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Abstract

Let Ag be a real hyperplane arrangement andAgt be its complexification. LedM and M¢
be the respective complements. Thefg is the disjoint union of convex chambers whose number
is given by its only Betti numbeg(MR). A real arrangement and its complexification satisfy the
M-property: bo(MR) = Zq bg(Mc), the number of chambers ilfg equals the sum of the Betti
numbers ofMc. The no-broken-circuit sehbc, is a field independent combinatorial object. It has
been used to label a basis & (M) but not to label the chambers df in a way that makes the
M-property explicit. In this paper we use théc set to label a combinatorial object in the nerve of
the arrangement, which is field independent. This allows for simultaneous choinbs béses in
H*(Mg) and H*(M¢). We also explore the geometrical connections between these ba2662
Elsevier Science B.V. All rights reserved.

AMS classification52C35; 55N99; 05B35

Keywords:Arrangements of hyperplanes; Generalized Mayer-Vietoris spectral sequence; Broken
circuit; Nerve

1. Introduction

Let V be anZ-dimensional vector space over eitfieor C. A hyperplane arrangement
A = {Hi};_, is a finite collection of affine hyperplanes W. It is real or complex
according to the underlying field. Given a real arrangemént= { Hy};_,, we define
its complexificationA¢ as follows: Vo = Vg ® C, and the hyperplanes alé;)c =
H; ® C. The union of an arrangement is definedMyA) = | J, . 4 H. The complement
of an arrangement is defined bM(A) = V — N(A). Let X denote the one-point
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compactification of the spac® with oo being the point at infinity. Note thad/ =

V — N as well. We useNVg and My to denote the union and complement of a real
hyperplane arrangementr, and Nc and M¢ to denote the union and complement of
its complexificationAc.

The real complemeni/y is the disjoint union of convex chambers whose number is
given by its only Betti numberbg(MR). It is known [11, 5.95] that a real hyperplane
arrangement and its complexification satisfy the M-propégyMpr) = Zq by(Mc), the
number of chambers iMy equals the sum of the Betti numbers M. Bjorner [1]
showed that there is a set bijection from the no-broken-circuitndet, to a basis for the
cohomology of the complement of a complex hyperplane arrangemermntpbutas not
been used to label the chamberdfif in a way that makes the M-property explicit. In this
paper we use thabc set to label combinatorial objects in the nerve of the arrangement,
which is field independent. This allows for simultaneous choicaewotbases ind *(Mp)
and H*(Mc). We also explore the geometrical connections between these bases. Field
independent methods were first used in the topology of arrangements by Goresky and
MacPherson [7, Part Ill] as an application of their work with stratified Morse Theory. Our
paper may be viewed as a refinement of that application of their work.

Section 2 considers the combinatorics of arrangements. The traditional source of
combinatorial information is the intersection poset. We propose to use the nerve instead.
Although the intersection poset and the nerve contain the same information and each can
be recovered from the other, we argue that the nerve is a more natural object to study. We
define the map: @y, Z[nbcx] - Pycr @p>0 H,(K[X], K (X)) from thenbc set to
our main combinatorial object, the relative homology of certain subcomplexes of the nerve,
and show that the map is an isomorphism by providing an essentially self-contained proof
that nbcy forms a basis folH,(K[X], K (X)), p = r.(X) — 1. These results are field
independent. We give two additional means for calculating the Mébius function for the
intersection poset, one of which allows local computations using the pullback of elements
of the intersection poset to the nerve poset. We end the section by showinghbogw
splits under deletion and restriction. Some constructions in this section have analogs in the
literature [13,14]. We decided to include them here to make this paper selfcontained.

Section 3 considers the topology of arrangements. We use the generalized Mayer—
Vietoris spectral sequence where the combinatorial obgBgt, , @p>o H,(K[X], K(X))
studied in Section 2 is the main character and the field dimension enters for the first time as
a spectral sequence dimension. In [8], it was shown that the spectral sequence collapses at
the second term, that trlézp’sq term can be described ., D, >0 Hp(K[X]. K (X))
wheree is either 1 or 2 depending upon whether the arrangement is real or complexified
real. Also, in [8], it was shown that the reduced homology of the one-point compactifi-
cation of the union can be described by the second term of the spectral sequence, and by
Alexander duality so can the cohomology of the complement. We themhuséo con-
struct an explicit basis fofl;_1(Ng) for a real arrangement by choosing caps. We then
show that we can choose caps consistently@),rﬁf (M) for its associated complexi-
fied real arrangement. We end the section with another chamber labeling argument using
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Fig. 1. Main Diagram.

deletion and restriction which labels individual chambersbg rather than collections of
chambers by the spectral sequence argument.

Section 4 contains an example illustrating the capping process used in the spectral
sequence argument and the individual chamber labeling process.

Our work may be summarized in the commutative diagram in Fig. 1, all of whose objects
are defined in the body of the paper. All (co)homology groups have integer coefficients. We
show that all arrows represent isomorphisms, some standard and some constructed in this
paper, and make these isomorphisms explicit.

2. Combinatorics
2.1. Nerve and intersection poset

Let A ={H1,..., H,} be a hyperplane arrangement in &dimensional vector space
V over the fieldF, whereF isR or C, and letX = {1, ..., n}. Assume that4 contains
¢ linearly independent hyperplanes. We use [11] for basic definitions and results. In this
paper, both inclusion and reverse inclusion will be used for partial ordering certain sets.
We will call the reader’s attention to the particular order used in each case.

Definition 2.1. The nerve K of A is the abstract simplicial complex with vertex sBt
whose simplexes are the nonempty subset$ > such that, =(),., Hk is honempty.
We patrtially orderk by inclusion to make thenerve poset_et K (”) denote the set of alll
p-dimensional simplexes &€ . Let K* be the poseK together with the unique minimal
elemeny. Define its rank function byg (9) = 0 andrg (o) = |o| =dimo + 1 foro € K.
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It will be clear from the context when we vieW as a poset and when we view it as a
simplicial complex. The next definition differs from [11].

Definition 2.2. Theintersection poseL of A is the set of all intersections of nonempty
subcollections of4 ordered by reverse inclusion. LEt be the poseL together with the
unique minimal elemenV, the intersection of the empty subcollection. Define its rank
function byry, (X) = codimg(X) for X € L*.

Definition 2.3. Define the poset mapy:K — L by ¢(0) = Hy = (e, Hr. Let
¢ 1(X) = {0 € K | 9(0) = X} be thepullbackof X € L. Theng~1(X) is a subposet
of K* and contains a unique largest simplex which we ¢all Call ¢~ 1(X) trivial if it
consists of the singletogy.

The main combinatorial objects of this study are the following.

Definition 2.4. Define two subcomplexes & by

KIX]={oeK|H,<X}=|]J ¢7'(V),
Y<X

K(X)={oeK|H, <X}= ] ¢ (V).
Y<X

Lemma 2.5. Let o € ¢~ 1(X). Theno is a minimal element op~1(X) if and only if
rg (o) =rp(X).

Proof. One direction is a direct consequence of at lédsyperplanes being necessary to
obtain a space of codimensiéras intersection.

The other direction uses a short induction argumentof(-)). Let o be minimal
in ¢~ 1(X), thengp(o \ {i})) = X' < X for i € o and, in particulary; (¢(o \ {i}) =
r1.(¢(0)) — 1. With o \ {i } being minimal inp~1(X") we conclude by induction or}. (¢(-))
thatr, (¢(0)) =rr(p( \{i})) +1=rk(0). O

Lemma 2.6. If (p_l(X) is nontrivial, c € K® is a nonminimal element @f‘l(X), and
o~ 1(Y) is trivial for all ¥ < X, then each facé;o of o isin¢~1(X), 0<k <.

Proof. Leto € K® be a nonminimal element ¢f1(X) and assume thako € ¢~ 1(Y)
for someY < X. Sincep~1(Y) is trivial by assumptiong;o is a minimal element. By
Lemma 2.5,/ (Y) = t. However, sinces € K and o is not minimal,r = r(Y) <
ri(X) <t.Thus, eactiyo c o 1(X). O

Definition 2.7. Let P be a poset with rank function Thejoin X v Y of two elements
X,Y € P is the minimal element of the s€Z € P | Z > X, Z > Y} when it exists. The
meetX A Y of two elementsX, Y € P is the maximal element of the sgf € P | Z < X,
Z < Y} when it exists. Thatomsof P are those elements whose rank is 1. A pd3etith
rank functionr is ageometric poset:
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(1) P has a unique minimal element

(2) every element oP \ {B} is the join of atoms,

(3) for everyX e P, all maximal linearly ordered subseBs= Xo < X1 <--- < X, =
X have the same cardinality with( X) = p,

@) ifX,YePandX AY,X VY e P, thenr(X AY)+r(XVY)<r(X)+r).

A geometric poset is geometric latticef it also has a unique maximal elemefit

Definition 2.8. Let ¢~1(X)° be the setp—1(X) partially ordered by reverse inclusion
together with the unique maximal eleméhtWe use< for this order. Note thafy is the
unique minimal element @5~ 1(X)°. Define its rank function by, (o) =rg(¢tx) —rk (o)
foro € o1(X) andr, () = rx (¢x) — rr.(X) + 1.

Lemma 2.9.
(1) The posek *, ordered by inclusion, is a geometric poset.
(2) The poseL*, ordered by reverse inclusion, is a geometric poset.
(3) The posep—1(X)°, ordered by reverse inclusion, is a geometric lattice.

Proof. (1) The atoms oK™ are the vertices oK. SincekK is a simplicial complex, any
simplexo is the join of its vertices, and all maximal linearly ordered chains between
ando have the same cardinality. Sineen t =0 Nt ando Vv T = o U t when defined,
rx(c AT)+rg(o VvV T)=rg(o)+rg(r). Therefore K* is a geometric poset.

(2) The atoms ofL* are the hyperplanes. Any elemeXite L is the intersection of
hyperplanes and, hence, the join of those hyperplanes. Here

XAY=(){ZeL|XUYcZ)

andX vY =XnYif not empty. Sincerp(Y N H) —r (Y) € {0,1} for Y € L and
H € A, all maximal linearly ordered sets betwe&nand X have the same cardinality.
Since codim:(X +Y) > codime(X A YY),

rt(XAY)+rp(XVY) <rp(X) +rp(Y).

Therefore L* is a geometric poset.

(3) If the rank ofp~1(X)° is one, thery~1(X)° = {¢x, ¥} is clearly a geometric lattice.
So without loss of generality assume that the rankof(X)° is greater than one. The set
of atoms ofp~1(X)° is the set of faces of the minimal element {9;(¢x) € ¢~ 1(X)}. The
element € ¢~1(X) is the join of the elements @by (cx) € ¢~ 1(X)° | % (¢x) < o}. Since
pullbacks do not have any gaps, that iy ik n < T with o, T € ¢~ 1(X), theny € ¢~ 1(X),
all maximal linearly ordered chains betwegnand o have the same cardinality. Note
that for o, 7 € ¢ 1(X) o Ag T may not be ing~1(X) when viewed as an element
of K*. When this occurs, the corresponding element, t in ¢~ 1(X)° is #. Thus,
r(0 AT) 4+ 14,0 V 1) <1y(0) + 1y(0). Sincep~1(X)° has¢y as its unique minimal
element and as its unique maximal element; 1(X)° is a geometric lattice. O
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2.2. The Mobius function

Definition 2.10. Let P be a poset with uniqgue minimal elemeBt Let up:P — Z
be theMd6bius functiondefined recursively bytp(B) = 1 and Zygx up(Y) =0 for
X e P\ {B}.

We have three Mobius functiong « : L* — Z, ug+: K* — 7Z, andu(p_l(x)o cp L (X)°
— Z. Next we establish relationships among them.

Lemma2.11.
(1) Foro e K, /_,LK*(U) = (_1))’[((0’).
(2) Foro € o1 (X), pty-1(x)e (0) = (=1)7¢).

Proof. (1) We prove this by induction on the dimensiorsoffFor a vertexk}, ux+({k}) =
—uk+(?) = —1. Assume that, for € KP with p < r, ug«(t) = (=1’ Leto € K.
Since the sefr € K | T < o} forms a simplex,

n—1
pr-(o)=— Y (~1FO =31y (’:) = (-1,
r=0

I<t<o
wheren =rg (o).
(2) If o € o~ 1(X)° with ¢x < o < @, then{r € ¢ 1(X)° | tx < T < o} can be viewed
as a simplex sincg € ¢ ~1(X) wheno < 5 <t with o, 7 € ¢~ 1(X). If we view its atoms
kCx, With 0y ¢x < o, as vertices, using the above argumentin (1), we get the corresponding
resultye,1(xy(0) = (=1, O

Definition 2.12. ForX € L, let
(1) purL(X) = pur(X),
(2) ux(X)= Zoewl(x) mg*(0),
() re(X) = py-1(x)0 (D).

Lemma 2.13.
(1) nx(X)= Zaewl()()(—l)r’((").
(2) ,u(p(X) = (_1)d|mK[X] Zaew—l(x)(_l)rk(a)-

Proof. (1) From Lemma 2.11 we have
uk(X)= > (o)=Y (=K@,
cep=1(X) oep~H(X)

(2) Note that the sdv € ¢ 1(X)° | zx < 0 <@} = ¢~ 1(X). From Lemma 2.11 we have
Ro(X) = ty-1000 ) = =Xty <5 by 1(x)2(0) = = Lgeprin) (-1 KEOTHE) =
(_1)r1<(§x)—1Zae(p_l(x)(_l)rk(o)' 0O

Theorem 2.14. Letug, ur, by : L — Z be defined as above. Thar = = £up.
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Proof. Clearly, k| = |1e| by Lemma 2.13. We prove g = pz by induction onry .
Let H be a hyperplane. Sinag~1(H) is trivial, ux (H) = ur(H) = —1. Assume that
wg(Y) = pp(Y) for all Y with r,(Y) < p. Letrp(X) = p. Since K[X] is a simplex,
ZUEK[X] pug+(0) = —pg+@) =—1. Thus

pk(X) = Y pxe@)= Y pre0)— Y nk+(0)

oep~1(X) oeK[X] oeK(X)

~1— ) pke@)=—1=% ug(¥)

oeK(X) Y<X

1= == ) peM=uX). O

Y<X V<Y <X

In the rest of this paper we uggX) to denoteur (X) = ug (X). In practice we use
formula (1) of Lemma 2.13 which generally involves a smaller poset than the recursive
definition.

2.3. Homology

Recall thatK[X] is a simplex andk (X) is a subcomplex oK [X] when viewed as
subcomplexes ok . Moreover,K[X]= K (X) U¢~1(X) is a disjoint union when viewed
as subposets of . Sincep~1(X) = K[X] — K (X) as underlying set of a poset, we can
capture the homological data fer1(X) by finding the relative homology of the pair
(K[X], K(X)).

Definition 2.15. Let P be a poset. Therder complexof P, denoted byA(P), is the
simplicial complex with vertex seP and whose simplexes span the vertices of linearly
ordered subsets (chains)Bf

The following theorem is proven in [6,12].

Theorem 2.16. For any geometric latticé”, with minimal elemenB, maximal element
T, rank r > 2 and Mdobius functionup, the reduced homology of the order complex
A(P\A{T, B}) is given by

Z\MP(T)L if p=r—2,

ﬁP(A(P\{T,B})):{Q if p#r—2.

Using Theorem 2.16 we can describe the homology groups of thépk], K (X)).

Theorem 2.17. The relative homology of the paiK [X], K (X)) is given by

ZOL i p=rp(X) -1,

Hp(K[X]vK(X)):{O’ if p#ro(X)—1.
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Proof. If ~1(X) = {¢x} is trivial, thenK (X) is the boundary of the simplek[X] so we
get

Z, it p=dimK[X],

Hy(K[X], K (X)) = {O, if p#dimK[X],

and dimK[X] = rp(X) — 1 by Lemma 2.5. |f(p_1(X) is nontrivial, then the rank of
¢~ 1(X)° is greater than one. Sindé[X] is a simplex, the long exact sequence of the
pair (K[X], K (X)) gives

Hy(K[X1, K(X)) = Hp_1(K (X)) = Hp_1(A(K (X)),

where the second isomorphism comes from the fact th@ (X)) is the barycentric
subdivision ofK (X). By Alexander duality,

Hy(KIX], K(X)) = HIMKXIP=L(A (o1 (X)°\ (. £x))).-
Using Theorem 2.16 with (X)| = | ,-1.x)- (D)], we get

Hy(K[X], K (X)) = H*®O7P=2(A(o"1(X)° \ {#. ¢x}))
. {ZWX), if p=r(X)—1,
o, if p#£ri(X)—1.
The relevant dimension isx({x) — p — 2 = ro-1xye W) — 2 s0 p = rg(fx) —
r(p—l(X)o(@):dimK[X]ZVL(X)—].. O

2.4. The no-broken-circuit set

The only contribution to the relative homology of the pak[X], K (X)) occurs in
the row of minimal elements of~1(X) when ordered by inclusion. The number of
generators in that dimension is given by the absolute value of the Mdbius function which
we can obtain in terms of local information fropT1(X). We give an explicit basis for
H,, (x)-1(K[X], K (X)) = ZI*X)I ysing the no-broken-circuit set, see [1,11]. For the first
time we use the naturhear orderin A: H; < H; if i < j. We replace the usual notion of
astandardp + 1)-tuple(H;, ..., H;,),io < - -+ < i,, With the p-simplexo = {io, ..., ip}.

Definition 2.18. Call ¢ € K? independentf r;(H,) = p + 1, and dependentf
ri(Hy) < p+ 1. Thuso € ¢~ 1(X) is independent if and only if it is minimal ip~1(X)
when ordered by inclusion. We say that ¢ ~1(X) is semiminimalf one of its faces),o

is minimal in ¢~1(X). We callo € ¢~1(X) acircuit if it is semiminimal and all of its
facesdo, 0< k < p + 1, are ing~1(X). This agrees with the usual notion of a standard
(p + 1)-tuple being minimally dependent.

Note that by Lemma 2.6, in a nontrivial pullback, every dependent simplex contains
circuits since they must contain semiminimal elements of a possibly lower nontrivial
pullback where all of the pullbacks below that one are trivial.
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Definition 2.19. We callo € K ?) abroken circuitif there exists some circuit € K ?+D
such thatr = 9,,17. We callo x-independenif it does not contain any broken circuits.
Note thaty -independence implies independence. kaz L, we call

nbcy = {o € p71(X) | o is x-independerit
theno-broken-circuit seof ¢ ~1(X).

Theorem 2.20. If X € L, thennbcy forms a basis foiH,, (x)-1(K[X], K (X)).

Proof. Let p = ri(X) — 1. The setkK® n ¢~1(X) forms a basis for the cycle
group Z,(K[X], K(X)) since K=Y n K[X] € K(X) by Lemma 2.5. Sincer €
nbcy is x-independent and hence independent K ”) and is therefore a cycle in
Z,(K[X], K (X)).

Since x-independence implies independence, every simplexx6ttD N ¢=1(X)
contains a broken circuit and therefore one of its facek i N K[X] must also contain
a broken circuit as well. Thus, any boundary By (K[X], K (X)) has elements which
contain broken circuits. The argument is completed by noting|ttty | = |1 (X)]| by [2,
Proposition 7.4.5]. O

Definition 2.21. The no-broken-circuit sefis nbc = |y, nbcx. In our convention,
V ¢ L and@ ¢ nbc.

This provides the isomorphism

LZ@ Z[nbcy] — @ @ H,(K[X], K(X))
XeL XeL p>0
of the main diagram in the introduction.
We emphasize thaK (Ar) = K(Ac) and L(Ar) = L(Ac¢) as posets with rank
functions. Thus the paltK [X], K (X)) and the setabcy, nbc are field independent.

2.5. Deletion and restriction

Next we need the properties olic under deletion and restriction [2, Proposition 7.4.5].
We agree to delete the minimal element.

Definition 2.22. Let A= {H1, ..., H,} be a nonempty arrangement. Lét= A\ {H1}
be the deletion of the hyperpla#g from A. Let A" ={HNH1 | HNH1 # 0, H € A’}
be the restriction of4 to the affine spacéf;. The linear order ind’ is inherited fromA.
DefineA” — ¥ by K — maxXj | K C H,}. This givesA” a linear order.

Note that 1 is not the label of any hyperplanedhor A”. Let K (A’) be the nerve of
A’, nbc(A")x andnbc(A’) be the corresponding no-broken circuit sets4f Similarly,
let K (A"”) be the nerve ofd”, nbc(A"”)x andnbc(A”) be the corresponding no-broken
circuit sets of4”.
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Lemma 2.23. Definev:nbc(A”) U {# 47} — nbc(A) byv(o) =0 U {1} andv(@4-) = 1.
There are disjoint unions

(1) nbc(A) U{@ 4} = (nbc(A") U {B4}) uv(nbe(A”) U {Bar}).

(2) For X € L\ {H1}, nbc(A)x =nbc(A")x uvnbc(A”)x.

Proof. (1) SinceK (A') = {o € K(A) | 1¢ o}, the set of circuits ofd’ is the same as the
set of circuits ofA that lie in K (A"). Similarly, the set of broken circuits of’ is the same
as the set of broken circuits of that lie in K (A"). Hencenhbc(A') = nbc(A) N K (A').

Let {1} U o contain a broken circuit ind. Since broken circuits are generated by
deleting the largest vertex from a circuit, a broken circuiihU o is of the form{1} U ¢
wherer is a face ofo. If 0 € K(A”), theno contains the broken circuit in A”. Thus,
vnbc(A”) € nbc(A) NvK (A”). By the same reasoning,df contains a broken circuit in
A", then{1} U o contains a broken circuit inl. Henceynbc(A”) = nbc(A) NvK (A”).

Since{1} is a trivial equivalence class iK (A), {1} € nbc(A) and corresponds with
v(@4r). Let{1} Uo € nbc(A) \ K (A') with o # @. Assume that ¢ K (A”). Then there
is an indexj € o with {j} ¢ K(A"). Since{j} ¢ K(A"), there is another indek, k > j,
with {k} € K(A”) and X = H; N H1 = H; N Hyi. However, sinceX = Hy; xy = H1, k)
as well,{1, j, k} is a circuit in A, and{1, j} is a broken circuit contradicting the fact that
{1}Uo € nbc(A). Thus,nbc(A)\ K (A") CvK (A")YUv(@ 4-). Sinced 4 corresponds with
@ 4, the result for (1) follows.

The result for (2) follows from (1) intersecting each no-broken-circuit set with(X)
forX e L\{H1}. O

3. Topology
3.1. The spectral sequence

The generalized Mayer-Vietoris spectral sequence is used to find the homology of the
union of a finite collection of spaces using the intersections of those spaces and the nerve
of the collection. For a general description of this spectral sequence, see [5]. Since affine
subspaces intersect in affine subspaces, the generalized Mayer—Vietoris spectral sequence
is an ideal tool to find the homology groups of the union of a subspace arrangement, which
is a finite collection of affine subspaces in a vector sgacgince hyperplane arrangements
are special cases of subspace arrangements, we can say a bit more about the generalized
Mayer—Vietoris spectral sequence for hyperplane arrangements. Recdll ihate one-
point compactification ok .

Definition 3.1. Let{C, 4, 9, 3} be the double complex defined by

Cpq= @ Cq(Hy)

ocK ()

with boundary mapss: C, , — C,,—1 defined by the boundary map d#, given by
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8:Cy(Hy) — C4—1(Hy),andd : C 4, — C»_1,4 induced by the boundary map ergiven
by 8(0) = 37y (=1 ko

The first two terms of the spectral sequence are general results for the generalized
Mayer—Vietoris spectral sequence. In [8], tli# term was shown to be precisely the
homology of combinatorial data described in Theorem 2.17. The following lemma
summarizes these results for the generalized Mayer-Vietoris spectral sequence for
subspace arrangements.

Lemma3.2. Let A= {H};_, be a subspace arrangement with neKeand intersection
posetL. The first three terms of the generalized Mayer—Vietoris spectral sequence are
given below

EY,= @ Cy(Hs). withd®=s,
oekK®

EL,= P Hy(H,), withd®=3d,, and
oeK®

@ H,(K[X1, K(X)).

. XeL
dimg X=¢

12

2
EP"]

The last isomorphism in this lemma gives rise to the isomorphiggnand pc in the
main diagram in the introduction. The differential map

r . r r
d 'Ep,q — Ep—r,q+r—l

is defined by the next lemma, proven in [5].

Lemma 3.3. For an elementg € C,, , andr > 0, d"[co] =0 if and only ifé(co) = 0 and
there exist elements, € Cp— 414, 1 < k < r, such thatd (cx—1) = (—=1)?*+15(ct). In
particular, d”*[col = d"[co+ - + ¢, 1 = [0(c,)].

Definition 3.4. We definecappingas a particular choice of elements € Cp_¢ g4«,
1<k < r, satisfying Lemma 3.3.

Next we turn to the mapggr anddc of the main diagram induced by the differential
mapsd” of the spectral sequence. In [8], it was shown that the generalized Mayer-Vietoris
spectral sequence for subspace arrangements collapses at the secorﬁﬁtqem"lE;f’q,
and that there is a direct isomorphism relating fieterm and the reduced homology
of the one point compactification of the union of the arrangemﬁmﬁ), described in
the following lemma. The geometric insight into why the spectral sequence collapses
at the second term involves representing eaclas cycles of spheres, choosinga 1

consisting of bounding hemispheres, hence the term capping, for the spheyeswthat
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8(br+1) = ck, and such thad (b1) is also a cycle of spheres of one higher dimension,
extending the argument one step further.

Lemma 3.5. Let A be a subspace arrangement. The mﬁr@pwzn Elzw — Hy(N)
defined by/[co] = d”[co] = [0(c,)] for [co] € E3 , is an isomorphism.

We specialize from the case of subspace arrangements to the casedwhisra real
hyperplane arrangement apdl- its complexification. Recall thaL (Ag) = L(Ac) as
ranked geometric posets. Dependence on the field enters here. If \ig tdnote the
elements ofL of rank¢ — ¢, thenX e L, has real dimensiop viewed as a subspace
of the real arrangement and real dimensignviwed as a subspace of the complexified
arrangement.

Corollary 3.6. Let Ar be a real hyperplane arrangement iR, and let Ac be its
complexification. Then the isomorphistiisanddc of the main diagram are given as

dz: @@ E5,R)— Hy(Ng). dc: @ E3,,(C)— Hy(Ne).
pt+gq=n p+2g=n

In the complex case, nonzero groups can occur in different dimensions. In the real
case, the only nonzero group occurs whege- £ — 1. The mapsig andac of the main
diagram are defined by Alexander duality. It remains to describe the isomorpfians
B. These isomorphisms depend upon the particular choices made in Lemma 3.3. Additional
information about the capping is needed for a real arrangement and its complexification.
This allows the definition of andg described in the next two sections.

3.2. Real arrangements

Our first aim is to usabc to construct an explicit basis fdl,_1(Ng). The complement
Mg is the union of disjoint open subsets®f, called chambers. Let Cig) denote the
set of chambers aff.

Definition 3.7. Choose a chambey; in Mr and label it with@, we call this chamber the
empty chamberlet @(AR) = Ch(Ar) \ {cy} be thereduced set of chamberSor each
hyperplaned; € Ar, R¢ — H; consists of two open half-spaces. Label the open half-space
H, if it containscy, and label the other open haIf-spaHg“. This associates a unique
n-tuple with each chambere Ch(Agr) with entries in the setl = {+, —}. We agree to
identify ¢ with this uniquen-tuple. LetH;" = (., H,', and letH, be its closure.

The object we have defined, Clr), under this association, is a subset of covectors of
the oriented matroid of the arrangement [3]. The next lemma shows that it is possible in
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Lemma 3.3 to choose the caps so that the underlying set of the homology class the
boundary ofH in R¢. This makes the magr geometrically explicit.

Lemma 3.8. For each simplex € nbc, the caps can be chosen iteratively such that the
homology clas$dg o pr o t(0)] € H,—1(NR) has as its underlying s€f;" \ H,") U co.
Proof. Let|o| =m. The homology claskog ot(0)] € E,Zn_u_m (R) has as its underlying

setH,. The underlying sets of the capgsare chosen iteratively to be

( U (Hmﬁ;)>uOo=<< U Hr>mgg+>UoQ

tCo tCo
m—k<|t|<m |T|=m—k

Hence, the underlying set of the homology cldgg o pr o t(0)] = [0(cim—1)] IS
((Ukeo H) N H) Uoo = (Hf \ Hf)Uoco. O

Using Lemma 3.8, making the choice of the empty chamipeprovides a well-defined
capping sequence, which in turn gives an explicit basigfor; (Nr) bijective withnbc.

Definition 3.9. For a chambert € CA:B(AR), let 0. be the simplex spanning the vertices
ke X ={1,...,n} where thetth coordinate of the-tuple associated withis a “+". We
call o, the coefficient simplex of the chamberThus CH.AR) is also the collection of all
theo,'s associated with chamberse CT](AR).

Finally, we use Alexander duality to provide a bijectionrddc with an explicit basis
for HO(MR), where eacmbc element is assigned to a linear combination of chambers in
Ch(Ag).

Lemma 3.10. For each simplex € nbc, the cohomology clagsig o dg o pr o t(0))] €
HOMp) is defined over the union of chambers.éfwhich lie in H;", namely,| J{c €
Ch(AR) | o S oc}.

Proof. The result follows from Lemma 3.8 using Alexander duality and the fact that
Mg NH = J{ceCh(Ar) |0 Co.}. O

Recall that we labeled the distinguished chamldyy the empty set, which is not imbc
by our convention. We now have a natural labelin€bf.Ag) usingnbc, where a simplex
o € nbc is associated with a union of chambershifi. This is a bijection betweenbc
and CA:F](AR) because the maps, dr, pr, ¢ are isomorphisms. The following incidence
matrix indicates the labeling afbc with unions of chambers iCh(AR).

Definition 3.11. We ordernbc and CH.Ag) lexicographically. Letn = |nbc|. Leto; be
the jth nbc element in the reverse lexicographic order jok m. Let (o.)x be thekth
chamber label in the lexicographic order. L&be them x m matrix defined by
1, if o C(0c)k,
“f*":{o, if o; ¢ (00)r.
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Note that for thenbc elements; and thejth row of A, {(6.)x | ajx # 0} ={oc | 0; €
oc}. SinceH N Mg = | J{c € Ch(AR) | 0 C 0.} and{[H; N MR] | o € nbc} forms a basis
for HO9(Mg), the matrixA is nonsingular.

3.3. Complexified real arrangements

Next we relate the homology of the one-point compactification of the union of a real
hyperplane arrangement to that of its complexification. There is a natural embedding of
R in C by mappingx — x + 0i. Under this embedding/r is embedded irfHc, and the
union of the real hyperplane arrangemahtis embedded in the union of the complexified
real arrangemenyc.

Leto € K7 be an element of thebcy basis forH,(K[X], K(X)). HereX = H, is
independent of the field as an elementlofout[ﬁR] is a generator of thEg’q(R) term
with dimg (H®) = ¢ and[H ] is a generator of thEp 2,(C) term with dimg (HS) = 24.
Define the setgd H)® and (¢ H)C by the conditions thatir[ H¥] has(d H)¥ U oo as its
underlying set andc[HC ] has(d H)S U oo as its underlying set.

The next lemma shows that it is possible in Lemma 3.3 to choose the cang[ﬁf]
consistently with the caps chosen EQ([I'-I\(],R].

Lemma 3.12. For the element € K» of the nbcy basis for H,(K[X], K (X)), the
caps fordc[HS] can be chosen consistently with the caps chosedifpH *] such that
dH)¢ =dH)E e iHE.

Proof. Choose the cap@%{ € Cp_i q+k, 1<k < p, for dR[ﬁR] as in Lemma 3.3 such
thatd(cg ;) = (=1)P*+18(cP). Let el € Cpk 2g4k, 1< k < p, be chosen for[HS,
such that the real portion of the underlying set for each cetl@ofs the underlying set
for the corresponding cell af}? and the imaginary part of each cell iHﬂg. Clearly,
d(cE 1) = (=1P~H15(cF), and the result follows. O

This proves the main assertion of the Introduction.

Theorem 3.13. Definea(dr[HX]) = dc[HE] for o € nbc. If dim(o) = p, thena takes an

(¢ — 1)-dimensional generator to (¢ — 1) — p)-dimensional generator. It follows from
Lemma3.12that the maps in the top triangle are commuting bijections. The vertical maps
are bijections induced by Alexander duality. Define the remaining maps to be bijections to
make the respective parts of the diagram commute.

basis forH, (Ng) ———%— basis forH,(Nc)

/\

basis forH*(MR) basis ford * (M¢)
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3.4. Another chamber labeling

Recall that the compositiofg o dr o pr o ¢ assigns to each element obc a linear
combination of chambers iﬁO(MR). Thus it is not an obvious bijection. Next we offer a
natural labeling of the set of chambers usiiig, where a simplex € nbc is associated
with an individual chamber i/ inside the open halfspadé;t exhibiting the bijection.

Lemma 3.14. There is a bijectiont : Ch(Agr) — nbc U {¢} such that ifr(c) = o then
cCH].

Proof. We argue by induction opd|. If |.A| = 0, then CIiAR) = {R¢} = {cg} andn (cy) =
@. Let]| Al > 1. We use deletion and restriction of Definition 2.22. The oriented half spaces
in A determine the orientations of the half spaceglirand.A”. The chamber labeled Ity
determines unique chambersdiand.A” to be labeled byl. By the induction hypothesis,
we have bijectionst’: Ch(A") — nbc(A) U {#} andn”:Ch(A”) — nbc(A") U {#"}
satisfying the respective conditions. Let Ch(A").

Q) If ¢ Hy =@, thenc € Ch(A). Let n(c) = 7'(c). This is well defined by
Lemma 2.23.

(2) Otherwise, let¢” = ¢ N Hy # @. Thenc \ H; is the union of two chambers,
ct=cnHf andc™ =cn Hy, with ¢, ¢~ € Ch(Ap). Define(c™) = n'(c) and
m(ct) =nr"(c")U{1}. This is well defined by Lemma 2.23. Thas inherits its label from
¢ € Ch(A) andc™ inherits its label fromr” e Ch(A”) with the extra vertex 1 added on.

It remains to show that ifr(c) = o, thenc € H;. In case (1), let € Ch(A4") and
7’(c) = o € nbc(A’). By the induction hypothesis,C H.t. In case (2), let € Ch(A’)
and 7r’(c) = o € nbc(A). By the induction hypothesis; € H;". For ¢~ € Ch(Ag),
¢~ CcCSHfNH; CH;. Sincen(c™)=n'(c) =0, the assertion holds far. Finally,
considerc™. Letc” € Ch(A”) andzn”(¢”) = 0" € nbc(A"). By the induction hypothesis,
¢" € HY,. Sincen(ct) =o” U {1} andct € H), N H = H:,,U{l}, the condition also
holds forc*t. O

4. Example
Let A denote the 3-arrangement with five hyperplanes

|

7 @
7 S ofexele

Fig. 2.
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Hi={y=0}, Hy={z=0}, Hz={y+z=0},
Hy={y—z+1=0} and Hs={x=0}.
Choose the empty chambey to be the chamber containing the po{atl, —%, %1), The

nervek is given in Fig. 2. Each bubble represents an equivalence class.
The simplex 123 is a circuit and 12 is a broken circuit. Thus

nbc={1,2,3,4,5,13 14,15, 23, 24, 25, 34, 35, 45, 135 145 235 245 345}.

is the no-broken-circuit set in lexicographic order. The generalized Mayer-Vietoris spectral
sequences for the real and complexified real hyperplane arrangement are given below along
with the reduced homology of the one-point compactification of the union.

2 2

Ep 4 (R) E}4©
4 4\|z°
3 3
2|z VA
A 1
0 A 0 A

ol1]2 ol1]2

78, if m=2,

~ o~ 719 if m=2 ~ o~ 78, if m=3
H N — 9 7 H N — 9 1
n(Ne) {o, if m£2, n(Ne) 75, if m=4,

0, if m#2,3,4.

Table 1
Incidence matrix

||2|3|4|5|12|13|24|25|34|35|

I
o

| 123 | 125 | 134 | 135 | 245 | 345 | 1235 | 1345 |

N
o|r|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|lo|e
o|lo|r|o|o|o|o|o|o|o|o|o|o|o|o|o|o|lo|e
o|o|o|r|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o
o|o|o|o|r|o|o|o|o|o|o|o|o|o|o|o|o|o|o
r|r|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|lo|e
rl|lo|r|o|o|lr|o|o|o|o|o|o|o|o|o|o|o|lo|o
o|r|o|r|o|o|o|o|o|r|o|o|o|o|o|o|o|lo|e
o|r|o|o|r|o|o|o|o|o|r|o|o|o|o|o|o|o|o
o|lo|r|r|o|lo|o|o|o|o|o|r|o|o|o|o|o|lo|e
o|lo|r|o|r|o|o|o|o|o|o|o|r|o|o|o|lo|lo|e
o|lo|o|r|r|o|o|o|o|o|o|o|o|r|o|o|lo|lo|o
rlr|r|lo|lo|r|o|lo|r|o|o|lo]|lo|o|o|o|o|o]|e
rlr|lo|lo|lr|o|lo|r|o|lo|r|o]|lo|o|o|o|o|o]|e
rlo|lr|r|o|r|r|o|o|o|o|lr|o|o|o|lo|o|o]|e
rlo|lr|o|lr|r|o|r|o|lo|o|lo|r|o|r|o|olo]|e
ofr|o|r|r|o|lo|o|o|r|r|o]lo|r|o|lo|o|r]|e
oflo|r|r|r|o|lo|o|o|o|o|r]|r]|r|o|lo|o|o]|r
rlr|r|lo|lr|r|o|r|r|o|lr|o|lr]|o|r|o|lr|o]|o
rlo|r|r|r|r|r|r|lolo|o|r|r|r]|r|r|lolo|r
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145 14 1
345 34 ’y
45 135 4 13
< < 15
245 235 24 23
25 2 1 2 3
AN
z>0 z<0

nbc Representatives of Hy (ﬁR)

15

Fig. 3.

The incidence matrix of Definition 3.11 is given in Table 1. The rows are labelatbby
and the columns by Ghg). The coefficient simplexes. in Ch(Ag), the labeling of the
individual chambers bybc in Lemma 3.14, and selected representativeﬁpfﬂﬁ@ are

given in Fig. 3.
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