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Abstract

Let A be a complex hyperplane arrangement, andldte a modular element of arbitrary rank
in the intersection lattice ofA. Projection alongX restricts to a fiber bundle projection of the
complement of4 to the complement of the localizatiody of A at X. We identify the fiber as
the decone of a realization of the complete principal truncation of the underlying matrdidlohg
the flat corresponding t&. We then generalize to this setting several properties of strictly linear
fibrations, the case in whicki has corank one, including the triviality of the monodromy action on
the cohomology of the fiber. This gives a topological realization of results of Stanley, Brylawsky,
and Terao on modular factorization. We also show that (generalized) parallel connection of matroids
corresponds to pullback of fiber bundles, clarifying the notion that all examples of diffeomorphisms
of complements of inequivalent arrangements result from the triviality of the restriction of the Hopf
bundle to the complement of a hyperplane. The modular fibration theorem also yields a new method
for identifying K (;r, 1) arrangements of rank greater than three. We exhibit new famili&of 1)
arrangements, providing more evidence for the conjecture that factored arrangements of arbitrary
rank arek (rr, 1). O 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let V be a vector space over a fiekl An arrangement A in V is a finite collection
of linear hyperplanes irV. The complement M = M(A) of Ais V — [ JA. A set of
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hyperplanes3 is dependent if the codim(()B) < |B|. These dependent sets determine
a matroidG (A) with ground setA, theunderlying matroid of 4. Alternatively,G(A) is
the linear matroid realized by the projective point configuratitinin P(V*) determined
by the defining linear forms for the hyperplanes4f

In caseK = C the complemen# (A) is a connected manifold whose topology has been
studied in great detail. In this case there is a strong connection between the topological
structure ofM (A) and the underlying matroid@ (.4). The paradigmatic result along these
lines is that the cohomology @f (4) has a presentation depending only®@@A4), with the
consequence that the Poincaré series of the cohomology rivig.d§ essentially coincides
with the characteristic polynomial @ (.A) [23]. It has become clear that techniques and
constructions from matroid theory can have interesting and surprising implications for the
topology of hyperplane complements. In this paper we interpret the matroidal notions of
modular flat, principal truncation, and generalized parallel connection in this vein, in terms
of bundles of complex hyperplane arrangements, their fibers, and pullbacks via inclusion
maps.

Henceforth we restrict our study to complex arrangements. ifiteesection lattice
L = L(A) of A is the set of subspaces of C* which are intersections of hyperplanes
of A, X = (B for B C A, partially ordered by reverse inclusion. The smallest element
of L is 0, = C*, the empty intersection, and the largest element of 1, = ().A. For
X,Y € L(A), thejoinXvYisXNY andthemeet X AY is(\{H e A|H 2 X+Y}. The
rank functionr of L is given byr(X) = codim(X), and the semimodular law holds:

r(XAY)+r(XvVvY)<r(X)+r(Y),

for X,Y € L. Then L is a geometric lattice, isomorphic to the lattice of flats of the
matroidG (A), via the identification ofX € L with the flat

Ax={He A|HDX}.

We will often refer to elementX € L(A) as flats, tacitly identifyingX with Ax. For
instance, “point” and “line” refer to flats of rank one and two. Tdoeank of a flat X is
r(1y) — r(X), and “copoints” and “colines” are flats of corank one and two.

When equality holds in the formula abov€, Y) is called amodular pair. An element
X e L(A) ismodular if (X,Y) is a modular pair for every € L(A). This is equivalent
to the condition thatX + Y be an element of. for everyY € L. Let & be the linear
projection of C ¢ onto the quotien€ ¢/ X. Modularity of X implies that fibers ofr, the
parallel translates oX, intersect eaclir € L(.A) in the same way, independent of position.
This observation was already made by Terao in [32], who provedithat 4 is a fiber
bundle projection in casg has corank one. But, in fact, it is easy to show that modularity
of X is equivalent tar being a map of stratified spaces, under the natural stratifications
of C¢andC*/ X determined byd and.Ax. Being a linear projection, it is trivial to show
7 restricts to a submersion on each stratum. L. Paris showed how to extena proper
map of stratified spaces. Then Thom'’s Isotopy Lemma impliesithat 4) is a fiber bundle
projection forX a modular flat of arbitrary rank.

This fibration result interpolates between two well-known extreme cases. InXase
is a modular copoint, the result was proven in [32], as already mentioned. This case
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gives rise to the notion of supersolvable arrangement, and its connection with fiber-type
arrangements [13], a much-studied class [31,21,2,6]. InEdse point, i.e., a hyperplane

of A, thenX is automatically modular, and the fibration is just the restriction of the defining
form ¢:C* — C of the hyperplaneX. This gives rise to the well-known elementary
“cone—decone” construction [24]. The restrictiph, 4, : M(A) — C* is in fact a trivial
fibration, with fiber isomorphic to the complementG—1 of an affine arrangement, the
decone of A.

The general modular fibration theorem was proved by Paris [27]. At the same time,
we were independently conducting the research reported on in this paper [28], and had
arrived at the same conclusion, only to later discover an error in our treatment of the proper
extension ofr. We sketch the argument here, and refer the reader to [27] for a complete
proof, concentrating instead on other structural results and consequences of the theorem.

In [32], Terao establishes the result for modular copoints, and proves that for general
modularX the fibers ofr have the same combinatorial type. But he specifically remarks
that a proof of local triviality in the general case is not at hand. See Remark 2.7. The
proof of Corollary 3.2 is in a sense a parametrized version of the argument of [29], where
stratification techniques were first used in the theory of arrangements, several years after
Terao’s work.

The characteristic polynomial of a lattice was defined by G.-C. Rota. The characteristic
polynomial of a matroid is the characteristic polynomial of its lattice of flats. The
modular flatX gives rise to a factorization of the characteristic polynomial;gfl) over
the integers, with one factor given by the characteristic polynomiab @flx). This is
Stanley’s modular factorization theorem [30]. Brylawski [3] identified the other factor
as the characteristic polynomial of a related matroid, dbraplete principal truncation
Tx(G) [36, Section 7.4] of5 = G (A) alongX, divided by(r — 1). The complete principal
truncation is obtained by successively adjoining generic points on the specified flat and
contracting on the new points. Technically this is a matroid with multiple points; when we
refer toTx (G) we will always mean the associated simple matroid (with the same lattice
of flats).

We show in Theorem 2.1 that the fiber of the bundle may 4, is the complement
of the decone of an arrangement realizing the complete principal truncation(.4f
on the flat X. In addition, just as in the corank-one case [13], the monodromy of
the bundle is shown to act trivially on the cohomology of the fiber (Theorem 3.5).
Then the E; term in the Leray—Serre spectral sequencerf 4y is isomorphic to
the tensor product of the cohomology of the bageAy) with that of the fiber. Using
the identity relating characteristic polynomials and Poincaré polynomials, we obtain a
topological interpretation of the Stanley—Brylawski and Terao factorization results. In
fact, the factorization of the characteristic polynomial implies that the spectral sequence
degenerates at the, term, just as in the corank-one case, although we have no topological
proof of this fact (Remark 3.10).

In the corank-one situation, the monodromy of the bundle gives rise to a “braid
monodromy” homomorphism from1(M) to the (pure) braid group om strands, where
n = |A — Ayx|. In the general case the analogue of this braid monodromy takes values in
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the fundamental group of the matroid stratum of the Grassmannian, or equivalently, the
projective realization space, of the complete principal truncafiefG). See Remark 3.4.

The current research grew out of an attempt to clarify and generalize the construction
of [8], which involved arrangements whose matroids are parallel connections. We began by
studying the matroidal notion afeneralized parallel connection. Loosely speaking, this
is the free sum of two matroids along a common flat. This free sum is well-defined if and
only if the flat is modular in one of the matroids. Thus we were led to the consideration of
modular flats. The combinatorial study of Sections 2 and 4 formed the main part of an NSF
Research Experiences for Undergraduates project in the summer of 1997. This work was
reported on in [28], which provided the groundwork for this paper.

Given the modular fibration result, we show that generalized parallel connection, in
a natural realization in terms of complex arrangements, corresponds to the pullback of
fiber bundles (Theorem 4.2). The construction of [8], which yields diffeomorphisms of
the complements of arrangements with non-isomorphic matroids, uses ordinary parallel
connection, in which the identified flats are points. Then the diffeomorphisms of [8] are a
consequence of two elementary observations, that the cone—decone construction yields a
trivial bundle, and that the pullback of a trivial bundle is trivial.

When the base and fiber of a modular fibration are both aspherical, it follows that the
complemeniM (A) is also aspherical. In this cagkis called aK (r, 1) arrangement. The
problem of identifyingK (;r, 1) arrangements has been an important one in the study of
complex arrangements. There are two well-known classds(af 1) arrangements, the
supersolvable ones, which are abundant in all ranks, and the simplicial ones, which are
rare in ranks greater than three. Other techniques for identii(xg 1) arrangements are
mostly restricted to arrangements of rank three. See [11,14,15] for further exposition of the
K (7, 1) problem.

Corollary 3.2 provides a method for identifyidg(;r, 1) arrangements in ranks greater
than three. In the final section we exhibit new families of such arrangements, arising
from the work of Edelman and Reiner [7] and Bailey [1] on threshold graphs and
subarrangements of the Coxeter arrangement of BypeBy the classification result of
Bailey, these new examples are all “factored” [24, Section 3.3]. So our result provides more
evidence for the conjecture that factored arrangements of arbitrary ramik(atel) [15].

We also give an example of an arrangement of rank four which has two different modular
colines. Then Corollary 3.2 implies that a certain arrangement of rank three, the cone of
one of the fibers, is na&t (r, 1), an arrangement to which existing techniques do not apply.

The search for examples of high-rail(zr, 1) arrangements was motivated by a sug-
gestion of G. Ziegler several years ago concerning counterexamples to the “homotopy
type conjecture,” that complex arrangements with the same underlying matroid should
have homotopy-equivalent complements [24]. This idea, laid out in [28], is to find
K (m, 1) arrangements of high rank, whose underlying matroids have different charac-
teristic polynomials, but have isomorphic generic rank-three truncations. Then generic
3-dimensional sections of these arrangements will have isomorphic underlying matroids,
but non-isomorphic fundamental groups. Unfortunately we are so far unable to construct
such examples using the technique of this paper.
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2. Projectionsand principal truncations

In this section we establish terminology and analyze the combinatorics associated with
projections of hyperplane arrangements. l4ebe a central arrangement of hyperplanes
in C*¢. Let L = L(A) be the intersection lattice ofl, consisting of subspaces 6f¢ as
described in the introduction.

Llet X e L. Let Ay ={H € A| H 2 X}, and letz:C* — C*/X be the natural
projection. Note thatr maps each hyperplan® € Ax to a hyperplane ofC¢/X.
Henceforth we consider the arrangemgsit to be an arrangementifi‘/ X .

We shall have occasion to study arrangements formed by the intersections of the
hyperplanes of4 with a given affine subspac® This induced arrangement kis called
theredtriction of A to S, denotedAS.

We start by describing the combinatorial structure of the affine arrangefefarmed
by restrictingA to a generic fiber ofr. This requires some discussion of the cone—decone
construction of [24], and a description of the matroid construction of principal truncation
along a flat.

There is a natural correspondence between arrangements of linear hyperpl@res in
and arrangements of affine hyperplane€ir!. The analytic operations need not concern
us here; they are described in detail in [24,8]. One places a copy of a given(@ffing)-
arrangement into {1} x C¢~1 c C*. Then replace each of the affine subspaces in this
copy of B by its linear span ifC ¢ (i.e., “cone over the origin”) and adjoin the “hyperplane
at infinity” {0} x C¢1, to obtain a central arrangement!, the cone of A, in C¢.

The inverse operation, called “deconing,” takes a central arrangesémits projective
image, and dehomogenizes relative to a hyperplgec A to obtain an affing¢ — 1)-
arrangemend A.

The intersections of hyperplanesd&fl form a geometric semilattice [35], isomorphic

to a subposet of.(A4). Specifically,

LdA)Z{Y e L(A) | Y # Ho}.

The fiber arrangemend,; is an affine arrangement of dimensién- r(X). We will
show that the underlying matroid of the cond, is the complete principal truncation of
the matroidG (A) along the flatdy.

Theprincipal truncation T (G) of a matroidG along a flatF' is constructed by adding a
generic poinfp on the flatF' and then contracting on p [36, Section 7.4]. The result may
be a matroid with multiple points. We tacitly simplify the resulting matroid, by removing
any multiple points. This does not affect the intersection lattice, characteristic polynomial,
or Orlik—Solomon algebra.

This operation can be iterated. Toamplete principal truncatiori(G) is the result of
r(F) — 1 successive principal truncations snso thatF reduces to a point. Equivalently,
one can ada(F) — 1 generic points t& and contracG on the flat spanned by the new
points. Contraction of a matroid on a point corresponds to projection of a projective point
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configuration from one of its points, or restriction of a hyperplane arrangement to one of
its hyperplanes.

Theorem 2.1. Let X € L and let A,; be the affine arrangement obtained by restricting .4
to a generic fiber of 7 :C¢ — C*¢/X. Then the matroid G(c.Ay) is isomorphic to the
complete principal truncation Ty (G) of G = G (A) along theflat Ay .

Proof. Dualizing the description of complete principal truncation to hyperplane arrange-
ments, we see thdiy (G) is the matroid of the arrangemedt’ obtained by choosing a
generic subspack of codimension(X) — 1 containingX, and restricting4 to P. Then

P has dimension ditX) + 1, X N P is a hyperplane ofA”, and an affine translate of

X N P is a generic fiber ofr. It follows thatd (AY) = A,,s0A” =cA,. O

Definition 2.2. A pair (X, Y) forms amodular pair in L if
rXvY)+r(XAY)=r(X)+r).

An elementX € L is modular if (X, Y) is a modular pair for every € L.

The following lemma is the key to the proof of the modular fibration theorem, and is
trivial to prove.

Lemma23. Let X,Y € L. Then (X, Y) isamodular pair ifandonlyif X +Y € L.

WhenX is modular, the conclusion of Theorem 2.1 holds for every fiber ofer points
notin|J.Ax. To prove this we need to describe the rank functipron the lattice of flats
L(Tx(G)). According to [36, Proposition 7.4.9], the setTx (G)) can be identified with
{YeL|XAY =04 orY > X}. With this identification the rank functiory is given
by
rY) ifX/\Y:OL(_A),

Y):=
rr(¥) {r(Y)—r(X)+1 ify > X.

Theorem 2.4. Suppose X be a modular flat. Let v=v + X € (C*/X) — | J. Ay and let
Agz be the restriction of A to 7 ~1(7). Then the intersection lattice L(c.Ay) is isomorphic
to L(Tx (M)).

Proof. As in the proof of Theorem 2.1, the arrangemeut; can be identified with the
restriction A” of A to the linear subspac® of codimensiorn-(X) — 1 spanned byx
andv. ThenL(cAy) ={P NY | Y € L(A)}. There are three cases.

Case 1. Suppose’ € L(A) satisfiesX A Y =0p (4. By modularity ofX, X +Y = ct.
Then there existy € Y such thatv =y =y + X. ThenPNY =(Cv+ X)NY =
(Cy+X)NY=Cy+(XNY).Sincev ¢ | JAx, y ¢ X, SO

codimp (P NY) = codime 1 x (Cy + (X NY))
= codimgy (X NY)
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= codimr¢ (X NY) — codimpe(X)
=r(XVvY)—r(X)
= r(Y),

the last equality by modularity of .
Case 2. Suppose > X. ThenY C X C P so

codimp(PNY) = codimp(Y)
= codimy (Y) + codimp (X)
=r¥)—rX)+1

Case 3. Suppose f4) < X AY < X. ThenX UY C H for someH e A. Note that
v¢ H,sincev ¢ | JAy. It followsthatP N H = (Cv+ X) N H = X sinceX C H while
vg H.SincePNYC PNHwehavePNY=PNY forY =X VvY > X, which case
is treated above.

These calculations verify thdt(c.A,) can be identified withL(Tx (G)) as described
above, with the same rank functiono

Remark 2.5. The same calculations as in case 1 above can be used to show that the
converse of Theorem 2.4 also holds. Thatdiss modular if the latticd. (c.Ay) is constant
over M (Ax). This will be used to identify modular flats in the examples of Section 5.

LetM(A)=C¢—JAandM(Ax) = (C*/X) —|JAx. Note thatr mapsM (A) onto
M(Ax).

Corollary 2.6. Thefibersof |y 4): M(A) — M(Ax) arediffeomorphic.

Proof. The fiber of |y 4) over v is the complement of the arrangemedt in
7@ = Ct"X), Since the basé/(Ay) is path-connected, Theorem 2.4 implies that
the arrangements4, are lattice-isotopic. Then the assertion follow from [29(a

Remark 2.7. Theorem 2.4 was essentially proved by Terao in [32]. Our result explicitly
identifies the lattice. In cask is a copoint, Corollary 2.6 follows without using Randell's
lattice isotopy theorem, which had not been discovered at the time of Terao’s work. In
fact Corollary 2.6 and the fibration result Corollary 3.2 of the next section confirm the
suggestion stated after Proposition 2.12 of [32]. The proof of Corollary 3.2 uses the
stratification technique first introduced to arrangement theory by Randell in his proof of
the isotopy theorem.

3. Modular flatsand fibrations

The arrangemend defines a stratificatio§ of C¢:

cl=UtsyIveLy,
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whose strat&y are given by

sy=y-Jz
zZ>Y
Thus Sy is a connected dense open subset of the linear spate particular,Sy is a
smooth submanifold of ¢. Note that the closed stratusi is equal toY . Also Sy NSz # @
if and only if Sy € Sz ifand only if Y > Z.

This stratification satisfies Whitney’s conditions (a) and (b) [17]. Indeed these conditions
involve tangent and secant lines, and tangent spaces to strata, which are trivial to verify
becauseSy, as an open subset of the linear spéicdas tangent space at any point equal
toY.

Let X € L be a modular element of rank. We may identifyC*¢/X with C?. Let
7:C% — CP be the natural projection. The arrangemett = (H € A | H 2 X},
considered as an arrangementif/ X = C?, determines a stratification 6f” as above.
Elements ofL(Ax) have the formrY = X +Y/X forY € L(A). Referringto Lemma 2.3,
one sees that the preimage of a stratum is a union of strata, that is; fked map of
stratified spaces, precisely wh&nis modular. Sincer is a linear surjection, it restricts to
a submersion on each stratum. In order to apply the Thom isotopy lemma, it is necessary
to extendr to a proper map of stratified spaces. This step was carried out by Paris [27].

Theorem 3.1. There exists a stratified space Py containing C* as an open dense subset,
and an extension of 7 to a proper stratified map 7 : Py — C?.

The spacePy is obtained by compactifying the fibers of i.e., the parallel translates
of X, via projective completion, so th@y is diffeomorphic toP(C?) x C?, whereq =
¢ — p=dim(X). This can be viewed as a parametrized version of Randell’s construction
in his proof of the lattice isotopy theorem [29]. The stratificatior(df is extended to a
stratification ofPx by adjoining closed strata formed by intersecting the closures dfjthe
in Px with (P(C%) — CY) x C?. These new strata have the fosjf x C?, forY > X,
whereSy° = (Sy N X) N (P(C?) — C?). The mapr is projection on the second factor.

Let M(A) and M(Ayx) denote the complements of.A and | JAx in C* andC?,
respectively.

Corollary 3.2. Themap 7|4 : M(A) — M(Ax) isafiber bundle projection.

Proof. The complement (A) coincides with the open stratusy, of Ctc Px. So
Theorem 3.1 implies that the restriction ©fto M (A) is a fiber bundle projection, by
the Thom isotopy lemma [17,22,34]0

We proceed to generalize the properties of strictly linear fibrations [13], wkidsea
modular copoint, to general modular fibrations. Hencefortilbe a modular flat of.(A),
and let us denote the bundle projection, 4 by 7x.
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We sayA is aK (7, 1) arrangement if M (A) is an aspherical space.

Corollary 3.3. If Ax and the coned fiber arrangement c Ay are K (;r, 1) arrangements,
then Aisa K (r, 1) arrangement.

Proof. This follows immediately from the long exact homotopy sequence of the fibra-
tionmy. O

Remark 3.4. In case X is a modular copoint, the monodromy ofy induces a
homomorphism fromry (M (Ayx)) to P,, the pure braid group om= | A — Ax| strands,
which we call thebraid monodromy homomor phism after its similarity to the Moishezon
construction. This monodromy is calculated explicitly in [4], see also [5]. For a modular flat
X of arbitrary rank, the pure braid group is replaced by the fundamental group of a certain
subvariety of the Grassmannianpatroid stratum defined as follows. IfP € G,(C") is

a point of the Grassmannian éfplanes inC", then P determines a vector configuration

in C¢, unique up to linear change of coordinates, obtained by projecting the standard basis
vectors ofC” onto P [16]. Let G p denote the linear matroid realized by this configuration;

G p is independent of the choice of basisin Thematroid stratum of an arbitrary matroid

G is the subsel’ (G) of G,(C") given by

r@G)={PeG(C")|Gp=G}.

An ordered arrangement = {Hy, ..., H,} of rank £, with specified defining forms
{¢1, ..., $,}, determines a poinP € G,(C™) given by the image o1, ..., $,):Ct —
C". The original arrangemerd is isomorphic to the arrangement i formed by the
intersections of with the coordinate hyperplanes@’, and the poin® lies in I" (G (A)).
See [10].

The monodromy of the stratified mapinduces a homomorphism

n1(M(Ax)) = m1 (I (Tx(G))).

Indeed, a patfiv;};c[0,17 in the base spac¥ (Ay) determines a one-parameter family of
(coned) fiber arrangementsiy,, equipped with ordered sets of defining forms inherited
from a fixed set of defining forms fad. By Theorem 2.4 and the construction above,
this defines a path in the matroid stratui{7x(G)). From this one easily obtains the
monodromy homomorphism described above.

This construction does indeed generalize the corank one case. For in thi&cases
a uniform matroid of rank twoJ (T (G)) is configuration space, ant (I"(Tx (G))) is
the pure braid group.

Theorem 3.5. The monodromy action of 1(M (Ax)) on the fiber M (Ay) is cohomologi-
cally trivial.

Proof. Since the fibetM (Ay) is the complement of an arrangement, the cohomology of
M (Ay) is free abelian, and is generated By (M (Ay)). First of all we argue that the
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monodromy action orH (M (Ay)) is trivial, by the same reasoning as in the corank-
one case [13]. The grou}(M (A4y)) has a free basis consisting of elements dual to the
hyperplanes ofd;. Using this basis, it is clear that elementsit(M (Ay)) are uniquely
determined by their linking numbers with the hyperplanes4gf By naturality, these
linking numbers agree with linking numbers @¢ with the hyperplanes oA — Ay.

Since these linking numbers take values in a discrete space, and vary continuously, they
remain locally constant under translation of the fiber, and thus are globally constant
under translation around a loop in the base. This proves triviality in degree one. Since
H*(M(Ay)) is generated byH1(M(Ay)), and the monodromy action respects cup
products, it follows that the monodromy acts trivially & (M (Ay)). O

A rational K (;r, 1) arrangement is an arrangement whose complement has aspherical
rational completion. See [9,14,24,15] for the precise definition and basic properties. We
point out that this property seems to bear little relationship to the notioK @f, 1)
arrangement; the terminology arises naturally in the context of simply-connected spaces.

Corollary 3.6. If Ax and c Ay arerational K (;r, 1) arrangements, then A is a rational
K (7r, 1) arrangement.

Proof. The argument is the same as in the corank-one case [9]. Because the monodromy
action is trivial, hence nilpotent, on the cohomology of the fiber, the mapnduces a
fibration of the rational completion o¥ (A) over that ofM (Ax), with fiber the rational
completion of M (Ay). Since M (cAy) = C* x M(Ay), the hypothesis implies that the
rational completion oM (Ay) is aspherical. The assertion then follows from the homotopy
sequence of this fibration.O

At this point the only known examples of ration&lkr, 1) arrangements are supersolv-
able. If Ax andc. Ay are supersolvable, thefiis also supersolvable [25]. So the preceding
corollary does not provide new examples of ratiokialr, 1) arrangements.

ThePoincaré series of a topological spac#/ is

P(M.1)=) dimg H"(M,Q).
n>0
For a complex arrangement, a famous result of Orlik and Solomon [23] relates the
Poincaré serie® (M (A), t) to the characteristic polynomigl(G (A), ¢) of the underlying
matroidG (A). Specifically,

P(M(A), 1) =t x(G(A), —171),

wherer is the rank ofG (A).
For a modular flatX, Stanley proved in [30] that the characteristic polynomial of the
G (Ay) divides that ofG(A) over the integers. In [3], Brylawski identified the quotient
as the characteristic polynomial of the complete principal truncaliQtG), divided
by (¢ — 1). The decone operation on arrangements has the effect on Poincaré polynomials
of dividing by (1 + 7). Using Theorem 2.4 and the identity relating the characteristic
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polynomial of G(A) to the Poincaré polynomial o7 (A), we may restate the Stanley
and Brylawski results as follows.

Theorem 3.7. If X isa modular flat of G, then
P(M(A),1)=P(M(Ax),t)P(M(Ay),1).

Corollary 3.8. The Leray—Serre spectral sequence of rx satisfies
EY?T=HP(M(Ax)) ® HI(M(Ay)),
and degenerates at the Eo term.

Proof. The first assertion follows from the triviality of the monodromy action established

in Theorem 3.5. The second is a consequence of the factorization identity among the
Poincaré series. Indeed, according to [18, Theorem 11.3], the formula of Theorem 3.7
holds for a general spectral sequeritcewith a correction term that vanishes precisely
when the differential of is trivial. O

Corollary 3.9. The cohomology H*(M (A)) is isomorphic as a Z-module to the tensor
product H*(M (Ax)) ® H*(M(Ay)).

Remark 3.10. In [32] Terao established the tensor product factorization of Corollary 3.9

in terms of Orlik—Solomon algebras, using a direct combinatorial argument. This approach
yields an alternate proof of the Stanley factorization theorem. The degeneracy of the
spectral sequence in caXeis a modular copoint is given a direct proof in [13], providing

a topological proof of Terao’s result in this case. The proof in [13] uses the fact that
the fiber M (Azy) has nonvanishing cohomology in only two different degrees, so that the
spectral sequence results in a “Gysin-like” long exact sequence. The other ingredient is the
construction of a section of the bundle map. In caseX is a modular flat of arbitrary

rank, a section ofrx is constructed by Paris in [27]. But we see no analogue of the Gysin
long exact sequence in the general case, and do not have a topological proof, independent
of the Stanley and Brylawski results, of the second part of Corollary 3.8. Nevertheless, the
bundle mapry is seen to be a topological realization of the combinatorial and algebraic
factorizations arising from a modular flat.

Motivated by the fact that supersolvable arrangements are inductively free [21], we
include with this compendium of generalizations the following conjecture.

Conjecture3.11. If X isamodular flat and both Ay and c Ay are free arrangements, then
A is afree arrangement.
4. Paralld connections

Let G1 andG» be matroids on ground sefs and E2. SupposeE; N Ex = F is a flat
of both G1 andG2, and is modular irG1. Thegeneralized parallel connection of G1 and
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G, along F is the matroidPr(G1, G2) on the ground sek1 U E> whose flats are those
setsY C E1 U Ea for whichY N E; is a flat of G; for i = 1, 2. The modularity condition
is necessary for this definition to make sense. That is, this collection of flats will form a
geometric lattice for generdl, if and only if F is modular inG1. Modularity of F in G1
implies thatG, is modular inPr(G1, G2). See [25,36, Section 7.6] for details about this
construction.

The rank of a flat’ of Pr(G1, G2) is given by

r(Y)=ri(YNE)+r(YNE) —r(YNF),

wherer; is the rank function o&;;, i = 1, 2. In particular, the rank oPr (G1, G2) is equal

to r(G1) +r(G2) — r(F). The rank formula indicates th&tr (G1, G2) is the “free” sum

of G1 andG2 amalgamated along their common ffat Indeed,Pr(G1, G2) is a pushout
of the inclusion map# — G;, i =1, 2, in the category of matroids and injective strong
maps.

In caseF is a point, automatically modular i6'1, the matroidPr(G1, G») is called
a parallel connection of G1 and G2, studied in connection with complex hyperplane
arrangements in [8].

Now supposed; and. Az are hyperplane arrangements realizitgand G2 in C" and
C*, respectively. Then there is an arrangemdntealizing Pr(G1, G2), provided there
is a linear isomorphism between the subarrangementg @fnd.A, corresponding to the
common flatF. To carry out the construction, let us be more precise about the realizations
A1 and As.

Suppose the flaF has rankp (in both G1 andG3). Let X1 denote the corresponding
element of intersection lattice(A1). Thus X1 is a linear subspace @”, and we may
identify (A1)x, with F. We may assumey = C"~? x {0} € C”. Then the defining
equations of the hyperplanes 1) x, € A1 involve only the lasty coordinates inC".
Assume that the same defining forms, expressed in terms of thepfisiordinates
of C*, give the defining equations for hyperplanesdb)x, < A2, whereX, € L(A»)
corresponds to the flaf of G,. Then we may define an arrangemehtin C*¢, with
¢=r+s — p, as follows. ldentifyC ¢ with C"~7 x C? x C*~P. By pulling back the
defining equations via projection of coordinates, the arrangem#éntnd 4, naturally
embedinC” x C*~? =C*¢andC’~? x C* = C¥, respectively. Then lel be the union
of A1 — (A1) x, and Az in C*.

Theorem 4.1 [36, Proposition 7.6.11].The arrangement A is a realization of the
generalized parallel connection Pr(G1, G2).

Let X € L(A) correspond to the flat of Pr(G1, G2). By modularity of F in G1 and of
G2 in Pr(G1, G2), the results of Section 3 yield bundle ma@$.41) — M ((A1)x,) and
M(A) - M(A2). We considelA41)x, to be an arrangement il /X1 =C*/ X, =C?.
Then there is a projectio (A2) — M ((A1)x,). This projection is just the inclusion of
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M (A2) into the complement of the subarrangemfdiite A, | H D X3} of Ay, followed
by a homotopy equivalence.

Theorem 4.2. Thefiber bundle M (A) — M (A») isthe pullback of the bundle M (A1) —
M((A1)x,) along the projection M (Az) — M((A1)x,). Thatis,

M(A) M Tl)
M(A2) —= M((ADx,)

isa pullback diagram.

Proof. For these special realizations, the bundle mdg.A;) — M((A1)x,) is the
restriction of the projectionr1:C" — CP onto the lastp coordinates. Similarly, the
map M (A) — M(Ay) is the restriction of the projection :C¢ — C* onto the lasts
coordinates. The mapf (A2) — M((A1)x,) can be identified with the restriction of the
projections: C* — C*/ X2 = CP onto the firstp coordinates.

By definition, the total space of the pullback #f(A;) — M((Ap)x,) along the
projection M(Az) — M(Ayx) is the set of pairs(x,v) € C" x C* such thatx €
M(A1), ve M(Ap), andri(x) =m2(v) in M((A1)x,) € CP. But this means that the last
p components ok match the firsip components of. Then each suchy, v) corresponds
to a unique point o7 +$~7 = C* which, by the first two conditions, lies it (A). Under
this identification, the projectiofx, v) — v coincides withr . This identifiest |7 4) with
the pullback ofry | 4,), as claimed. O

Corollary 4.3. If A isarealization of a parallel connection of .4; and Ay, then M (A)
is a trivial bundle over M (A2) with fiber M (dA1). In particular, M(A) = M(d A1) x
M(Ay).

Proof. In caseX is a point, therX is modular in4s, and the modular fibratiom (A1) —
M (Ax) = C* is a trivial bundle with fibetl A1, by [24, Proposition 5.1]. The pullback of
a trivial bundle is trivial. O

This corollary clarifies the main construction of [8], which essentially established
the diffeomorphism noted above. This argument shows in an alternate way that the
diffeomorphisms among arrangements with different underlying matroids, constructed
in [8], are all consequences of the triviality of the restriction of the Hopf bundle.

5. Examples

Corollary 3.3 of Section 3 can be used to identkfyz, 1) arrangements of high rank,
at least when the base arrangemdgt and (coned) fiber arrangemendl; are tractable.
This will be the case, for instance, whéhis a modular coline, for thenAz will have
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rank three. In this section we present new families of examplé&s(af 1) arrangements.
Our results give some support for the conjecture [15], which was based primarily on rank-
three phenomena, that factored arrangements of arbitrary raik(arel). We also exhibit
an interesting example with two different modular colines, allowing us to conclude the
nontrivial result that one of the fiber arrangements iskgt, 1).

Let 5, denote the arrangement of reflecting hyperplanes in the Weyl group oBype
ThusB, consists of the hyperplanes

I‘I,']-:{)CG(C‘Z|xi:xj}7 for1<i<j<£7
Hj={xeC'lxj=—x;}, forl<i<;<¢ and
Hi={xeC"|x; =0}, for1<i <¢.

Let A,_1 denote the braid arrangement, consisting of the hyperplafhesbove, for
1<i<j<Ut.

In [7], Edelman and Reiner used graphs to parametrize subarrangemeifis of
containingA,_1, developing a calculus for combinatorial invariants of the arrangements in
terms of the graphs. We find among these arrangements those which are not supersolvable,
but have modular colines, for which the fiber arrangements are demonsKablyl).
These examples coincide in large part with the arrangements betdyegrand 5, which
are factored, classified by Bailey in [1].

Let I be a graph with vertex séi, ..., ¢}, possibly with loops, but without multiple
edges. Let edgé’) and loog ") denote the sets of edges and loop$'ofespectively. Let
Ar be the arrangement defined by

Ar=A—1U{H;j|ij e edger)} U{H; |i €loop(I")}.

The following results are proved in [7]. The notion of free arrangement plays little role
in what follows; see [24] for a precise definition. A graphthseshold if it is built up by
successively adjoining isolated and/or cone vertices, the latter being vertices which are
adjacent to all preceding vertices.

Theorem 5.1. The arrangement A isfreeif and only if
(i) I isathreshold graph, and
(i) i eloop(I"') and deqj) > dedi) implies j € loop(I").

An edgeij € edgérl) is looplessif neitheri nor j lies in loop(I").

Theorem 5.2. Suppose A isfree and I has no loopless edges. Then A is supersolv-
able.

There are two families of exceptional graphswith loopless edges such thal- is
supersolvable; see [7]. Of course, any such arrangesgens K (i, 1).

Roughly speaking, an arrangementastored [19,12,33,24] if the cohomology of the
complement is isomorphic as Zmodule to the the tensor product of algebras with
trivial multiplication generated by sets of hyperplanes/bfFor instance, Corollary 3.9
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implies that supersolvable arrangements are factored. Such factorizations correspond to
partitions of 4, properties of which are analyzed in [12,33,20]. Bailey [1] identified those
arrangementgl which are factored.

Theorem 5.3 [1]. Suppose Ar isfreeand I" has at most one loopless edge. Then A isa
factored arrangement.

Again there are two families of exceptional graphs with more than one loopless edge for
which A is factored [1].

We establish criteria fotdp to have modular copoints or colines determined by
coordinate subspaces. The assertions below are easy to prove using Remark 2.5, by
showing that the lattices of the coned fiber arrangements remain constanove).

(For an example, see the proof of Theorem 5.6.) Cétand I be the vertex-induced
subgraphs of” on verticeq2, ..., ¢} and{3, ..., ¢}, respectively. Thetd and A~ are
flats of G(A) of corank one and two corresponding to the linear subspeces: - - =
x¢=0andxz=---=x, =0, respectively.

Lemmab5.4. Theflat A,/ isamodular copoint of G(Ar) if and only if
(i) 1eloop(I") impliesloop(I") ={1,...,¢},and
(i) 1j € edgerl) implies j e loop(I") and j is adjacent to every vertex of I".

In particular, an isolated vertex @f corresponds to a modular copoint.

Lemma5.5. Theflat Aj~ isamodular coline of G(Af) if and only if
(i) i eloop(I"),fori =1or 2impliesloop(I") 2 {3,..., ¢},
(i) ij eedger) fori =1or 2and j > 3 implies j € loop(I") and j is adjacent to
every vertex k for k > 3, and
(iif) 12 € edgerl™) impliesloop(I™) 2 {3, ..., £}.

The modular fibration corresponding to a modular copoint has as coned fiber arrange-
mentc Ay a central arrangement of rank two, whichkgr, 1), so Ar is K (, 1) if and
only if A/ is K (s, 1). This is a “strictly linear fibration” as studied in [13,32].

Factored arrangements of rank three were shown t& be 1) in [26]. Supersolvable
arrangements of arbitrary rank are factored, and E(a, 1). In [15] we conjecture
that factored arrangements of arbitrary rank &rer, 1). The next result provides more
support for this conjecture. The arrangements of this theorem are not supersolvable, by
Theorem 5.2, but are factored, by Theorem 5.3. In fact, by an argumentin [1], the examples
described below are the only factored non-supersolvable arrangepgnighich have
only two non-loop vertices.

Theorem 5.6. Suppose I" is the complete graph on ¢ vertices, and loop(I") = {3, ..., ¢}.
Then Ar isa K (r, 1) arrangement.
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Fig. 1. The coned fiber arrangement, for 4.

Proof. Let A = Ap. Let I'"” denote the vertex-induced subgraph Bf on vertices
{3,...,¢}. Then A~ is a modular coline ofG(A) by Lemma 5.5, andAp» is
supersolvable, hendé(r, 1), by Theorem 5.2. LeX = Ap», and letv = (v3, ..., v¢) €
M(Ax). Thenv; # +v; for 3<i < j < ¢, andv; # 0 for 3 < j < £. The fiber
arrangementy is the affine arrangement i consisting of the lines

x1==%xp, x1==v;, and xz==+vj,

for3<j <.

The coned fiber arrangemently pictured in Fig. 1 is &K (7, 1) arrangement. Indeed
cAy is precisely Example 3.13 of [11]. Alternatively Ay is a factored arrangement of
rank three, henc& (r, 1) by [26]. We conclude by Corollary 3.3 thatis K (r,1). O

Remark 5.7. The conclusion of the theorem also holds if l166p = @, for then A is a
Coxeter arrangement of tyg®,, which is simplicial.

One can use Theorem 5.6 and Lemma 5.4 to build other examples of non-supersolvable
(and non-simplicialX (;r, 1) arrangements of high rank, by successively adding vertices
satisfying 5.4 to the graphs of Theorem 5.6. See Example 5.8. The existence of ldops in
is essential: the same construction with the loopless complete grapb (thigangement)
allows only the addition of isolated vertices.

There is one rank-three arrangemeght, a realization of the non-Fano matroid, which
is not supersolvable, but is simplicial, henkérn, 1). This arrangement can also be used
with Theorem 5.4 to construct non-supersolvabler, 1) arrangements. This construction
is also illustrated in Example 5.8.

Example5.8. We exhibit in Figs. 2 and 3 some other graghsor which Ar is K (z, 1),
using the constructions of the preceding paragraphs. These arrangements are factored, as

is every arrangement arising from these constructions, by Theorem 5.3.

We close with another interesting example from the classAefB arrangements”.
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448

Fig. 2. Extensions of Theorem 5.6.

ANAY

Fig. 3. Graphs oK (7, 1) extensions of a non-Fano arrangement.

Example 5.9. Let I" be the graph with vertex sél, 2, 3,4}, edges 12 13, and 24, and
loops at vertices 2, and 3. LetI'y’ andI'}" be the vertex-induced subgraphsiofwith
vertex setq1, 2} and {1, 3}, respectively. Then bothé’ and Aplu are modular flats of
G(Ar). The respective fiber arrangements are illustrated in Fig. 4.

The arrangement on the right, the (coned) fiber arrangememt(of;) — M(.A[‘l”),
is not K (;r, 1) because it has a “simple triangle” [14, Corollary 3.3]. Noavywln is a
K (7, 1) arrangement, being a central arrangement of rank two. It followsMh@d )
is not aspherical. Butlpé is alsoK (r, 1). We conclude that the (coned) fiber arrangement
of M(Ar) — M(Aro/), shown on the left, cannot b (;r, 1). This is the only argument
we know of to show this arrangement is riotr, 1).

Fig. 4. Two nonX (r, 1) arrangements.
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The research presented here, and our general interg(sinl) arrangements, was
motivated in part by a suggestion of Ziegler of a straightforward construction of rank-three
arrangements with the same underlying matroid but homotopy inequivalent complements.
The argument avoids fundamental group computations, but relies on the existence of high-
rank K (;r, 1) arrangements with certain properties, whose existence has not yet been
shown. Here is the precise problem, to which the methods of this paper may apply.

Problem 5.10 (Ziegler). Find K (;r, 1) arrangements whose matroids have the same flats
of ranks one and two but have different characteristic polynomials.
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