0

ffiffiffiffiffiffiffiffi
2pn

p
r̂rðn; sÞ: ð4:1Þ

Then by the Abelian theorem, from (3.3),

F 	ðf; sÞ � s1=2K̂KIIðsÞffiffiffi
2

p f	1=2; f ! 1; f 2 D	:

ð4:2Þ
On the other hand, directly from (3.21), (3.22) we

establish

F 	ðf; sÞ �
ffiffiffiffi
cs

p

vX	ð1=v; sÞ f	1=2; f ! 1; f 2 D	:

ð4:3Þ
Comparing the above two formulae yields

K̂KIIðsÞ ¼
ffiffiffiffiffiffi
2cs

p

s1=2vX	ð1=v; sÞ

¼
ffiffiffiffiffiffi
2cs

p
Cð1

2
þ cs=vÞ

s1=2vCð1þ cs=vÞX	
0 ð1=v; sÞ

: ð4:4Þ
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A representation for X	
0 ð1=v; sÞ suitable for com-

putation is discussed in Appendix B.

4.2. Singularity coefficient in the transonic case

The singular behaviour of the stress is

rðn; tÞ � kðtÞnj0	1=2 as n ! þ0. Correspondingly,
the Laplace transform of kðtÞ is defined as

k̂kðsÞ ¼ lim
n!þ0

n1=2	j0 r̂rðn; sÞ: ð4:5Þ

By expanding out the function X	ðf; sÞ at infinity,
we get

F 	ðf; sÞ � cs
vX	ð1=v; sÞ ðcsfÞ

	j0	1=2; f ! 1;

f 2 D	: ð4:6Þ

By the Tauberian theorem,

r̂rðn; sÞ � ðsn=csÞj0	1=2

vX	ð1=v; sÞCð1
2
þ j0Þ

; n ! þ0 ð4:7Þ

and therefore, by the definition (4.5), the coeffi-

cient k̂kðsÞ becomes

k̂kðsÞ ¼ ðs=csÞj0	1=2

vX	ð1=v; sÞCð1
2
þ j0Þ

¼ Cðj0 þ cs=vÞðs=csÞj0	1=2

vCð1
2
þ cs=vÞCð12 þ j0ÞX	

0 ð1=v; sÞ
: ð4:8Þ

The representation (B.1) is again employed for the

computation of X	
0 ð1=v; sÞ, in this case with al-

lowance for a discontinuity of the function Hðw; sÞ
defined in Appendix B.

4.3. Inverse Laplace transformation

The formula for inversion of the Laplace

transform gives, for the sub-Rayleigh case,

KIIðtÞ ¼
1

2pi

Z cþi1

c	i1
K̂KIIðsÞest ds; c > 0: ð4:9Þ

The formula for evaluation of kðtÞ in the transonic

case is similar. We next transform the formula (4.9)

to a form convenient for numerical evaluation. The

Laplace transform of the stress-intensity factor,

K̂KIIðsÞ ¼
Z 1

0

e	stKIIðtÞdt; s ¼ c þ ix; ð4:10Þ

can be written as follows

RefK̂KIIðc þ ixÞg þ i ImfK̂KIIðc þ ixÞg

¼ 1

2

Z 1

	1
e	cjtjKIIðjtjÞ cosxtdt

	 i

2

Z 1

	1
e	cjtjsgn tKIIðjtjÞ sinxtdt: ð4:11Þ

Fourier inversion now yields, when t > 0,

KIIðtÞ ¼
2

p
ect

Z 1

0

RefK̂KIIðc þ ixÞg cosxtdx;

KIIðtÞ ¼ 	 2

p
ect

Z 1

0

ImfK̂KIIðc þ ixÞg sinxtdx

ð4:12Þ

(essentially this device was employed, for example,

by Abate and Whitt, 1995). Looking at formulae

(4.12) we see that they both define the same

function KIIðtÞ. Therefore they can be used for

testing a numerical algorithm. On the other hand,

since the inverse Laplace transform (4.9) is inde-
pendent of c > 0, the numerical values of the in-

tegrals (4.12) have to be the same for judicious

values of the parameter c (if c ! 1 then ect ! 1
and the error of approximation grows to infinity).

The convergence of the integrals (4.12) may be

improved as follows. In the sub-Rayleigh case,

letting s! 1 gives

X	 1

v
; s

� �
! X	

e

1

v

� �
; s! 1; ð4:13Þ

where X	
e ðfÞ is the corresponding kernel for the

elastic problem. This provides the Laplace trans-

form of the stress intensity factor KII;eðtÞ in the

elastic case:

K̂KII;eðsÞ ¼
ffiffiffiffiffiffi
2cs

p

s1=2vX	
e ð1=vÞ

; ð4:14Þ

which admits the exact Laplace inversion

KII;eðtÞ ¼
1

vX	
e ð1=vÞ

ffiffiffiffiffiffi
2cs
pt

r
: ð4:15Þ

Doing the same in the transonic case, we get

k̂keðsÞ ¼
ðs=csÞj0	1=2

vCðj0 þ 1=2ÞX	
e ð1=vÞ

: ð4:16Þ
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By using the Laplace transformation formula

L½tm� ¼ Cðm þ 1Þ
smþ1

; m > 	1; ReðsÞ > 1; ð4:17Þ

we obtain the explicit representation for the factor

keðtÞ:

keðtÞ ¼
cos pj0c1=2	j0

s

pvt1=2þj0X	
e ð1=vÞ

: ð4:18Þ

We notice that in the limiting case s! 1, the

branch points a0, b0 and f0 coincide and cancel

each other. The functions a, b in the f-plane have
the branch points f ¼ ðcl � vÞ	1 and f ¼ ðcs� vÞ	1,
respectively.

In fact, for both sub-Rayleigh ðj0 ¼ 0Þ and

transonic r�eegimes, the difference between the two
functions X	ð1=v; sÞsj0	1=2 and X	

e ð1=vÞsj0	1=2 is

visible only for 0 < x < 6,x ¼ ImðsÞ. The function

W ðx; jÞ ¼ X	
e ð1=vÞ

X	ð1=v; c þ ixÞ

�
	 1

�
ðc þ ixÞj	1=2

ð4:19Þ
is plotted in Fig. 3 (the transonic case). Therefore,

for numerical purposes, it is effective to represent

the stress-intensity factor for the sub-Rayleigh case

in the form

KIIðtÞ ¼
ffiffiffiffiffiffi
2cs

p

vX	
e ð1=vÞ

1ffiffiffiffiffi
pt

p
�

þ I1ðtÞ
�
; ð4:20Þ

where

I1ðtÞ ¼
2

p
ect

Z 1

0

RefW ðx; 0Þg cosxtdx

¼ 	 2

p
ect

Z 1

0

ImfW ðx; 0Þg sinxtdx: ð4:21Þ

If the crack propagates at a transonic speed, then

the factor kðtÞ can be evaluated as follows

kðtÞ ¼ cos pj0c1=2	j0
s

pvX	
e ð1=vÞ

t	j0	1=2



þ I2ðtÞ
�
; ð4:22Þ

where

I2ðtÞ ¼
2

p
ectC

1

2

�
	 j0

�Z 1

0

RefW ðx; j0Þg

� cosxtdx

¼ 	 2

p
ectC

1

2

�
	 j0

�Z 1

0

ImfW ðx; j0Þg

� sinxtdx: ð4:23Þ

4.4. Computations

The integrals (4.21), (4.23) have rapidly oscil-

lating factors when t is large. They were evaluated
by approximating the non-oscillating factors as

quadratic functions on sub-intervals, and then in-

tegrating the products of quadratic functions with
sines or cosines analytically (in the absence of the

sines or cosines, this reproduces Simpson�s rule).
The infinite range was dealt with by simple trun-

cation. Convergence of the resulting sums was

accelerated by applying Euler summation, though

this was not strictly necessary, for the purpose of

evaluation to the accuracy required for graphical

presentation.
Fig. 4 shows KIIðtÞ for a sub-Rayleigh speed

ðv ¼ 0:5csÞ, and Fig. 5 shows a sample plot of

kðtÞ for a transonic speed ðv ¼ 1:5csÞ for some

values of the parameters f and s : f ¼ 1; s ¼ 1,

and f ¼ 5; s ¼ 3. They are chosen such that the

relaxation time s=ð1þ f Þ is the same in both cases

but give different long-time moduli. The dash-

dotted curves on the figures give the results for the
elastic medium (obtained by letting s ! 1), while

the solid and dashed curves are for the viscoelastic

cases. At short times the curves tend to coincide,

because the strain-rate induced by the delta-func-

tion loading is infinite, initially. Later, however, as

the distance of the crack tip from the point of

application of the load increases, the viscoelasticity

Fig. 3. The real (solid line) and imaginary (dashed line) parts of

the function W ðx; j0Þ for f ¼ 1, s ¼ 1, c ¼ 0:1, v ¼ 1:5cs.
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progressively reduces the coefficient in comparison
with its elastic value. The reductions in KIIðtÞ and
kðtÞ are greater in the case f ¼ 5, which corre-

sponds to the more extreme reduction of the long-

time moduli. This effect of viscoelastic decay

would be more pronounced even after a short

time, for any smooth loading: the effect of any

time-independent loading, for example, is obtained

by forming a convolution of the given result with

the loading function.

5. Shear traction ahead of the crack

Inverting the transform (3.3) with respect to f
gives

r̂rðn; sÞ ¼ 1

2pi

Z
L
F 	ðf; sÞesfn df

¼ 1

2pis

Z
L0
F 	ðk=s; sÞekn dk: ð5:1Þ

The second form will be useful below, when the

reciprocal space and time variables will need to be

uncoupled. (The line L0 is the image of L under the
transformation k ¼ sf.)

A convenient way to evaluate the transform

is to employ the analytic continuation of F 	 into

Dþ, exploiting the basic Riemann–Hilbert relation

(3.4):

F 	ðf; sÞ ¼ F þðf; sÞ
Kðf; sÞ 	 1

ðvf 	 1Þ : ð5:2Þ

The second term reproduces the delta-function

loading applied to the crack faces. Thus, when

n > 0,

r̂rðn; sÞ ¼ r̂raðn; sÞ þ r̂rbðn; sÞ; ð5:3Þ
where

r̂raðn; sÞ ¼
	1
2pi

Z
L

4qc4s ðf 	 f0Þ2faðf; sÞF þðf; sÞ
ð1	 vfÞ2ðf 	 f1Þ2

� esfn df ð5:4Þ
and

r̂rbðf; sÞ ¼
	1
2pi

Z
L

qc4s ðf 	 f0Þ2ðb2 	 f2Þ2F þðf; sÞ
fð1	 vfÞ2ðf 	 f1Þ2bðf; sÞ

� esfn df; ð5:5Þ
having substituted the explicit form (3.5) for

Kðf; sÞ. The only functions in the integrands that

may not be analytic in Dþ are a and b. For sub-
Rayleigh v (so that, a fortiori, v < cs), aðf; sÞ and
bðf; sÞ are analytic in Dþ, except for cuts on the

segments ð	1; a0� and ð	1; b0� respectively. In
the transonic range cs < v < cl, the function b is

analytic in Dþ while a is analytic in Dþ except on

the cut ð	1; a0�.

Fig. 4. The stress-intensity factor KIIðtÞ in the sub-Rayleigh

case v ¼ 0:5cs for f ¼ 1, s ¼ 1 (the solid curve), f ¼ 5, s ¼ 3

(the dashed curve) and for the elastic case (the dash-dotted

curve).

Fig. 5. The stress singularity coefficient kðtÞ in the transonic case
v ¼ 1:5cs for f ¼ 1, s ¼ 1 (the solid curve), f ¼ 5, s ¼ 3 (the

dashed curve) and for the elastic case (the dash-dotted curve).
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The contour L may now be deformed into Dþ,

by use of Jordan�s lemma when n > 0. This gives,

for r̂ra,

r̂raðn; sÞ ¼
	1
pi

�
Z 	1þ0i

a0

4qc4sfðf 	 f0Þ2aðf; sÞF þðf; sÞ
ð1	 vfÞ2ðf 	 f1Þ2

� esfn df: ð5:6Þ
The fact that a simply changes sign at points on

opposite sides of the branch cut was exploited
here. Similarly, if v < cR,

r̂rbðn; sÞ ¼
	1
pi

�
Z 	1þ0i

b0

qc4s ðf 	 f0Þ2ðb2 	 f2Þ2F þðf; sÞ
fð1	 vfÞ2ðf 	 f1Þ2bðf; sÞ

� esfn df; ð5:7Þ
whereas, if v > cs, then rbðn; sÞ ¼ 0. If v > cl, then
also raðn; sÞ ¼ 0.

5.1. Asymptotic form of the traction for large time

The representations given above permit the
analytic deduction of the long-time asymptotic

form of rðn; tÞ. This corresponds to the asymptotic
form of its Laplace transform, as s! 0. It is im-

portant, however, that the transform variable (k,
say) reciprocal to n should remain fixed. This is the
reason for the introduction of k into the second of

relations (5.1). It is helpful to introduce the defi-

nitions

ka ¼ 	 lim
s!0

ðsa0Þ; kb ¼ 	 lim
s!0

ðsb0Þ: ð5:8Þ

5.1.1. Subsonic range

Consider first the range 06 v < cR. Employ the
substitution f ¼ k=s in (5.6), followed by the fur-

ther substitution k ¼ sa0 	 k0. This gives

Now letting s! 0, it follows that a � iglðk0 þ kaÞ=
s and

F þ sa0 	 k0
s

; s
� �

�
jc1=2s

k0þka
s

� �	1=2
C 1

2
þ cs=v

� �
vCð1þ cs=vÞX	

0 ð1=v; 0Þ
:

ð5:10Þ

Hence, also substituting for j using (3.10),

r̂raðn; sÞ � 	
e	kanc1=2s C 1

2
þ cs=v

� �
4glgs

pvRðvÞCð1þ cs=vÞX	
0 ð1=v; 0Þs1=2

� Jðka; 0; nÞ; ð5:11Þ

where

Jðk; j; nÞ ¼
Z 1

0

ðk0 þ kÞ	1=2	j

� k0 þ k þ 1=vs
k0 þ k þ ð1þ f Þ=vs

� �2

e	k
0n dk0:

ð5:12Þ

Applying the Tauberian theorem now gives

raðn; tÞ � 	
e	kanCð1

2
þ cs=vÞ4glgsðcstÞ

	1=2

p3=2ðv=csÞRðvÞCð1þ cs=vÞX	
0 ð1=v; 0Þ

� Jðka; 0; nÞ ð5:13Þ

as t! 1.

Performing the analogous calculations for rb
gives the results

r̂rbðn; sÞ �
e	kbnc1=2s Cð1

2
þ cs=vÞð1þ g2s Þ

2

pvRðvÞCð1þ cs=vÞX	
0 ð1=v; 0Þs1=2

� Jðkb; 0; nÞ; ð5:14Þ

and

rbðn; tÞ �
e	kbnCð1

2
þ cs=vÞð1þ g2s Þ

2ðcstÞ	1=2

p3=2ðv=csÞRðvÞCð1þ cs=vÞX	
0 ð1=v; 0Þ

� Jðkb; 0; nÞ ð5:15Þ

as t! 1.

The asymptotic form of the stress intensity
factor as t! 1 follows directly from the formulae

r̂raðn; sÞ ¼
esa0n

pi

Z 1	0i

0

4qc4s ðsa0 	 k0Þ½sða0 	 f0Þ 	 k0�2a sa0	k0
s ; s

� �
F þ sa0	k0

s ; s
� �

½s	 vðsa0 	 k0Þ�2½sða0 	 f1Þ 	 k0�2
e	k

0n dk0: ð5:9Þ
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given above, by letting n ! 0. The results are

K̂KIIðsÞ �
ffiffiffi
2

p
Cð1

2
þ cs=vÞðcssÞ	1=2

ðv=csÞCð1þ cs=vÞX	
0 ð1=v; 0Þ

as s! 0;

ð5:16Þ

KIIðtÞ �
ffiffiffi
2

p
Cð1

2
þ cs=vÞðcstÞ	1=2

p1=2ðv=csÞCð1þ cs=vÞX	
0 ð1=v; 0Þ

as t ! 1:

ð5:17Þ
It is noted that (5.16) is in agreement with (4.4).

5.1.2. Transonic range

Considering now the transonic range cs < v <
cl, the function rb is zero, by Cauchy�s theorem,

because its integrand is analytic in Dþ. Thus,

rðn; tÞ � raðn; tÞ. Eq. (5.9) still applies but now,

when s! 0,

F þ sa0 	 k0
s

; s
� �

� 	
jc1=2	j0

s
k0þka
s

� �	1=2	j0
Cðj0 þ cs=vÞ

vCð1
2
þ cs=vÞX	

0 ð1=v; 0Þ
;

ð5:18Þ
with j now given by (3.25). The result is, as s! 0,

r̂rðn; sÞ � e	kanc1=2	j0
s Cðj0 þ cs=vÞ cos pj0sj0	1=2

pvCð1
2
þ cs=vÞX	

0 ð1=v; 0Þ
� Jðka; j0; nÞ: ð5:19Þ

Correspondingly, as t! 1,

rðn; tÞ � e	kanCðj0 þ cs=vÞ cos pj0ðcstÞ	j0	1=2

pðv=csÞC 1
2
þ cs=v

� �
C 1

2
	 j0

� �
X	
0 ð1=v; 0Þ

� Jðka; j0; nÞ: ð5:20Þ

The long-time behaviour of the stress singularity

coefficient again follows by considering n ! 0.

This gives

k̂kðsÞ �
c1=2	j0
s Cðj0 þ cs=vÞ cos pj0C 1

2
	 j0

� �
sj0	1=2

pvC 1
2
þ cs=v

� �
X	
0 ð1=v; 0Þ

ð5:21Þ
as s! 0, and

kðtÞ � Cðj0 þ cs=vÞ cos pj0ðcstÞ	j0	1=2

pðv=csÞC 1
2
þ cs=v

� �
X	
0 ð1=v; 0Þ

ð5:22Þ

as t! 1. It is noted that the formula (5.21) agrees

with the result (4.8), because Cð1
2
	 j0ÞC ð1

2
þ j0Þ ¼

p= cos pj0.

5.2. The parameters ka, kb

Recall that, in general, the zeros of the function

a2ðf; sÞ are called a0, a1 and a2, where only a0 is in
Dþ, and then only when v < cl. Elementary as-

ymptotic analysis shows that, as s! 0, the three

zeros of a2ðf; sÞ take the forms

fI �
c2l 	 ð1þ f Þv2
svsðc2l 	 v2Þ

;

fII �
1

v	 ð1þ f Þ	1=2cl
;

fIII �
1

vþ ð1þ f Þ	1=2cl
: ð5:23Þ

Thus,

a0 � fII; 06 v < ð1þ f Þ	1=2cl;
fI; ð1þ f Þ	1=2cl < v < cl

�
ð5:24Þ

and hence

ka ¼
0; 06 v < ð1þ f Þ	1=2cl;
ð1þf Þv2	c2l
vsðc2l	v

2Þ ; ð1þ f Þ	1=2cl < v < cl:

(
ð5:25Þ

The formulae for kb are the same, except that cs
replaces cl. It should be noted that the speeds

cl=ð1þ f Þ1=2, cs=ð1þ f Þ1=2 are the phase speeds of
low-frequency longitudinal and shear waves, cor-

responding to the relaxed moduli.

5.3. The traction for t! 1 and large n

To describe the behaviour of the traction

rðn; tÞ ¼ r12ðx1 	 vt; 0; tÞ as t! 1 with n large,

introduce the constants

C0 ¼
ffiffiffiffi
cs

p
C 1

2
þ cs=v

� �
pvCð1þ cs=vÞX	

0 ð1=v; 0Þ
;

C1 ¼ 	 4gsgl
RðvÞ C0;

C2 ¼
Cðj0 þ cs=vÞ cos pj0c1=2	j0

s

pvC 1
2
þ cs=v

� �
C 1

2
	 j0

� �
X	
0 ð1=v; 0Þ

ð5:26Þ
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and analyse formulae (5.13) and (5.20) when

n � css.
3 We state the final result as follows:

If the crack propagates at a sub-Rayleigh speed

v < cR, and t! 1, then the shear traction ahead of

the crack is not exponentially damped:

rðn; tÞ � C

ð1þ f Þ2
ðntÞ	1=2; n � css;

C ¼ C0; 0 < v < ð1þ f Þ	1=2cs
C1; ð1þ f Þ	1=2cs < v < cR

�
ð5:27Þ

unless cR > ð1þ f Þ	1=2cl, and v 2 ðð1þ f Þ	1=2cl;
cRÞ when the traction decays exponentially with

respect to n:

rðn; tÞ � vska þ 1

vska þ 1þ f

� �2 C1

ðpkatÞ1=2n
e	kan; n � css:

ð5:28Þ

For the transonic case, if cs > ð1þ f Þ	1=2cl, then
the shear traction vanishes at infinity exponentially:

rðn; tÞ � vska þ 1

vska þ 1þ f

� �2 C2

ðkatÞj0þ1=2n
e	kan; n � css:

ð5:29Þ

Otherwise, the traction has the exponential decay

(5.29) if ð1þ f Þ	1=2cl < v < cl only. For the lower
speeds, v 2 ðcs; ð1þ f Þ	1=2clÞ, exponential decay is
not observed and the behaviour of the traction for

large n is described by

rðx; tÞ �
C 1

2
	 j0

� �
ð1þ f Þ2

C2n
j0	1=2t	j0	1=2; n � css:

ð5:30Þ

6. Concluding remarks

The problem of a dynamically-advancing crack

in a viscoelastic medium, subjected to a particular

loading on the faces of the crack, has been solved.

It generalises to viscoelasticity a recent solution

obtained for an elastic medium by Huang and Gao

(2001), the novelty of which was the study of the

transonic range of crack speeds. It is seen, as ex-

pected, that the viscoelastic dissipation reduces the
stress ahead of the crack, in comparison with its

values in an elastic medium. A feature which ran

counter to our expectations is that the strengths of

the stress singularities decay only algebraically as

time increases, though their actual magnitudes are

less than in the elastic case. However, a study of

the long-time form of the stress as a function of

position n ahead of the crack tip shows exponen-
tial decay, for some speed ranges: for sub-Rayleigh

propagation, it is necessary that both ka and kb
should be strictly negative. Otherwise, exponen-

tial decay is not observed, though there is still

a transition in behaviour as v increases past

cs=ð1þ f Þ1=2, because the term associated with rb
starts to display exponential decay. For transonic

propagation, ka is the only relevant parameter.
The exact range of possibilities depends on the

relative magnitudes of cR, cs=ð1þ f Þ1=2, cs, cl=ð1þ
f Þ1=2 and cl.

Onset of exponential decay as crack speed v
increases through a ‘‘low-frequency’’ wave speed

was first observed by Willis (1967) in a study of

steady-state propagation under Mode III loading.

A more complete study, including both steady
state and more general transient loadings, also

including transonic crack speeds, is in progress.
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Appendix A. Different bulk and shear relaxation

We aim to show that the procedure based on

solving a scalar Riemann–Hilbert problem is ap-

plicable for the more general case of the constitu-
tive equation

3 Note, however, that since the limit t! 1 was taken first,

the expressions that result are subject to the restriction n � cst,
so that they apply far behind the wavefronts.
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rij ¼ Kbdijg1 � dekk þ 2lg2 � de0ij; ðA:1Þ

where Kb ¼ k þ 2
3
l is the bulk modulus, e0ij denotes

the strain deviator eij 	 1
3
dijekk, and g1ðtÞ and g2ðtÞ

are the bulk and shear relaxation functions re-

spectively:

gjðtÞ ¼
1

1þ fj
1

�
þ fj exp

�
	 1þ fj

sj
t
��
HðtÞ;

j ¼ 1; 2: ðA:2Þ

The parameters f1, f2 and s1, s2 are assumed to be

different. Following the scheme of Section 2, in-

stead of the functions (2.25), we get

a2 ¼ 	f2 þ qðvf 	 1Þ2

Kbh1 þ 4l
3
h2

;

b2 ¼ 	f2 þ qðvf 	 1Þ2

lh2
; ðA:3Þ

where

hjðf; sÞ ¼
f 	 fðjÞ0
f 	 fðjÞ1

;

fðjÞ0 ¼ sj þ 1=s
vsj

; fðjÞ1 ¼ sj þ ð1þ f Þ=s
vsj

;

j ¼ 1; 2: ðA:4Þ

It is clear that as before, the function bðf; sÞ has
four branch points in the f-plane, whereas the

function a has six branch points. We choose

those branches of the functions a, b which meet

the conditions: ReðaÞ > 0, ReðbÞ > 0 for all f 2 L.
Use of the boundary conditions gives the Rie-

mann–Hilbert boundary-value problem (3.4) with

the function Kðf; sÞ defined by

Kðf; sÞ ¼ 	
fða2 þ f2Þbðf; sÞ Kbh1ðf; sÞ þ 4l

3
h2ðf; sÞ


 �
l2h22ðf; sÞDðf; sÞ

;

ðA:5Þ
with

Dðf; sÞ ¼ 4f2ab þ b2 	 f2

lh2
Kbða2

�
þ f2Þh1

þ 2l
3
ð2a2 	 f2Þh2

�
: ðA:6Þ

The new problem can be also solved by the method

of Section 3.

Appendix B. A computationally convenient form for
X	

0 ð1=v; sÞ

Consider first the case of subsonic propagation.

We notice that 1=v 62 L ¼ fImðsÞ ¼ 	d;	1 <
ReðsÞ < 1g ðd > 0Þ, and therefore, the integral

Eq. (3.16) defining logX	
0 ð1=v; sÞ is not singular.

For numerical purposes, it is convenient to trans-

form the integral to one around the unit circle:

X	
0

1

v
; s

� �

¼ exp
1

pi

Z
jwj¼1

Hðw; sÞdw
	d 	 1þ ð	d þ 1Þw	 1

v ðwþ 1Þ

( )
;

ðB:1Þ

where

Hðw; sÞ ¼ 1

wþ 1

� logK0

	d 	 1þ ð	d þ 1Þw
wþ 1

; s
� �

:

ðB:2Þ

The function K0ðg; sÞ is continuous at infinity, and
K0ðg; sÞ ¼ 1þ Oðg	1Þ, g ! 	d � i1. Therefore,

the new function is bounded at w ¼ 	1 : Hðw; sÞ ¼
Oð1Þ;w! 	1. Because of the sensitivity to errors

in the values of the function Hðw; sÞ in a neigh-

bourhood of the point w ¼ 	1, it is important to
know the value Hð	1; sÞ. To find it we expand out

the functions

aðf; sÞ ¼ 	figlsgnImðfÞ 1

"
þ v
c2lg

2
l

1þ ð2ssÞ	1f
f

þ O 1

f2

� �#
;

bðf; sÞ ¼ 	figs sgnImðfÞ 1

"
þ v
c2sg2s

1þ ð2ssÞ	1f
f

þ O 1

f2

� �#
; f ! 	d � i1: ðB:3Þ
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Therefore, the Rayleigh function Dðf; sÞ has as-

ymptotic behaviour as follows:

Dðf; sÞ ¼ f4RðvÞ þ f3
4vð1þ f2ssg	1f Þ

c2s

� 2

�
	 v

2

c2s
	 c

2
sg

2
s þ c2lg2l
c2lglgs

�
þ Oðf2Þ;

f ! 	d � i1: ðB:4Þ

Substituting formulae (B.3), (B.4) into (3.5) gives

the first two terms of the asymptotic expansion for

the function Kðf; sÞ

Kðf; sÞ ¼ ijsgnImðfÞ 1

�
	 KðsÞ

f
þ O 1

f2

� ��
;

f ! 	d � i1; ðB:5Þ

where

KðsÞ ¼ f
vss

þ 1

�
þ f
2ss

�
2

v

�
	 v
c2sg

2
s

þ 4v
c2sRðvÞ

2

�
	 v

2

c2s
	 c

2
sg

2
s þ c2lg2l
c2lglgs

��
:

ðB:6Þ

Therefore,

K0ðf; sÞ ¼
Kðf; sÞ

j tan pcsf

¼ 1	 KðsÞ
f

þ O 1

f2

� �
; f ! 	d � i1:

ðB:7Þ

Using the definition (B.2), it follows that the as-

ymptotic form of Hðw; sÞ as w! 	1 is given by

Hðw; sÞ ¼ 1

2
KðsÞ þ Oðwþ 1Þ; w! 	1: ðB:8Þ

Thus, the function Hðw; sÞ is bounded and con-

tinuous everywhere on the unit circle jwj ¼ 1.

In the case of transonic propagation, we again

convert the Cauchy integral (3.16) into the integral

(B.1) around the unit circle and analyse the be-
haviour of the function Hðw; sÞ as w! 	1. The
function aðf; sÞ has the same asymptotic expansion
as in the subsonic case, namely, (B.3). For the

function bðf; sÞ,

bðf; sÞ ¼ 	fgs 1

"
þ v
c2sg

2
s

1þ ð2ssÞ	1f
f

þ O 1

f2

� �#
;

f ! 	d � i1: ðB:9Þ

By applying the same argument as in the subsonic

case, we finally get

Kðf; sÞ ¼ j
cos pj0ð�iþ tan pj0Þ

1

�
	 K�ðsÞ

f

þ O 1

f2

� ��
; f ! 	d � i1; ðB:10Þ

where

K�ðsÞ ¼ f
vss

þ 1

�
þ f
2ss

�

� 2

v

�
	 v
c2sg

2
s

þ v
c2sgsglð�iþ tan pj0Þ

� 2

�
	 v

2

c2s
� i
c2sg

2
s þ c2lg2l
c2lglgs

��
: ðB:11Þ

It becomes evident that although the function

Hðw; sÞ is bounded at w ¼ 	1, it is discontinuous
at this point:

Hðw; sÞ ¼ 1

2
K�ðsÞ þ Oðwþ 1Þ;

w ¼ eih; h ! �p � 0: ðB:12Þ
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