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Abstract

The hypersolvable class of arrangements introduced in [Topology 37 (6) (1998) 1135-1164]
contains the fiber-type ones, the generic ones and many others. By extension of the deformation
method proposed in [Topology 37 (6) (1998) 1135-1164], we prove that every hypersolvable
arrangement can be deformed into a fiber-type one, with the same fundamental group and the same
collinearity relationsl 2002 Elsevier Science B.V. All rights reserved.

AMS classificationPrimary 32522, Secondary 20F34

Keywords:Supersolvable arrangement; Hypersolvable arrangement; Deformation

0. Introduction

Let A be a complex arrangement in a finite dimensional complex vector SpaSet
Mg =V \Upeq H, the complement of4 (or MX, to emphasize the ambient space
V). There is a nice interplay between the topology of the complerh&ptand various
combinatorial and algebraic aspects of the arrangement

We introduced in [6] the combinatorial class bypersolvable arrangementghich
contains fiber-type arrangements, generic arrangements and a lot of others. This class
offers the best understanding of the properties of the complemMegntt is precisely our
deformation methodvhich enabled us in [6] to obtain significant results on the topology
of M 4.

The hypersolvable arrangements are inductively built by meassleéble extensions
(Definition 1.4). Consider such a solvable arrangement pair (extensiok) i C A
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(Definition 1.1). Then [6]: either rard) = rank(3) 4+ 1, and there is a fibration with
fiber a punctured complex plang{ 4 — Mg (up to homotopy), or rankd) = rank(B),
and after a deformation ol into an arrangemerﬁ in V x C, there is a similar fibration,
M 3 — Mp (up to homotopy). In the first case, we say that the given solvable extension is
nonsingularand in the second case we speak abaimgularextension.

In this paper, we extend the deformation method. Our main result is as follows bleet
the number of singular extensions of@mposition seriesf a hypersolvable arrangement
A (see Definition 1.4). Then thereis a deformatiénf A in V x C* such that4 is fiber-
type, A and A havingthe same collinearity relation#\s a direct consequence we obtain
that every hypersolvable arrangement is a slice of a fiber-type arrangement, with no new
collinearity relations (and with the same fundamental group). In particular it is a fiber-type
truncation, when it has rank three.

1. Hypersolvable and fibered composition series

Thehyperplane arrangementge will consider in this paperd = {H, ..., H,}, will be
finite collections of linear hyperplanes passing through the origin of a finite dimensional
complex vector spac&. We are going to review in this section some basic facts on
hypersolvableand fiber-typearrangements, following [6]. It will be convenient in the
sequel to view the hyperplanes of as points in the dual projective spa&&V*).

We will thus rewrite A = {1, ..., oy}, Where eachry is the defining equation of the
hyperplaneH .

By an extension B c A, we mean an arrangemen{, together with a proper
subarrangemer. Set3 = A\ B. We say that the extension &osedif no pointa € B
lies on a projective line passing throughand 8, wherea, 8 € B, « # 8. We say that the
extension izompletef foranya, b € B, a # b, thereisy € B which s collinear withz and
b. If the extension is complete and closed then obviously the poattove is unique. We
will thus write in the sequel = f(a, b). The key combinatorial definition is as follows.

Definition 1.1 [6, Chapter 1]. The extensidhC .4 is solvableif it is closed and complete
and for any distinct points, b, c € B either f(a,b) = f(b,c) = f(a,c) or the points
f(a,b), f(b,c)andf(a,c) are collinear.

One may associate to any arrangemaérits complementMX =V\U'_1 Hi,and its
cardinality, | A| := n. Let B be another arrangement, i, where dimW =dimV — 1.
The following basic topological definition was introduced by Falk and Randell.

Definition 1.2 [3, Chapter 1]. The complemeMjfl is linearly fiberedoveerVSV if there
is a linear surjectionp : V. — W, inducing a topological fibrationy :MX\ — Mg' with
fiberC \ {m pointg, wherem = | A| — |B]|.

There is a close relation between solvable extensions and linear fibrations.
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Consider a nonsingular solvable extensionVin 3 C A. SetX 4 = (.4 H, and
V4= V/X 4. Then obviously din¥ 4 = rank(4), and.4 may be canonically viewed as
an arrangement i 4 (as its defining equations factor through the canonical projection,
V — V4). SinceB C A, plainly X 4 C Xg, and the canonical projectiop,: V4 — Vg,
induces by restriction a map: MXA — Ml‘g/[”.

Conversely, start with a linear fibration, as in Definition 1.2. The linear surjegtion
induces an embedding;" : P(W*) — P(V*), and thusi3 may be canonically viewed as
an arrangement iy . Then the property op to preserve arrangement complements easily
translates to the fact th&tis a subarrangement of.

With these preliminary remarks, one has the following result.

Proposition 1.3.
(i) If Bc A is solvable and nonsingular, then the above maps a topological
fibration, with fiberC \ {m points, wherem = |B].
(i) If w: MY — M} is alinear fibration, with fiberC \ {m pointg, then either3 = A
(if m =0), or B C A is a honsingular solvable extensi@ifim > 0).

Proof. (i) Choosing coordinates, we may suppose iha¥ 4 — V3 is the projection from
C” to the firstr — 1 coordinates. Therefore, all the defining equations afe independent
of z,. Furthermore, we may also suppose that

ay(z1, .., 2r) =2 — Ay (21, ..., 2r-1), YHEeEB. (1.1)

Indeed, if there iFf € B with a independent of,, then the completeness property of the
extension may be used to infer thay should be independent ef, for all H € B. This

would imply that rankA4) < r — 1, contradicting the fact that the extension is nonsingular.

In the presence of property (1.1), it is straightforward to check that the completeness
property of the extensioff C A is equivalent to

&y, — oy, €B, VHi, Hy€B, H1# Ha. (1.2)

Denoting byM,, the complement of the braid arrangemenifi, one may use (1.2)
to construct a mapy’: ML‘;’B — M,,. It is then easy to see that the pullbackdyof the
well-known fibration,M,,+1 — M,,, with fiberC \ {m pointg, coincides withr.
(i) The casen =0 is clear, so we may assume tlfhis a proper subarrangement.df
see Definition 1.2. Choose coordinates, as before. If thekedsB with ay independent
of z,, then we may find € MZVSV such thatxy (y, ) =0, for all r € C. Consequently the
fiber ofr overy, Fy, is void. This contradiction shows that property (1.1) must be satisfied.
This in turn implies that

Fy={reClt#ay(y), YH € B}
for everyy e Mlvg". We infer from the fibration property (see Definition 1.2) that
oy (D) # 0y, (), VHi, HyeB, Hi# Hy, Yy e My. (1.3)

The completeness of the extensinc A follows from (1.3), via (1.1)—(1.2). The
extension is also closed, since all defining equation®3 afre independent of, (use
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again (1.1)). By [6, Lemmas 1.3(i) and 1.7(i)], we know that either (ahk= rank(3),
or the extension is solvable and nonsingular, as asserted. We may see that the first case is
impossible, by resorting to (1.1) once more, and we are doae.

Solvable extensions are the building blocks for thgpersolvablearrangements
introduced in [6].

Definition 1.4 [6, Chapter 1].4 is hypersolvablef it has ahypersolvable composition
series i.e., an ascending chain of arrangemestsC --- C A, C Aiy1 C--- C A = A,
where rankA1) = 1 and all extensiongl; C A;;1 are solvable.

Likewise, it follows from Proposition 1.3 that tHéer-typearrangements of [3] may
be described using nonsingular solvable extensions. See [10] for another (equivalent)
combinatorial description.

Definition 1.5 [3, Chapter 1]..4 is fiber-typeif it has a hypersolvable composition
series which idiber-type that is all extensionsl; C A;;1 arefibered(i.e., solvable and
nonsingular).

Example 1.6. Besides fiber-type arrangements, the hypersolvable class contains many
others, such as Hattori's [gfenericclass; see [6, Remark 1.11].

As a very simple example, consider the following rank 3 arrangetdeat{o1, a2, o3,
as, a5} in C3, wherew1 =x, 00 =x+y,03=x —y,aa=x+y+2z,05 =x — y+z. Itis
straightforward to check that

Al ={a1} Cc A= A1 U{a2, a3} C Az3:=ArU{aa} C Az = A

is a hypersolvable composition series of lenfth 4 (where A; C A2 C Az is a fiber-
type series, but the last extensioty C A4, is singular). Obviously is not generic (since
{a1, a2, a3} are collinear). One can see thais not fiber-type, just by noting that its length
is greater than its rank (use [6, Theorem D]).

See [6] for more examples of hypersolvable and nonhypersolvable arrangements.

2. Deformation results

We begin by describing the framework of our key deformation result. A dte an
arrangement iy, given by equationfxy € V*\ {0} | H € B}. Denote by the canonical
projectiong : V* x C — V*. We will say that an arrangemeﬁt: {ag € (V*xC)\ {0} |
H e B} lifts Bto V x C if g(ay) = ay, for everyH € B. We will say thatB and B
have the same collinearity relatiojand write L2(B) = EZ(E)) if rank{ayg, ay,agr} =
rankag, agr, agr} for all distinct hyperplanegi, H', H” of B. We may spell out our
basic deformation result.
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Proposition 2.1. LetB c A be a solvable extension in. Suppose tha lifts Bto V x C,
andL>(B) = /:z(B) Then one may findy € (V* x <C) \ {0} such tha'E](ocH) =ay, for
everyH e B, and with the property thaf,(A) = EZ(A) whered =B U {an | H € B).

Proof. The constructions and the proofs from [6, Proposition 4.6] work perfectly in
this more general context. One has just to replace the trivial lift considered Bete,
{(eg,0) | H € B}, by the given lift 3. The reason why no other changes are needed is
the fact that the very notion of solvability (see Definition 1.1) depends only on collinearity
relations. The other additional hypotheses made in our previous work (besides the triviality
of the lift of B), namely rankB3) = rank(A) = dimV, are not necessary to obtain the
conclusions of Proposition 2.1 above

Remark 2.2. The fact thatCa(A) = £2(A) clearly implies that the solvability property

is inherited by the lifted extensio§ c A. It readily follows thatB c A is nonsingular,

if B C A is nonsingular. In the particular case treated befﬁ&(go), Proposition 4.6(i)

from [6] shows that the lifted extension may always be taken to be nonsingular, even if
B c Ais singular.

Let A be an arrangement ifY, given by equation§ay € V*\ {0} | H € A}. The
preceding result suggests the following definition.

Definition 2.3. A vertical deformationof A in V x C* is an algebraic family of
arrangements ity x C*® of the formA(¢) = {ay (¢t) = (ay,tvy) | H € A}, wherevy € C*
andr € C.

Let. 4 be a hypersolvable arrangementinwith a composition series of lengttas in
Definition 1.4. Lets be the number of singular extensions of the series. We may now state
our main result in this paper.

Theorean 2.4. There is a vertical deformatior{nﬂ(t)},ec, of Ain V x C*, such that
@) A@)is fiber-txpe of rank, for all 7 £ 0, and
(i) L2(A) = L2(A@)), forallt € C.

Proof. Plainly all arrangements A(t) with # ( 0 are projectively equwalent (see
Definition 2.3). It is therefore enough to construt(l) and to prove thaJA(l) is fiber-
type of rankl andL2(A) = L2(A(1)).

Let A;, C A; 41,101 < --- <y, be the singular extensions in a fixed composition series
of A. Set alsa;;1 = 1. We are going to construct by induction vertical deformatl&r’i&)
of Ain V x C¥1 such that, setting?fk (1) ==& (1) | H € Ay,

Ak (1) is fiber-type of ranky, forall 0, and (2.1)
Lo(A* (1)) = L2(A), forallreC. (2.2)

If k =1 there is nothing to prove (see Definition 1.5). Having construdted), we will
proceed to construct**+1(r) by iterated extensions, using induction pnj > ix. We are
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thus going to assume that we have a vertical deformaﬁﬁiﬁl(t) of A; inV x C* such
that:

Aty = A (1), forallreC, (2.3)
Lo(A 1)) = La(A)), forallreC, and (2.4)
AitL (o) is fiber-type of ranky + 1, for all # # 0 (if j > ir). (2.5)

We may start by defining4k+1(t) by (2.3), and then (2.4) follows from (2.2). Next
consider the solvable extensmﬁf 1 c A +1(1) in V x Ck-1, whose solvability is
guaranteed by (2.2). We may apply Proposmon 2.1 to the tr|V|aI lift to get a vertical
deformation A} % (1) of A; 11 in V x Ck. Moreover, rankAf‘Jfl(l)) = rank( AL (1) +
1=ix+1.(See Remark 2.2.) By construction it extenﬁks(t). The property (2.4) follows
from (2.2), while (2.1) forces (2.5), via the remarks made in 2.2. Having constructed

ﬂ”l(t) for j > iy, we may extend it toZl"‘“(t) as follows. Assume inductively that
Ak+1(1) lifts A"(l) Apply Proposition 2.1 to4"(1) c Ak+1(1) in V x C¥~1 to obtain a

vertical deformanonél’j‘ﬁ(t) of Aj41in V x Ck extend|ngAk+1(t) which satisfies (2.4).

MoreoverAHi(l) lifts Ak+l(1) by construction. Foj = [ we thus arrive at a vertical
deformanonA"“(t) Ak+1(t) of Ain V x C¥, satisfying (2.2). Thereforgl: (1) ¢

Ne Ak+1(t) C A’j‘ﬁ(t) C -+ c ALt (1) will be a hypersolvable composition series,

forallr e C. If j <iy thenﬂ’}*l(t) c A (1) will be nonsingular, for # 0; see (2.5).
The same property also holds figr+ 1 < j < ix41, since the extensiond; C A, are
all nonsingular in this range artﬂﬂ"“(t)) = A (wheregq is the canonical projection,
q:V* x Ck— v, Consequentlyzl'f.‘kﬁ(t) is fiber-type of ranky 1, for ¢ ## 0, as needed
in (2.1).

We may set nowZ(t) = /TS“(t). This will be the desired deformation from the
statement of our theorem.O

Remark 2.5. If A1 C---C A = Ais a hypersolvable composition series, then obviously
I = rank(A) + s, wheres is the number of singular extensions. We recall from [6,
Theorem B] that the composition series lengtbf a hypersolvable arrangemedtis a
well-defined invariant ofA. It follows thats = s(A) =[(A) — rank(A).

3. Propertiesof hypersolvable arrangements

The first property is a direct consequence of Theorem 2.4.

Corollary 3.1. Every hypersolvable arrangemedtin V of length!/ is the restriction to
V of a fiber-type arrangement ii x C* of rankl. Moreover, all dependence relations up
to length3 are preserved by restriction.

Pr oof. TakeZ(l) in V x C* as in Theorem 2.4. Clearly the traceﬂfl) onV x {0} C
V x C* is A (see Definition 2.3). O
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LetS = @@0 Sq be the graded symmetric algebralof and DetS) = Der(S, S) the
gradedS-module of derivations of. Let D(A) = {0 € Der(S) | 6 (ay) € Say, H € A}. If
the S-moduleD(A) is free then the arrangementis calledfree

Corollary 3.2 [2]. Let. 4 be a hypersolvable arrangement of raBkThenA is free< A
is supersolvable.

Proof. We may suppose thatl is a free hypersolvable arrangement of rank 3Cth

If A is not supersolvable (fiber-type) thend) > 0 (see Remark 2.5). We know from
Corollary 3.1 that4 is a (proper) 3-truncation fo(l), which is essential it©3+5. This
leads to a contradiction, via Yuzvinsky’s solution of a conjecture of Ziegler, which says
that free arrangements are not proper truncations ([11, Corollary 3.5]).

Remark 3.3. If rank(A) > 4 thenA may not be a truncation oi(l), in the sense of [11,
Definition 3.1]. Take for examplel = U ;. j<s{zi —z; =0}U{a :=z1+ 22+ 23— 325 =
0}. Itis arank 4 hypersolvable arrangemen¥in= {z | z1 + z2 + z3 + z4 + z5 = 0}. Here
ﬂ(l) = U1<i<j<5{zi —z;=0lU{a:=z1+220+23—3z5+u =0} sitsinV x C. When
restricting toV, the rank of{z1 — zs, z2 — z5, z3 — z5, a} drops from 4 to 3, therefore the
trace of/T(l) onV x {0} is not a 4-truncation.

The next two important properties were first derived in [6] by combining various
techniques. They become now straightforward consequences of our deformation theorem
and well-known properties of fiber-type (supersolvable) arrangements.

Recall the Orlik—-Solomon algebra [7] of an arrangemetf,A4), with Poincaré
polynomial P4(T), and its quadratic analogue from [6},(A), which depends only on
L2(A), with Poincaré polynomialP 4(T). Let A be hypersolvable, with composition
seriesd; C --- C A; = A. For convenience, we also sép = 0.

Proposition 3.4 [6, Chapter 3]If A is as above, then
() PAT)=TT'_y(1+dT), whered; = | A; \ A;_1], fori=1,...,1.
(i) Ais fibertypes [ =rankA) < P 4(T) = P4(T).

Proof. (i) We know from the proof of Theorem 2.4 thak := A(1) has a fiber-type
composition serlesll c---C A; A, with |A, \A, 1| = d;, for all i. We may replace
P 4 by P 3 (using 2.4(ii)), thenP z by Pz (see [1,9]) and finally resort to the factorization
result from [3, Chapter 2].

(i) If P4(T) = P4(T) thenl =rank(A), by degree inspection. This implies at once
that A is fiber-type, and in this case it is well-known thay = P4. O

Remark 3.5. All the results on Poincaré polynomials are available with arbitrary field
coefficients.
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For the last result, denote byjg(G) = @i>1grir(G) the associated graded abelian
group of a groups with respect to the lower central series, andfythe free group o
generators. Letl be hypersolvable, with composition series as described before.

Proposition 3.6 [6, Chapters 4 and 5].
(i) m1(M ») is an iterated almost-direct product of free groupg, x - -- x Fy,.
(i)) gri-(r1(M 4)) is a finitely generated free Abelian group, for all
(i) Setting ¢; (A) := rank grf(nl(MA)), one has the followinggeneralized Witt
formula:

o0

1_[(1_ Ti)%‘(A) —PA=T).
i=1

Proof. The deformation provided by Theorem 2.4 may be exploited exactly as in [6,
Chapter 4], together with Randell’'s isotopy theorem [8] and Zariski’s theorem omn tbe

the complement (see [4]), to replaeg(M 4) by m1(M fq) in the above statement. All the
assertions then follow from the corresponding results on fiber-type arrangements from [3,
Chapters 2-4]. O

Question 3.7. Find examples of non-hypersolvable arrangements satisfying the general-
ized Witt formula.
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