
Topology and its Applications 118 (2002) 85–102

On orbit configuration spaces of spheres

Eva Maria Feichtnera,∗, Günter M. Zieglerb,∗

a Departement Mathematik, ETH Zürich, 8092 Zürich, Switzerland
b Fachbereich Mathematik, MA 6-2, TU Berlin, 10623 Berlin, Germany

Received 26 January 2000; received in revised form 10 July 2000

Abstract

The orbit configuration space FZ2(S
k,n) is the space of all orderedn-tuples of points on the

k-sphere such that no two of them are identical or antipodal. The cohomology algebra of FZ2(S
k,n),

with integer coefficients, is here determined completely, and described in terms of generators,
bases and relations. To this end, we analyze the cohomology spectral sequence of a fibration
FZ2(S

k,n)→ Sk , where the fiber—in contrast to the situation for the classical configuration space
F(Sk,n)—is not the complement of a linear subspace arrangement. Analogies to the arrangement
case, however, are crucial for getting a complete description of its cohomology. 2002 Elsevier
Science B.V. All rights reserved.

Keywords:Orbit configuration spaces; Integral cohomology algebra; Subspace arrangements;
Leray–Serre spectral sequence

1. Introduction

The orderedconfiguration spaces

F(M,n) := {
(x1, x2, . . . , xn) ∈Mn: xi �= xj for all i �= j}

of a manifoldM were first studied by Fadell and Neuwirth [15] in 1962. The cohomology
of such spaces has received a lot of attention, at least since the work by Arnol’d [1] related
to Hilbert’s 13th problem. The homology of the loop spaces over configuration spaces has
been studied intensively in the last ten years due to the Lie algebra structures it carries;
see [9,10] for surveys.

Recently, orbit configuration spaces and their cohomology have attracted interest, e.g.,
because of an analogy to fiber-type arrangements [6] and as a tool to construct equivariant
loop spaces [24]. LetG be a finite group acting freely on a manifoldM. Then theorbit
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configuration spaceFG(M,n) is the space of alln-tuples of points inM whose orbits are
pairwise disjoint:

FG(M,n) :=
{
(x1, x2, . . . , xn) ∈Mn: Gxi �=Gxj for all i �= j}.

Equivalently, FG(M,n) is the |G|n-fold covering of the ordered configuration space
F(M/G,n) ofM/G induced by the covering mapM→M/G.

The following is a very brief summary of the explicit results on the cohomology for
some basic examples both of classical and of orbit configuration spaces. This is meant to
explain why the orbit configuration spaces of thek-spheres now provide the logical next
step to look at, why one is interested in their cohomology algebras with integer coefficients,
and how this line of research is intimately related to the study of subspace arrangements.

• F(R2, n) ∼= F(C, n) is the complement of a linear arrangement of hyperplanes (“the
braid arrangement”) inCn. Its cohomology algebra has no torsion; it is generated by
elements associated with individual hyperplanes, and its ideal of relations is generated
by three-term relations that correspond to triples of subspaces with the same pairwise
intersection [1].
Arnol’d’s investigations started intensive work on complex hyperplane arrangements,
which led to Deligne’s theorem [13] onK(π,1)-complements, and to Orlik and
Solomon’s [22] combinatorial description of the cohomology algebras (with integer
coefficients) of general complex hyperplane arrangements (see also [4,17]).

• F(Rk, n) is the complement of a linear arrangement of subspaces of codimensionk

in Rnk . The cohomology of these spaces was obtained by Cohen [7,8]. It is again
torsion free, with generators of degreek − 1 corresponding to individual subspaces,
and relations corresponding to triples with the same pairwise intersection.
The spaces F(Rk, n) were motivating examples for the “k-arrangements” introduced
by Goresky and MacPherson [19, Part III]; this in turn was a starting point for an
intensive study of general subspace arrangements, as surveyed by Björner in [3]. The
cohomology algebra of F(Rk, n) can now be recovered from general results on the
cohomology of arrangement complements [4,17,20].
In [25,21] it was noted that important information is hidden in themultiplicative
structureof the cohomology of arrangements, as opposed to just in their cohomology
as graded groups. See also Deligne et al. [14] and de Longueville and Schultz [20] for
very recent work.

• F(Sk, n) was already studied by Fadell and Neuwirth [15] in the early sixties. The
fibrations

Π : F
(
Sk,n

) → Sk, (x1, . . . , xn) �→ xn,

appear in their work. They are essential for deriving descriptions of homotopy
groups of configuration spaces of spheres. Cohen and Taylor [11,12] determined the
cohomology algebras of F(Sk, n) with coefficients in a field of characteristic unequal
to 2, while the explicit result with integer coefficients—with 2-torsion appearing in
the case whenk is even—was apparently first published in [18]. Thus it appears that
there is extra information to be derived from the cohomology withinteger coefficients.
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• FZ2(R
k\{0}, n), with the definingZ2-action given by scalar multiplication with−1

on Rk\{0}, is probably the easiest example of an orbit configuration space. It is the
complement of an arrangement of linear subspaces (compare the arrangementB(k)n
described after Remark 2). A complete description of its cohomology algebra again
follows from the general theory of arrangement complements.
The case ofk = 2 is also the special caser = 2 of the orbit configuration spaces
FZr (R

2\{0}, n), where the group ofrth roots of unity acts onR2\{0} =C∗ by multi-
plication. These spaces were studied in recent work by Cohen [6].

• FZ2(S
k, n), with theZ2-action given by the antipodal map onSk , presents the natural

next step for the investigation of orbit configuration spaces and their cohomology.
Explicitly, it is given by

FZ2

(
Sk,n

) := {
(x1, x2, . . . , xn) ∈

(
Sk

)n: xi �= ±xj for all i �= j}.
Equivalently, this is the space of alln-tuples of points onSk whose orbits under the
antipodal mapν :Sk→ Sk , x �→ −x are disjoint. Also equivalently, FZ2(S

k, n) is the
2n-fold covering space of the ordered configuration space F(RPk, n) of RPk that is
induced by the covering mapSk→RPk .

In the following, we determine explicitly the cohomology algebras

H ∗
(
FZ2

(
Sk,n

);Z)
with integer coefficients. The results are given in three ways:
• We give presentations in terms of generators and relations. See Theorem 14 for the

case of oddk � 3, Theorem 17 for the case of evenk � 2.
• The cohomology algebras areZ-algebras of finite ranks, which can also be described

in terms of bases in the case wherek is odd and no torsion occurs (the relevant data
are given in Proposition 8(2)), respectively in terms of minimal sets of generators in
the case wherek is even (cf. Proposition 16).

• The results turn out to be closely related to the cohomology of certain (linear)
subspace arrangements of typeB. Thus in a certain sense, the spaces FZ2(S

k, n) are
“typeB configuration spaces of thek-sphere”. The relation is discussed at the end of
Section 4.

Our methods in the following are rather elementary, extending those of [18]. They
are based on a “Fadell–Neuwirth type” fibration, which has ak-sphere as its base space
(Section 2). The fiber F〈ϕ〉(Rk\{0}, n−1) is an arrangement of three types of codimensionk

subspaces, one type however being non-linear. Its cohomology algebra is the topic of
Section 3. The essential new step/ingredient is to define cohomology generators for the
non-linear subspaces as images of generators associated with the linear subspaces in
the arrangement. We further deal with the non-linearity by setting up maps to linear
arrangements of three subspaces that transport cohomology generators and induce three-
term relations; compare the proofs of Lemma 7 and of Proposition 11. In Section 4 we
give an analysis of the Leray–Serre spectral sequence associated to the considered fibre
map, which leads to a complete description of the cohomology algebra of FZ2(S

k, n) in
generators and relations (Theorems 14 and 17).
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2. A fibre map on FZ2(S
k,n)

The orbit configuration space FZ2(S
k, n) is the total space of a locally trivial fibre

bundle [24, Theorem 2.2.2] given by the projection

Π : FZ2

(
Sk,n

) → Sk, (x1, . . . , xn) �→ xn.

Our main objective is to investigate the Leray–Serre spectral sequenceE∗(Π) associated
to this fibre map. It converges to the cohomology of the total space FZ2(S

k, n). TheE2-
term,E2(Π), takes a particularly simple form since the base space of the fibre bundle is
simply connected fork � 2 and its cohomology is torsion free: Thus we need only the
cohomology of base space and fibre ofΠ as the input data for the spectral sequence.

The fibre over a pointxn of Sk is given by configurations of pairwise distinct and non-
antipodal points onSk that avoid the orbit{±xn}:

Π−1({xn})= {
(x1, . . . , xn−1) ∈

(
Sk

)n−1 | xi �= ±xj for i �= j,
xi �= ±xn for 1 � i � n−1

}
.

Configurations onSk that avoid a pair of antipodal points can be viewed as configura-
tions onRk that avoid{0}. Via stereographic projection, the antipodal action ofZ2 on Sk

translates into aZ2-action generated by the following involutionϕ onRk\{0}:

ϕ :x �→ − 1

‖x‖2x.

Hence the fibre ofΠ is homeomorphic to the orbit configuration space

F〈ϕ〉
(
R
k\{0}, n−1

)
.

Unlike in the case of ordered configuration spaces of spheres, the fibre isnot the
complement of an arrangement of linear subspaces: Besides the linear subspaces

U+i,j :=
{
(x1, . . . , xn−1) ∈

(
R
k
)n−1 | xi = xj

}
, 1 � i < j � n−1,

Ui :=
{
(x1, . . . , xn−1) ∈

(
R
k
)n−1 | xi = 0

}
, 1 � i � n−1,

the nonlinear surfaces

U−i,j :=
{
(x1, . . . , xn−1) ∈

(
R
k
)n−1 | xi = ϕ(xj )

}
, 1 � i < j � n−1,

have to be excluded from the ambient space(Rk)n−1 in order to obtain the fibre
F〈ϕ〉(Rk\{0}, n−1).
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3. The configuration space F〈ϕ〉(Rk\{0}, n)

In this section we determine for allk � 2 andn � 1 the cohomology of the orbit
configuration space F〈ϕ〉(Rk\{0}, n), that is, of the fibre of the projectionΠ .

Proposition 1. For k > 2, n� 1, the integer cohomology of the orbit configuration space
F〈ϕ〉(Rk\{0}, n) can as a graded group be described as

H ∗
(
F〈ϕ〉

(
R
k\{0}, n),Z)∼= n⊗

j=1

(
Z(0)⊕Z(k−1)2j−1),

whereZ(t) denotes an infinite cyclic summand in degreet .

Proof. We establish the isomorphism by induction onn, along with the fact that
F〈ϕ〉(Rk\{0}, n) is simply connected fork > 2.

The assertions are true forn= 1: F〈ϕ〉(Rk\{0},1)∼=Rk\{0} � Sk−1.
For n > 1, defineΠ[n−1] : F〈ϕ〉(Rk\{0}, n)→ F〈ϕ〉(Rk\{0}, n−1) by projecting every

point configuration to its firstn−1 points. WithQn−1
〈ϕ〉 denoting a point set that contains 0

and n−1 pairwise distinct orbits ofϕ in Rk\{0}, we obtain a locally trivial fibre
bundle [24, Theorem 2.2.2] of the form∨

2(n−1)+1

Sk−1�R
k\Qn−1

〈ϕ〉 F〈ϕ〉
(
Rk\{0}, n)

Π[n−1]

F〈ϕ〉
(
Rk\{0}, n−1

)
.

We analyze the associated Leray–Serre spectral sequenceE∗(Π[n−1]): By induction
hypothesis, the base space of the fibre bundle is simply connected and its cohomology
is torsion free. This yields the following description of theE2-term:

E
∗,∗
2
∼= H ∗

( ∨
2(n−1)+1

Sk−1
)
⊗H ∗(F〈ϕ〉(Rk\{0}, n−1

))

∼= (
Z(0)⊕Z(k−1)2n−1)⊗ n−1⊗

j=1

(
Z(0)⊕Z(k−1)2j−1).

The placement of non-zero tableau entries shows that there is no non-trivial differential on
E2 or on any higher sequence term. Hence the spectral sequence collapses in its second
term, and a straightforward reconstruction argument yields the result on the cohomology
groups of F〈ϕ〉(Rk\{0}, n).

Moreover, base space and fibre of the considered fibre bundle are simply connected.
We refer to standard arguments involving the long exact sequence of homotopy groups of
a fibre bundle and conclude that the total space is simply connected as well.✷
Remark 2. We will establish in Remark 10 that a similar result holds for the cohomology
of F〈ϕ〉(R2\{0}, n). These configuration spaces are not simply connected and somewhat
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more involved arguments have to be used in order to assure that the coefficient systems
induced by the action of the fundamental group of the base space on the cohomology of
the fibre are simple.

Let B(k)n denote the arrangement of linear subspaces inRk·n formed by

V +i,j :=
{
(x1, . . . , xn) ∈

(
R
k
)n | xi = xj}, 1 � i < j � n,

V −i,j :=
{
(x1, . . . , xn) ∈

(
R
k
)n | xi =−xj}, 1 � i < j � n,

Vi :=
{
(x1, . . . , xn) ∈

(
R
k
)n | xi = 0

}
, 1 � i � n.

This arrangement is a codimensionk version of the arrangement of reflecting hyperplanes
Bn associated with the Coxeter group of typeBn (cf. [23, Definition 6.24]). We denote its
complementRk·n\⋃

B(k)n by M(B(k)n ). Complete information on the integer cohomology
algebra ofM(B(k)n ) can be obtained from well-established theory on the cohomology of
subspace arrangements [3,4,17].

We restrict our attention for the moment to the cohomologygroupsof M(B(k)n ). A full
description can be derived by adapting word by word the arguments given in the proof of
Proposition 1: Projection ofM(B(k)n ) ontoM(B(k)n−1) by “forgetting” the lastk coordinates
of a point yields a locally trivial fibre bundle whose fibre is homeomorphic toRk with
2n−1 points removed.

We can state the following observation:

Proposition 3. For k > 2 and n � 1, the integer cohomology of the orbit configuration
spaceF〈ϕ〉(Rk\{0}, n) is isomorphic as a graded group to the integer cohomology of the

arrangementB(k)n :

H ∗
(
F〈ϕ〉

(
R
k\{0}, n),Z)∼=H ∗(M(

B(k)n
)
,Z

)
.

Remark 4. Again, a similar result holds fork = 2. For a discussion of the cohomology
groups ofM(B(2)n ) in the broader context of fibre-type arrangements see [16].

Consider the inclusions of F〈ϕ〉(Rk\{0}, n) into subspace complements:

φi : F〈ϕ〉
(
R
k\{0}, n) ↪→M

({Ui}), 1 � i � n,

φi,j : F〈ϕ〉
(
R
k\{0}, n) ↪→M

({
U+i,j

})
, 1 � i < j � n.

Here and in the following, we adopt notation from the arrangement context and denote by
M(·) the complement of the listed spaces in their natural ambient space.

Moreover, define involutionsAi on F〈ϕ〉(Rk\{0}, n), 1� i � n, by applyingϕ to theith
point in a configuration:

Ai : F〈ϕ〉
(
R
k\{0}, n) → F〈ϕ〉

(
R
k\{0}, n),

(x1, . . . , xi, . . . , xn) �→
(
x1, . . . , ϕ(xi), . . . , xn

)
.
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Let ĉi be a canonical generator ofHk−1(M({Ui})), 1 � i � n, and ĉi,j a canonical
generator ofHk−1(M({U+i,j })). Compare [4, Section 9] to see that we can actually speak
of canonical cohomology generators in this context, assuming that we fixed a “frame of
hyperplanes” for the subspacesUi andU+i,j , respectively, in the obvious way.

We define a set of cohomology classes on F〈ϕ〉(Rk\{0}, n) by restricting cohomology
classes from the subspace complements and by applying maps induced by the involutions
Ai , respectively:

Definition 5. With the notations introduced above, we define cohomology
classes on F〈ϕ〉(Rk\{0}, n) by:

ci :=φ∗i
(̂
ci

)
, 1 � i � n,

c+i,j :=φ∗i,j
(̂
ci,j

)
, 1 � i < j � n,

c−i,j :=A∗i
(
c+i,j

)
, 1 � i < j � n.

It turns out that this definition of the cohomology classesci , c
+
i,j andc−i,j is compatible

with projections of configuration spaces:

Lemma 6. Let the mapΠS : F〈ϕ〉(Rk\{0}, n)→ F〈ϕ〉(Rk\{0}, |S|), S ⊆ [n], be given by
projecting a point configuration to the coordinates with index inS. Then

Π∗S (ci) = ci, Π∗S
(
c+i,j

)= c+i,j , Π∗S
(
c−i,j

)= c−i,j for i, j ∈ S, i �= j,
where, without further notice, the cohomology classes belong to the cohomology of the
respective configuration spaces.

Proof. The assertions follow from the corresponding results for subspace complements,
and from the fact that the projections commute with the involutionsAi for i∈S. ✷
Lemma 7. For the cohomology classes of Definition5, the following identities hold:

(i) A∗j (ci)= ci , for j �= i, 1 � i, j � n,

(ii) A∗r (c+i,j )= c+i,j , for r �= i, j , 1 � r, i, j � n,

(iii) A∗i (ci)= (−1)kci , 1 � i � n,
(iv) A∗j (c

+
i,j )= (−1)kc−i,j , 1 � i, j � n.

Proof. (i) For j �= i, Πi ◦ Aj=Πi : F〈ϕ〉(Rk\{0}, n)→ Rk\{0}, whereΠi denotes the
projection defined in Lemma 6. With the compatibility results proven there, we obtain:
A∗j (ci)= A∗jΠ∗i (ci) =Π∗i (ci) = ci , where againci is to be understood as a cohomology
class for the configuration spaces ofn points, and of 1 point, respectively.

(ii) For r �= i, j ,Πi,j◦Ar =Πi,j : F〈ϕ〉(Rk\{0}, n)→ F〈ϕ〉(Rk\{0},2), and the statement
follows as above.

(iii) Let σi : F〈ϕ〉(Rk\{0}, n)→ Sk−1 be defined by projection of a point configuration to
its ith coordinate and further to the unit sphere inRk. Then the involutionAi restricts to



92 E.M. Feichtner, G.M. Ziegler / Topology and its Applications 118 (2002) 85–102

the antipodal mapA on Sk−1: σi◦Ai = A◦σi . Thus, again using Lemma 6, we conclude
thatA∗i (ci )= (−1)kci .

(iv) With Lemma 6 it is enough to establish the identity for the corresponding classes in
the 2-point configuration space F〈ϕ〉(Rk\{0},2).

Step1. (A2◦A1)
∗(c+1,2)= (−1)kc+1,2.

Consider the inclusion of F〈ϕ〉(Rk\{0},2) into the arrangement complementM({U1,U2,

U+1,2}):

φ : F〈ϕ〉
(
R
k\{0},2) → M

({
U1,U2,U

+
1,2

})
.

Obviously, the canonical cohomology generatorsc̃1, c̃2, c̃1,2 corresponding to the
subspacesU1,U2,U

+
1,2 map toc1, c2, c+1,2 underφ∗. It suffices to show that

(A2◦A1)
∗(̃c1,2)= (−1)kc̃1,2,

whereAi now denote the involutions extended to the arrangement complements. Consider
the orthogonal projection ofM({U1,U2,U

+
1,2}) alongU+1,2 onto⊥U+1,2\{0}, combined with

the retraction on the central sphereS of radius
√

2 in ⊥U+1,2, p :M({U1,U2,U
+
1,2})→ S.

OnS, ‖(x, y)‖ =√2, andx + y = 0. Hence,

2=
k∑
i=1

x2
i +

k∑
i=1

y2
i = 2

k∑
i=1

x2
i ,

and we conclude that‖x‖ = ‖y‖ = 1. ThusA2◦A1 restricts to the antipodal map onS:

(A2◦A1)(x, y)=
(
− 1

‖x‖2x,−
1

‖y‖2y

)
= (−x,−y) for x, y ∈ S,

and we conclude that(A2◦A1)
∗(̃c1,2)= (−1)kc̃1,2.

Step2.A∗2(c
+
1,2)= (−1)kc−1,2.

SinceA2◦A1=A1◦A2 on F〈ϕ〉(Rk\{0},2), the assertion of Step 1 reads:

A∗2◦A∗1
(
c+1,2

)= (−1)kc+1,2.

ApplyingA2 on both sides, and noting that by definitionA∗1(c
+
1,2)=c−1,2, yields

c−1,2= (−1)kA∗2
(
c+1,2

)
. ✷

Proposition 8.
(1) The cohomology algebra with integer coefficients of the orbit configuration

spaceF〈ϕ〉(Rk\{0}, n), k > 2, is multiplicatively generated in degreek−1 by the
cohomology classes

ci, c
+
i,j , c

−
i,j ,

for 1 � i � n and1 � i < j � n, respectively.
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(2) For ease of notation, setcε0,j := cj for ε = ±1, 1 � j � n. Then, aZ-linear basis

for the cohomology ofF〈ϕ〉(Rk\{0}, n), k > 2, is given by cohomology classes

c
ε1
i1,j1

∪ · · · ∪ cεtit ,jt ,
where1 � t � n, 0 � ir < jr � n, εr ∈ {±1} for r = 1, . . . , t , andj1< · · ·< jt .

Remark 9. With part (2) of the preceding proposition we establish a further analogy of
the orbit configuration space F〈ϕ〉(Rk\{0}, n) to the subspace arrangementB(k)n : Assuming
a lexicographic order on the index “triples”

(i, j, ε), 0 � i � n−1, 1 � j � n, ε ∈ {±1},
we see that the linear basis is indexed with the elements of the broken circuit complex
BC(B(k)n ) associated with the arrangementB(k)n —the standard indexing set of a linear basis
for the cohomology of this arrangement (compare [4, Theorem 7.2 and Section 9] and [17,
Theorem 5.2]).

Proof of Proposition 8. For both parts of the assertion, our proof will be by induction
onn. Observe that the claims hold forn= 1 with F〈ϕ〉(Rk\{0},1)=Rk\{0}.

(1) As in the proof of Proposition 1 we consider the spectral sequence associated with
the fibre bundle

R
k\Qn−1

〈ϕ〉
j→ F〈ϕ〉

(
R
k\{0}, n) Π[n−1]−→ F〈ϕ〉

(
R
k\{0}, n−1

)
.

Let us abbreviate the involved spaces by the classical notations for fibre bundles:E for
the total space,B for the base space, andF for the fibre. The spectral sequence collapses
in its second term and the two non-trivial rows of the corresponding sequence tableau read
as follows:

E
∗,0
2
∼= H ∗(B),

E
∗,k−1
2

∼= Hk−1(F )⊗H ∗(B).
With Π∗[n−1] :H ∗(B)→H ∗(E) being injective [5, Theorem 14.2(a)], and

E
∗,k−1
2

∼=H ∗+k−1(E)/Π∗[n−1]
(
H ∗+k−1(B)

)
,

we see thatH ∗(E) is multiplicatively generated by
• the images of multiplicative generators ofH ∗(B) underΠ∗[n−1],
• a choice of inverse images of generators ofHk−1(F ) underj∗.
By induction,H ∗(B) is multiplicatively generated byci , c

+
i,j andc−i,j for 1 � i � n− 1,

and 1� i < j � n− 1, respectively. Taking images underΠ∗[n−1] yields the corresponding

generators inH ∗(F〈ϕ〉(Rk\{0}, n)) (cf. Lemma 6). It remains to show that the cohomology
classesj∗(cn), j∗(c+i,n), j∗(c

−
i,n), for 1� i � n− 1, generateHk−1(F ).
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As described before,Qn−1
〈ϕ〉 = {0, q1, ϕ(q1), . . . , qn−1, ϕ(qn−1)}, where the points

q1, . . . , qn−1 are from distinct〈ϕ〉-orbits ofRk\{0}. Consider the maps of fibre bundles

Rk\{0} M
({Un}) (

Rk
)n−1

Rk\Qn−1
〈ϕ〉

φn

j
F〈ϕ〉

(
Rk\{0}, n) Π[n−1]

φn

F〈ϕ〉
(
Rk\{0}, n− 1

)

Rk\{qi} M
({
U+i,n

}) (
Rk

)n−1

Rk\Qn−1
〈ϕ〉

j

φi,n

F〈ϕ〉
(
Rk\{0}, n) Π[n−1]

φi,n

F〈ϕ〉
(
Rk\{0}, n− 1

)

Rk\Qn−1
〈ϕ〉

j
F〈ϕ〉

(
Rk\{0}, n) Π[n−1] F〈ϕ〉

(
Rk\{0}, n− 1

)

Rk\Qn−1
〈ϕ〉

j

ϕ

F〈ϕ〉
(
Rk\{0}, n) Π[n−1]

An

F〈ϕ〉
(
Rk\{0}, n− 1

)id

The first two diagrams show thatj∗(cn) is the image of a generator ofRk\{0}, and that
j∗(c+i,n) is the image of a generator ofRk\{qi} for 1 � i � n− 1, respectively. From the

third diagram we see thatj∗(c−i,n) = (−1)kϕ∗j∗(c+i,n) (using Lemma 7(iv)), and thus in

turn is the image of a generator ofRk\{ϕ(qi)}. We can conclude that the classesj∗(cn),
j∗(c+i,n), j∗(c

−
i,n) for 1 � i � n− 1 form a full set of generators forHk−1(F ).

(2) A linear basis for theE2-term of E∗(Π[n−1]), and thus for the cohomology of
F〈ϕ〉(Rk\{0}, n), consists of linear bases for both the non-trivial rows in the corresponding
sequence tableau: By induction, a linear basis forH ∗(B) is given by classescε1

i1,j1
∪

· · · ∪ cεtit ,jt , where 1� t � n − 1, 0 � ir < jr � n − 1, εr ∈ {±1} for r = 1, . . . , t ,
and j1 < · · · < jt . Since the spectral sequence collapses in its second term,Π∗[n−1] is

injective, and by Lemma 6 the corresponding classes in F〈ϕ〉(Rk\{0}, n) form a basis for
E
∗,0
2 =Π∗[n−1](H ∗(B)). Taking the classescn, c

+
i,n andc−i,n, 1� i � n−1, and multiplying

the basis elements described above with one of those, yields a basis for the second non-
trivial row, E∗,k−1

2
∼= Hk−1(F ) ⊗ Π∗[n−1](H ∗(B)). This combines to a linear basis for

H ∗(F〈ϕ〉(Rk\{0}, n)) as stated. ✷
Remark 10. We had postponed the discussion of cohomology groups for the configu-
ration space F〈ϕ〉(R2\{0}, n) (compare Remark 2). Considering again the fibre bundle
R2\Qn−1

〈ϕ〉 → F〈ϕ〉(R2\{0}, n)→ F〈ϕ〉(R2\{0}, n−1),we now see, as in the previous proof,
that the map induced in cohomology by the inclusion of the fibre into the total space is sur-
jective. Note that we do not use any information on the collapsing of the associated spectral
sequence for that; we ratherconcludethat the coefficient system is simple and that the as-
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sociated spectral sequence collapses in its second term [5, Theorem 14.1]. Continuing as
in the proof of Proposition 1 we derive that

H ∗
(
F〈ϕ〉

(
R

2\{0}, n),Z)∼= n⊗
j=1

(
Z(0)⊕Z(1)2j−1)

as a graded group.
Moreover, the assertions of Proposition 8 hold for F〈ϕ〉(R2\{0}, n): having the triviality

of coefficient systems at hand fork = 2, the proof can be carried out analogously.

We will see that all the relations in the cohomology of F〈ϕ〉(Rk\{0}, n) occur already in
3-point configuration spaces, and can be transferred to the general case by Lemma 6. But
the most interesting and difficult relations, i.e., those which, in a certain sense, are furthest
from the arrangement case, already occur on 2-point configuration spaces! For them it is
crucial to understand the geometry, and thus generators and relations for the cohomology,
of the configuration space F〈ϕ〉(Rk\{0},2). Explicitly, we are thus studying the space{

(x, y) ∈R
k ×R

k: x �= 0, y �= 0, x �= y, x �= ϕ(y)}.
This is the complement of an arrangement of four “subspaces” ofR2k of codimensionk.
The most interesting relation—the last one in the following listing—is the one which is
supported on the complement of the subarrangement consisting of the first, third and fourth
subspace.

Proposition 11. The following relations hold inH ∗(F〈ϕ〉(Rk\{0}, n)):

c+i,l ∪ c+j,l + (−1)k+1 c+i,j ∪ c+j,l + c+i,j ∪ c+i,l =0, i < j < l,

c−i,l ∪ c+j,l + (−1)k+1 c−i,j ∪ c+j,l + c−i,j ∪ c−i,l =0, i < j < l,

c+i,l ∪ c−j,l − c−i,j ∪ c−j,l + (−1)k c−i,j ∪ c+i,l =0, i < j < l,

c−i,l ∪ c−j,l − c+i,j ∪ c−j,l + (−1)k c+i,j ∪ c−i,l =0, i < j < l,

cj ∪ c+i,j + (−1)k+1 ci ∪ c+i,j + ci ∪ cj =0, i < j,

cj ∪ c−i,j − ci ∪ c−i,j + (−1)k ci ∪ cj =0, i < j,

c−i,j ∪ c+i,j + (−1)k+1 ci ∪ c+i,j + ci ∪ c−i,j =0, i < j.

Proof. The first relation holds by restriction from the complement of subspacesU+i,j , U
+
i,l

andU+j,l . Observe that these subspaces are contained in the codimensionk version of the
Coxeter arrangement of typeA, and the relation of corresponding cohomology classes
holds [18, Proposition 3.1].

The following three relations are obtained by applying the maps induced by the
involutionsAi , Aj andAl , respectively, to the first relation. Observe that the change of
signs is a consequence of Lemma 7. The relation involvingci , cj andc+i,j again follows by
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restriction from the complement ofUi , Uj andU+i,j , and the next relation by applyingA∗i
orA∗j .

Only the last relation requires some more work: We are concerned with the space
M({U1,U

+
1,2,U

−
1,2}) ⊆ Rk × Rk—an arrangement complement that contains the config-

uration space which we explicitly described prior to Proposition 11. We will show that the
proposed relation holds for the cohomology generatorsc1, c+1,2 andc−1,2=A∗1(c+1,2), where

the first two are the standard generators corresponding to subspacesU1 andU+1,2, respec-
tively. As our (sloppy) notation suggests, such relation then transfers by restriction of co-
homology classes to a corresponding relation for the configuration space F〈ϕ〉(Rk\{0},2).
The relation as stated above is then a consequence of Lemma 6.

Consider the map

Φ :M
({
U1,U

+
1,2,U

−
1,2

}) → M
({
U1,U2,U

+
1,2

})
,

(x, y) �→ (
x − y,ϕ(x)− y).

For easier distinction, we denote the standard cohomology generators for the arrangement
complement on the right-hand side byd1, d2, andd1,2. We will show that:

(i) Φ∗(d1)= c+1,2,

(ii) Φ∗(d2)= c−1,2,
(iii) Φ∗(d1,2)= c1,

and thus transfer the usual 3-term relation in the arrangement complement to the stated
relation involvingc1, c+1,2 andc−1,2.

(i) Let Π1 :M({U1,U2,U
+
1,2})→ Rk\{0} denote the projection to the first coordin-

ate, andθ :M({U1,U
+
1,2,U

−
1,2})→Rk\{0} the map given byθ(x, y)= x − y. Obviously,

Π1 ◦Φ = θ . Let c denote the standard generator forRk\{0}. By analogy to the statements
of Lemma 6,Π∗1 (c)= d1, and moreover,θ∗(c)= c+1,2. Thus, we conclude that

Φ∗(d1)=Φ∗Π∗1 (c)= θ∗(c)= c+1,2.

(ii) With τ denoting transposition of coordinates, observe thatΦ ◦ A1 = τ ◦ Φ. We
conclude that

Φ∗(d2)=Φ∗τ ∗(d1)=A∗1Φ∗(d1)=A∗1
(
c+1,2

)= c−1,2.
(iii) Let σ :M({U1,U

+
1,2,U

−
1,2})→ Sk−1 denote projection to the first coordinate and

further to the unit sphere inRk, and let θ̄ : M({U1,U2,U
+
1,2})→ Sk−1 be given by

θ̄ (x, y)= ‖x − y‖−1(x − y). With ϕ(−x)=−ϕ(x) we see that

θ̄
(
Φ(x,y)

) = θ̄
(
x − y,ϕ(x)− y)

= 1

‖x − ϕ(x)‖
(
x − ϕ(x))

= 1

(1+ 1/‖x‖2)‖x‖
(
1+ 1/‖x‖2)x = σ(x, y).
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Let now c be the standard generator ofRk\{0} restricted toSk−1. Analogous to the
situation in (i), we see thatσ ∗(c)= c1, andθ̄∗(c)= d1,2, and we conclude that

Φ∗(d1,2)=Φ∗θ̄∗(c)= σ ∗(c)= c1.
The last relation of our proposition follows as described above.✷
Theorem 12. For k � 2, n� 1, the integer cohomology algebra of the orbit configuration
spaceF〈ϕ〉(Rk\{0}, n) can be presented as a quotient of an exterior algebra generated in
degreek − 1 by generators corresponding to the cohomology classesci , 1 � i � n, and
c+i,j , c

−
i,j , 1 � i < j � n:

H ∗
(
F〈ϕ〉

(
R
k\{0}, n),Z)∼=Λ∗(Z(k − 1)n+2(n2)

)/
J,

where the idealJ is generated by the relations listed in Proposition11.

Proof. We can adopt terminology and proof techniques from the arrangement context:
our basis elements described in Proposition 8(2) are indexed with elements of the broken
circuit complex associated with the Coxeter arrangement of typeB (cf. Remark 9) and the
relations described in Proposition 11 are indexed with the circuits of the same arrangement.
A standard straightening argument (compare [2, Lemma 7.10.1(ii)] for the arrangement
case) shows that our relations allow each product in the generatorsci , c

+
i,j , c

−
i,j to be written

as a linear combination of the basis elements of Proposition 8(2), which completes our
proof of the stated algebra description.✷

4. The spectral sequence

We get back to the fibre map on the orbit configuration space FZ2(S
k, n) that we

described in Section 2. With the results of the previous section we now have all information
at hand to study the associated Leray–Serre spectral sequenceE∗(Π).

With the base spaceSk being simply connected fork � 2 and its cohomology being
torsion free, theE2-term of the spectral sequence takes the simple form

E
p,q

2
∼=Hp

(
Sk

)⊗Hq
(
F〈ϕ〉

(
R
k\{0}, n− 1

))
, p, q � 0.

The only possibly non-trivial differential occurs on theEk-term and has bidegree
(k,−k+1). By Proposition 8(1) it is enough to determine its action onE

0,k−1
k :

Proposition 13. Thekth differentialdk acts as follows on the multiplicative generators of
E

0,∗
k (Π)∼=H ∗(F〈ϕ〉(Rk\{0}, n− 1)):

dk(ci)= dk
(
c+i,j

)= dk(c−i,j )=
{

0, for oddk,
2ν(Sk), for evenk,

with 1 � i � n−1, and1 � i < j � n−1, respectively, whereν(Sk) denotes an orientation
class forSk .
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Proof. We closely follow [18, Section 4.2], where we described the differential of a similar
spectral sequence associated with ordered configuration spaces of spheres. Here we content
ourselves with an outline.

First note that theSn−1-action on FZ2(S
k, n) given by permutation of the firstn − 1

coordinates of a configuration induces a group action on the fibre bundle and thus on the
spectral sequenceSn−1 acts transitively on both the sets of generators{ci}1�i�n−1 and
{c+i,j }1�i<j�n−1 of E0,∗

k (Π). For these sets of generators, it is thus sufficient to determine

the differential onc1 and onc+1,2. Consider the following maps of fibre bundles given by
inclusions:

M
({U1}

) {
x ∈ (

Sk
)n | xi �= xn, 1� i � n− 1, x1 �= −xn

}
Sk

F〈ϕ〉
(
Rk\{0}, n− 1

)
FZ2

(
Sk,n

)
Sk

M
({
U+1,2

}) {
x ∈ (

Sk
)n | xi �= xn, 1� i � n− 1, x1 �= x2

}
Sk

F〈ϕ〉
(
Rk\{0}, n− 1

)
FZ2

(
Sk,n

)
Sk

The fibre bundles in the upper rows are fibre homotopy equivalent to the unit tangent
bundle onSk . The only non-trivial differentials in the associated spectral sequences map
the single generators for the cohomology of the fibres,ĉ1 and̂c1,2, respectively, to the Euler
class of the base spaceSk . By the induced maps of spectral sequences this transfers to the
cohomology classesc1 andc+1,2 in E0,k−1

k (Π).

Similarly, the action ofdk on c+i,j determines the action ofdk on c−i,j . The map of fibre
bundles which transfers the cohomology generators of the fibres appropriately, is given by
applying the antipodal map onSk to theith point of a configuration and keeping all other
points fixed. ✷

For oddk, the spectral sequenceE∗(Π) thus collapses in its second term and we can
formulate the complete result on the cohomology algebra of FZ2(S

k, n) in that case:

Theorem 14. For odd k, k � 3, n � 1, the integer cohomology algebra of the orbit
configuration spaceFZ2(S

k, n) can be described as

H ∗
(
FZ2

(
Sk,n

)
,Z

) ∼= (
Z(0)⊕Z(k)

)⊗H ∗(F〈ϕ〉(Rk\{0}, n− 1
))

∼= (
Z(0)⊕Z(k)

)⊗Λ∗(Z(k − 1)n−1+2(n−1
2 )

)/
J,

where the idealJ is generated by the relations listed in Proposition11.

It remains to determine theEk+1-term of the spectral sequenceE∗(Π) for evenk, and
to reconstruct the cohomology algebra of FZ2(S

k, n) from it. We can follow almost word
by word our corresponding discussion for ordered configuration spaces of spheres in [18,
Section 5]. Though, in the present situation, the fibre isnot a complement of a linear
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subspace arrangement, the “arrangement-like” properties of its cohomology derived in
Section 3 suffice to completely parallel the arguments used in the case of ordinary
configuration spaces.

Proposition 15. For 0 � i < j � n − 1, j �= 1, and ε ∈ {±1}, set eεi,j := cεi,j − c1 in

Hk−1(F〈ϕ〉(Rk\{0}, n− 1)). Then

B := {
c1 ∪ eα1 ∪ · · · ∪ eαt | {α1, . . . , αt } ∈ BC

(
B(k)n−1

)
, αi �= (0,1,±1)

}
∪ {
eα1 ∪ · · · ∪ eαt | {α1, . . . , αt } ∈ BC

(
B(k)n−1

)
, αi �= (0,1,±1)

}
is aZ-linear basis forH ∗(F〈ϕ〉(Rk\{0}, n−1)); here theαi stand for index triples(i, j, ε),
0� i < j � n− 1, j �= 1.

Let T • denote the submodule ofH ∗(F〈ϕ〉(Rk\{0}, n− 1)) generated by those elements
of B that containc1 as a factor, and letT ◦ be the submodule generated by the other
elements ofB.

Proposition 16. T ◦ is a subalgebra ofH ∗(F〈ϕ〉(Rk\{0}, n − 1)) generated by the
cohomology classeseεi,j for 0 � i < j � n− 1, j �= 1, andε ∈ {±1}. It has a presentation
as a quotient of the exterior algebra on these generators:

T ◦ ∼=Λ∗(Z(k − 1)n−2+2(n−1
2 )

)/
I,

whereI is the ideal generated by the elements

e+i,l ∧ e+j,l + (−1)k+1 e+i,j ∧ e+j,l + e+i,j ∧ e+i,l , i < j < l,

e−i,l ∧ e+j,l + (−1)k+1 e−i,j ∧ e+j,l + e−i,j ∧ e−i,l , i < j < l,

e+i,l ∧ e−j,l − e−i,j ∧ e−j,l + (−1)k e−i,j ∧ e+i,l , i < j < l,

e−i,l ∧ e−j,l − e+i,j ∧ e−j,l + (−1)k e+i,j ∧ e−i,l , i < j < l,

ej ∧ e+i,j + (−1)k+1 ei ∧ e+i,j + ei ∧ ej , 1< i < j,

ej ∧ e−i,j − ei ∧ e−i,j + (−1)k ei ∧ ej , 1< i < j,

e−i,j ∧ e+i,j + (−1)k+1 ei ∧ e+i,j + ei ∧ e−i,j , 1< i < j,

ej ∧ e+1,j , ej ∧ e−1,j , e−1,j ∧ e+1,j , 2< j.

The columns of the(k+ 1)th sequence tableau can now be described as

E
0,∗
k+1 = kerdk = T ◦,
E
k,∗
k+1 = cokerdk = T ◦/2T ◦ ⊕ T •,

whereE0,∗
k+1 is multiplicatively generated inE0,k−1

k+1 by the classeseεi,j for 0 � i <

j � n− 1, j �= 1, ε ∈ {±1}, andEk,∗k+1 is generated by the free generators inE0,k−1
k+1 , the

free generatorc1 in Ek,k−1
k+1 , and the generator of order 2 inEk,0k+1.
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As a graded group,H ∗(FZ2(S
k, n)) can be reconstructed from theEk+1-term as the

direct sum of the two non-trivial columns in the corresponding sequence tableau. Fork > 2,
this is a trivial consequence of each diagonal having only one non-trivial entry. Fork = 2,
the claim follows since

E
0,∗
3
∼=H ∗(FZ2

(
S2, n

))
/E

2,∗−2
3 ,

andE0,∗
3 is torsion-free.

We deduce the following algebra description forH ∗(FZ2(S
k, n)) from the multiplicative

structure of theEk+1-term as we described it above:

Theorem 17. For evenk � 2, and n � 1, the integer cohomology algebra of the orbit
configuration spaceFZ2(S

k, n) can be described as

H ∗
(
FZ2

(
Sk,n

)
,Z

) ∼= (
Z(0)⊕Z2(k)⊕Z(2k − 1)

)⊗ kerdk

∼= (
Z(0)⊕Z2(k)⊕Z(2k − 1)

)⊗Λ∗(Z(k − 1)n−2+2(n−1
2 )

)/
I,

whereI is the ideal of relations described in Proposition16.

We claimed in the Introduction that the orbit configuration spaces FZ2(S
k, n) can be seen

as “typeB” configuration spaces ofk-spheres. This naturally assigns the role of “typeA”
configuration spaces to the classical ordered configuration spaces of spheres F(Sk, n).

Indeed, the essential ingredient for our computation of the cohomology of F(Sk, n)

in [18] was the Fadell–Neuwirth fibre bundle:

F
(
R
k, n− 1

)→ F
(
Sk,n

)→ Sk.

The fibre is the complement of a codimensionk version of the arrangement of reflecting
hyperplanes associated with the Coxeter group of typeA:

F
(
R
k, n− 1

)=M
(
A(k)n−2

)
,

where the arrangementA(k)n−2 is formed by the linear subspaces

Wi,j :=
{
(x1, . . . , xn−1) ∈

(
R
k
)n−1 | xi = xj

}
, 1 � i < j � n− 1.

Essential ingredient in the present studies is the fibre bundle

F〈ϕ〉
(
R
k\{0}, n− 1

)→ FZ2

(
Sk,n

)→ Sk,

where the fibre can be viewed as a (non-linear) version of the subspace arrangementB(k)n−1.
It shares with the latter the description of its cohomology as a graded group (Proposition 3),
the combinatorial index set of a linear basis (Remark 9), and it has a description for
its cohomology algebra of the same flavour as it is standard for typeB arrangements
(Theorem 12).

In both cases, the cohomology algebras of the fibres figure in the descriptions of the
cohomology algebras of the configuration spaces: Most visibly they appear for oddk,
namely as factors in a product decomposition that stems from the (final)E2-term of
the cohomological Leray–Serre spectral sequence for the respective fibre bundles. For
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evenk, a closely related subalgebra—the kernel of the only non-trivial differential in the
spectral sequence—occurs as a factor of the cohomology algebras. This close relation to
the respective arrangement complements gives reason enough to talk about configuration
spaces of spheres of Coxeter type.
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