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Abstract

The complement of an arrangement of hyperplanes is a good example of a mixed Hodge
structure on the fundamental group of an algebraic variety. We compute its isomorphism class
using iterated integrals and then show that the cross ratio of a arrangement is a combinatorial
and projective invariant. So cross ratio equivalent arrangements are isomorphic. Moreover, an
isomorphism of polarized mixed Hodge structures on the fundamental group induces cross ratio
equivalent arrangements.2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let V be an algebraic variety ovér. We fix a pointx of V and consider the truncation
Zry(V, x) /It

of the group algebra of the fundamental gram{V, x) over Z by some power of its
augmentation ideal. Its dual space is isomorphic to the space

HO(Bs(V), x)

of iterated integrals with lengthk s that are homotopy functionals. Using the bar
construction of iterated integrals, the Hodge and weight filtration (B, (V), x)
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can be defined. Thefr1(V,x)/J**t! has a mixed Hodge structure (cf. Hain [7] and
Morgan [14]).

In this paper we compute invariants of mixed Hodge structures on the fundamental group
of a complement of hyperplanes in complex projective space (see [10]). Furthermore we
study what can be implied by isomorphisms of mixed Hodge structures. For example, if
V =Pl —{a1,...,a,} then it means that they are biholomorphic (see [7]).

A finite set. A of hyperplanes in thevV-dimensional complex projective spaB€ is
called an arrangement of hyperplanes. bdte a base point of its complemet(A) =
PN — Upea H. We call (A, b) a pointed arrangement. Denote By, (A) the set of
nonempty intersections of elements.fwhose codimension ig. For 3 hyperplane#;
(i = 1,2,3) with codim(H1 N Ho N H3) = 2, there is a unique projective lidex P! in
the dual projective spaa@” )* which passes through 3 dual points associateH;tdlrhe
cross ratio for the abov#; (i = 1, 2, 3) is defined by the usual cross ratio/imf 3 dual
points and the point which is the intersection of the lirred a dual hyperplane associated
to b. Two pointed arrangements will be calless ratio equivalentf they have samé
(p =1, 2) and their cross ratios coincide (see Definitions 9 and 10 in detail).

The main result in this paper is the following.

Main Theorem (Corollary 19 and Theorem 25).et (A, b), (A’,b') be two pointed
arrangements of hyperplanes. There is a ring isomorphism

¢ Zri(M(A), b)) I3 — Zry(M(A), b)) T3

which induces an isomorphism of mixed Hodge structures and preserve the polarization
on (J/J2)*, if and only if, (A, b) and (A’, b’) are cross ratio equivalent.

The outline of the proof is as follows. We consider the mixed Hodge structure on
Zm1(M, b)/J5*1. First there is an exact sequence

0— HYM)— Hom(J/J3,Z) - K -0

of mixed Hodge structures, whei¢ is the kernel of the cup produdi! ® H! — H?.

This exact sequence gives a extension of Hodge structures. Due to the extension theory of
mixed Hodge structures (Carlson [2]), the set of congruence classes of extensioiy of

H1 forms an Abelian group EXK, H'), and there is an Abelian group isomorphism

v Ext(K, H') > Hom(K, H') ./Hom(K, H*),,.

We shall choose suitable bases of edth and K, and give a concrete description of
V((J(M(A, b)/J3*). Its isomorphism class depends only on cross ratios of arrangements.
Therefore if two pointed arrangements are cross ratio equivalent, then mixed Hodge
structures on their fundamental groups are isomorphic (see Theorem 17 and Corollary 19).
Next we can define the polarization éf1(M(A),7Z) = (J/J?*. For two pointed
arrangements.A, b) and (A’, b'), if there is a isomorphism of first cohomologies that
preserve the polarization then it transfers one’s canonical basis to the other’s canonical
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basis, using properties of root systems of type This implies the following. If a ring
isomorphism

¢ Zri(M(A), b)) I3 — Zmi(M(A), b)) T3

induces an isomorphism of mixed Hodge structures and preserves the polarization on
(J/J?* = H1, then A and A’ have the same intersection sep. Therefore they

have the saméf!, K and HomK, H1)7. Also the isomorphism of//J2 induces the

one of ((J/J3)*), and then their cross ratios coincide. This implies Main Theorem
(Theorem 25).

2. The mixed Hodge structure on xr; for arrangements
2.1. Extensions of mixed Hodge structures

First we review the extension of mixed Hodge structures (cf. [2,7]).
An extension of Hodge structurésan exact sequence
0O—-A—E—-B—0
of mixed Hodge structures. Two extensions
0-A—-E;—-B—0 j=12

arecongruent if there is an isomorphism of mixed Hodge structugeskt; — E2 such
that

0 A E1 B 0
J/id J/qb J/id
0 A E> B 0

commutes. The set of congruence classes of extensiahi®pfA forms an Abelian group
that we shall denote by E&, A).

Lemmal (Carlson [2]).We assume thad and B are pure Hodge structures of weight
andn, respectively, witlk > m. There is an Abelian group isomorphism
Hom(B, A)¢

Y EXt(B, A) > .
FOHom(B, A)c + Hom(B, A)z

We can express the mixed Hodge structurg v 3)* as an extension. We shall denote
the integration value of an iterated integfabn a pathy by (1, y).

Lemma 2 [7]. Suppose thatX, x) is a path connected, pointed topological space. If
Hi(X,7Z) is torsion-free, then there is an exact sequence

0— Hi(X) 2 Homy (1 (X, x)/J3,2) 5 Kz(X) — 0.
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Here Kz (X) is the kernel of the cup produt}(X) ® HX(X) — H2(X) andi(z)(g—1) =
(z,g), whereg € m1(X, x) andz € H(X). If ¢ € (J/J®)* and«, B are loops based at,
then

p@)(1e1® [81) = 4. (la} — 1) (18} - 1)),

Let A be an arrangement of hyperplanes @nd base point of its complemeM =
M(A). A pair (A4, b) is called apointed arrangemeniVe consider the fundamental group
m1(M(A), b) and the augmentation idedl= J (M, b) of the group ring ofr1 (M, b) over
7. We recall thaZz1 (M (A), b)/ J*+1 has a mixed Hodge structure. By the above there is
an extension

0— HYM)— (J/J3) - K—0

of (J/J3)*, wherek is the kernel of the cup-produé&tl(M) @ HX(M) — H?(M). Note
that the mixed Hodge structure on the cohomoldffy(M) is pure in general. Moreover
any element of7’ (M) has Hodge typéi, i) (see [16]). Since the first conomology is pure
of weight 2 and the kerné! of its cup productis pure of weight 4, there is an isomorphism

Hom(K, HY¢ . (K* ® Hy)c
Hom(K, HY)z — (K*® H{)z'

¥ Ext(K, HY) —

We want to get a description @f((J/J3)*), and note that its coefficients are given by
integration values of iterated integrals.

2.2. Basis for arrangements

In order to give the description of the extension isomorphisti//J2)*) of mixed
Hodge structures (see Lemmas 1 and 2), in this section we shall find ba&is(sf),
Hi(M), K andK*, whereK is the kernel of the cup-produét! ® H! — H?. We must
take care of the order of an arrangement (cf. [10]).

Let A= {Hy, Ha, ..., H,} be an arrangement of hyperplanesGff. We define the
logarithmic differential formw; associated t@{; by

71 dlog(h;)
w; = 1
e R

here H; = ker h;. Brieskorn [1] showed that the cohomology of the complenéiiid)
has a basis

{w;, for1<i <n}

(for details, see [15]). Choose loopsbased ab aroundH; such thatfai w;j =8;;, where
8;; is Kronecker's delta. Sinckr;]’s is the dual basis o1 (M (A), Z), {(o; — 1), for 1 <
i <n}isabasis ot/ /J2= H; and{w;, for 1 <i <n} is the dual basis of//J%)* = H1.
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We want to find a basis ok * = J2/J3. For H;, H; € A with H; N H; # {, we denote
by k;; the maximum of indices of hyperplanes containfigN H;: k;j = max{1 <k <n |
H; N H; C Hi}. We then obtain the following proposition.

Proposition 3. The set

wiw; + a)ja)k,'_,' + wk,‘j i, for (la ,]) € C(A)

w;wj, for (i, j) e P(A)
wiw; +wjw;, forl<i<j<n
w;w;, forl<i<n

is a basis ofK and

o —1,0;,—1], for(i, j)e &(A
(0j —D(o; =1, forl<i<j<n

is the dual basis ok *. Here

CA) = {G.))li<j, HiNH;#¥andj #ki;},
Z(A) = C(AUPA).

We recall some properties of iterated integrals.

Lemma 4. Let M be a smooth manifoldy1, w2 smoothl-forms onM andoy, o2 loops
based atr € M. Then

(w12, (01 — 1) (02 — 1))=/w1 : /wz,

o1 02
(wlwz,[01—1,02—1]>=/w1~/w2—/w1~/wz.
o1 02 02 o1

Proof. These formulas are obtained by straight forward calculations using the shuffle

productformula]y a)l-fy wzzfy w1w2+fy wow1. O

We shall use the following notations. For an arrangerseif hyperplanes, denote by
L>(A) the set of nonempty intersections of elementsdofvhose codimension is 2. For
X € Ly(A), define the subsetly of A by Ax ={H € A| X C H}, and let|Ax]| be its
cardinality.

Proof of Proposition 3. Due to the above Lemma 4 we can check easily duality of two
sets using formulas of iterated integrals, siag@re dual ofw;. Let B be the first set in
Proposition 3. Then we shall verify thétx is a basis oK .

The following is well known. There are only relations

a),'/\a)j—}-a)j/\wk—}-a)k/\wizo
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for H;, H;, Hy with codim(H; N H; N Hy) = 2,
wi Awj=0

for H;, H; with H; " H; =, and
Wi ANwWj =wj N\ wj

for H;, H; with normal crossing. We can choose independent relat®gs using the
order of hyperplanes, by the same argument as in [10] (cf. [11-13]). Na®iglys an
independent set il @ HL.

Next we can check that the cardinality 8f( A) is

-1
g =" (axl- )

XeLy(A)

and then the cardinality a8 is
EWD]+|{G. ). 1<i<j<n}|=n"= > (lAx|-1).
XeLo(A)
This is the dimension oK from the following lemma. O

Lemma5.
dim(HA(M(A)) = > (4xI-1).

XeLo(A)

Proof. In general, the dimensions of the cohomology gro&fSM (A)) are obtained
from the Poincaré polynomial(A, #) of the arrangemerd, defined as follows (see [15]).
ForX e L(A), set
chiV.X]={c=Xi,,....Xi) ICN =V =X;;, >--- D> X;, =X, X;, € L(A)}
and denoteg by |c|. We define the Mdbius function by
pX)= 3 (=l
cech[V,X]
and the Poincaré polynomial by
r(A D= Y uX)(=nImX,
XeL(A)
Sinceu(X) = |Ax| — 1 for X € Lo(A), the assertion is verified.O

2.3. Calculation of iterated integrals

Since the coefficients in the descriptiompf(J/J3)*) are given by calculating certain
iterated integrals, we compute concretely those iterated integrals, as follows.

Lemma6. Set
1 dz

w, —m —
" ony/—1z—7z

(i=123).
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Suppose that, far=1, 2, 3, y; is aloop based atp in C, running anti-clockwisely around
zi, and which is nullhomotopic i€ — {z;}, for j #i. Then

/wla)z— 1 log(zo—zz)
2m/—1 z1—22)

Y1

720 — 22 z1—13>

1
w1 W2 + w2 w3+ w3 w1} = lo
/{ 1@z 23 s w1} 2m+/—1 9(11—12 70 — 23

Y1

Proof. We can compute them easily by line integrals (cf. [10]

Let H; (i =1, 2, 3) be hyperplanesi®™ with codim(H1 N Ho N Hz) = 2, b a base point
1
2/ —1
whereH; = ker h;. Sety; to be a loop based atin CY whose monodromy aroun#; is
equal to Zr+/—1. Since codimH1 N H> N H3) = 2, assume that

dlogh;,

wj =

c1hy + coho +c3hz=0

for some nonzero constands Then

Proposition 7.

3 Czhz(b)>

1
w1 w2 + w2 w3+ w3 w1 = (0]
/{ 1 w2 + w2 w3 + w3 w1} om 1 9( caha(b)

Y1

Proof. We consider an immersiarof C in CV which induces an immersion
L
C—{z1.22.23} = CN — U H;,
i=1,2,3

whereH; N C = z; with b = zg € C. We can assume that foe= 1, 2, 3, ; is a loop based
atzg in C running anti-clockwisely aroung, and which is nullhomotopic i© — {z;} for
j #iandy; =t0¥;, sot*w; =dlog(z — z;). By Lemma 6 we get

1 20—22 21— zs)
w1w2 + wr2w3 + w3w1} = lo ( . .
/{ } 2m/—1 d Z1—22 Z0—423
%

On the other hand we can writg ot = «; (z — z;) for some constants;. Then we can see

a1(z — z1) + ol2(z — z2) + a3(z — z3) =0,

wherea; = c;a;, namelya + a2 + a3z = 0 anda1z1 + d2z2 + aszz = 0. Also note that
71—z = (z0 — zi) — (z0 — z1) and

1 1
z0—2zi = —h;jot(z0) = =cihi(b), i=123
o o1

The formula in the statement now followso
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2.4. The cross ratio equivalence

Let P =PV be the complex projective space of dimensiénWe can define the cross
ratio of four distinct points lying on a line it as follows. Take homogeneous coordinates
[s : ¢] of the linePL. Let p; =[s; : #;] (i = 1,2, 3, 4) be four points on this line. Their
cross ratiois defined by
S§113 — 8§31 S214 — S412
S114 — S411 . §213 — S3t2.

This cross ratio is invariant under projective transformation8,aind by permutation of
the four points, the cross ratio takes six values:

A =A(p1, p2, p3, pa) =

A h1-aa-nt At -0, 000 -7

We consider the following cross ratio of an arrangement. Mgt Ho, H3 be distinct
three hyperplanes i with codim(H1 N H2 N Hz) = 2 andb a point of P not lying in H;
(i =1,2,3). We denote by* the projective dual space & Let p; = H* be the point
of P* associated to the hyperpla#g of PP for i = 1, 2, 3 and H, = b* the hyperplane of
P* associated to the pointof P. Thenp1, p2 and p3 lie on some line and do not lie in
H,,. The intersection of this line and the hyperpldiigis a point ofP* and so this point is
denoted byp;,. Then thecross ratiois defined by

A23=A(H1, H2, H3 : b) = A(p3, p2, p1, Pp)-

This cross ratio has the following expression. We take homogeneous coordimdfes
and denote byt; (z) the homogeneous linear polynomial definiigfor i = 1, 2, 3. Since
codim(H1 N Ho N H3) = 2, there are nonzero constants ¢z, c3 satisfying

c1h1(z) + c2h2(z) + c3h3(z) =0
(or we can take the normalizatién, iz, h3 ashi(z) + ha(z) + h3(z) = 0).

Lemma 8.
ho(b
A= h(Hy, Ho. Hs : b) = — 21200
c3h3(b)
For a permutation of the three hyperplanes, this cross ratios takes six values
A23=2, Apzi=(1—1)"1 A312=2"t(A - 1),
rzp=2"1 A213=(1—2), Ag1=Ar(a— DL

Proof. Taking homogeneous coordinates, the result is obtained by straight calculations
using the above condition.o

We recall the following notations (see [15]). For an arrangemérdf hyperplanes,
denote by (A) the set of nonempty intersections of elementg@nd byL , (A) the set of
elements ofL (A) whose codimension is. We define the subsét ,(A) = Uigp Li(A)
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of L(A) =J; Li(A). ForX e L(A), define the following subsedy of A by Ax ={H €
A|X CH}.

Definition 9. Two arrangementg! and A" are calledL-equivalent if there is a one-to-
one correspondence betwekq4) andL(A’) that preserves inclusions. Furthermore two
arrangementsl and.A’ are calledL ,-equivalentif there is a one-to-one correspondence
betweenL ¢ ,(A) andL ¢, (A’) that preserves inclusions.

Definition 10. Let A be a projective arrangement of hyperplane®ie= PV, andb a
base point of its complemet (A) =P — | J,, .5 H. Two pointed arrangements4, b)
and(.A’, b’) arecross ratio equivalentf and only if they arel.»>-equivalent and their cross
ratios of arrangements coincide. Namely fr, H», Hz € A with codim(Hy N Hy N Hz) =
2,letH;, Hy, Hy € A’ be the corresponding hyperplanes. Then

A(Hi, Ho, H3 : b) =A(Hy, Hy, Hy = b').

Remark 11. We can rephrase the cross ratio equivalence relation, as follows.A,.é)
be a pointed arrangementin For X € L>(A), assumethally = {H1, ..., Hy} and define

P(X)=X*—{H*|He Ax}U{p*nX*} =P — {p1,.... pr. po)-

Pointed arrangements are cross ratio equivalent if and only if thel; aegjuivalent and
forany X € L», the correspondin@(X)’s are biholomorphic.

Next we shall consider the affine case. [Pt be the complex projective space which
is a compactification of V. For an affine arrangemesdt= {H;, ..., H,} in CV, consider
the projective arrangement of hyperplanes iV defined by A = { Ho, H1, ..., H, },
where H; is the projective closure oH;, 1< i < n, and Hp =PV — CV. Note that
M=M(A) =M(A).

Definition 12. The cross ratio of an affine arrangement is defined by one of its projective
arrangements. In the affine case the cross ratio has also the expression in Lemma 8. Two
pointed affine arrangements are calledss ratio equivalentif their pointed projective
arrangements are cross ratio equivalent.

Let A= {Hi,..., H,} be an arrangement i@ and A = { Ho, H1, ..., H,} be its
projective arrangement iRV . Recall the combinatorial data (.4) in Proposition 3. We
define a cross ratio fai, j) € & (A) by

i (A) = A(Hi, Hj, Hy; : b) if Hi 0 Hj#0,

M Hi,Hj,Ho:b) if HiNH;=4.
Proposition 13. Two pointed affine arrangementsd, b) and (A’,b’) are cross ratio
equivalent if and only if they ar&,-equivalent and;; (A) = 1;;(A") for any (i, j) €
EA) =E5(A).
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Proof. The necessity is clear. B # H; N H; = K;; and Ak,; = {Hyy, ..., Hy,;} (k1 <

.-+ < kij) then their dual pointgy,, ..., Pk; are on one line. Also, itH; N H; = then
codim(H; N'H; N Hy) = 2 in PV, Therefore, by the property of the usual cross ratio, the
proposition follows. O

Example 14. In the case of arrangements in general position, cross ratio equivalence
means that they have the same number of hyperplanes.

Example 15. The braid arrangement i@¥” is defined by the hyperplanes—z; =0 (1 <
i < j <n).Forabase poin, its cross ratio can be written as

7 —Zj

Aijk = .
2k — 2

Example 16. Given 4 generic points ifP?, we consider the arrangement of 6 lines
determined by any two points. This is defined by the equatiarix — y)(y —z)(z —x) = 0.
For a base pointx : y : z], we obtain cross ratios

x z y X=)
Alooy = 3’ Af010 = e A[100 = 2 Al11y = p——

and in this case, cross ratio equivalence means biholomorphism.
2.5. Description ofy ((J/J3)*)

Let A be an arrangement of hyperplanes. Recall #hat(M (A), b)/J**1 has a mixed
Hodge structure, that there is an extensior0H! — (J/J3)* - K — 0 of K by H?!
and that we have the isomorphisp: Ext(K, H) = (K* ® Hf)c/(K* ® H{)z. The
isomorphismy associated with the mixed Hodge structure (g J3)* with respect to
the basis in Proposition 3 can be written as follows.

Theorem 17.
v ((1/7%)7)

|Og()»,'j) [o; — 1, oj — 11 ® (0; — 1)*

1 -1 *

| Z +log((1—%ij))7") [oi =10, —1® (0, — 1)
(isj)EC(A) -1 *

+|Og()»ij ()"ij — 1)) [oi — 1, oj — 1l® (Uk,-_,- -1
1 log(Aij) [oi — 1,0 — 1] ® (0; —1*
2ny =1 S | +1og(A =)™ [oi — 1,0/ — 1 ® (0; — *

mod(K* ® Hy)z,

wherel;; = 1;;(A) are the cross ratios fo(i, j) € &(A).
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Remark 18. Due to Proposition 3, we get the basis

[oi —1,0; —1]® (ox — D*, for(i, j) e E(A) and 1<k <n,
(i —D(oj —D®(ox —D*, forl<i<j<nandl<k<n

of K* ® Hy. Butthe coefficients ofo; — 1)(c; — 1) ® (ox — 1)* of ¥ ((J/J3)*) vanishin
K* ® H{ moduloZ.

Proof. Due to Proposition 7 and Lemma 8, we can compute the following iterated integrals
(1) Foreachi, j) e C(A) ando € BH;,

log(xij), if o=o0;,

IOg((l—Ai-)_l), if o =0,
Zn«/—l/‘ww-—}—w-w..—}—wuw: _ / . /
J = j @k kij Qi |Og()»,]1()\z] _ 1))7 if o :Ukjj!

0, otherwise.
(2) Foreachi, j) € P(A) ando € BH1,
Iog(k,-,-), if o =0,
va—lfwiwj: Iog((l—kij)‘l), ifo’zo‘j,
p 0, otherwise.

(8) Foreach Ki < j<nando € BH1,

Zn«/—lfwiwj +wjw; =0.

o

(4) Foreach K i <nando € BH1,

— 1, if =0
2 _1 ) J— ) ) I8
i / wie {O, otherwise.

o

This yields the theorem. O
This gives the first half of the Main Theorem, in the following way.

Corollary 19. If (A, b) and (A, 1) are cross ratio equivalent pointed arrangements of
hyperplanes, then there is a ring isomorphism

¢ Zr (M (A), b)) I3 — Zm(M(A), b)) T3

which induces an isomorphism of mixed Hodge structures.

Proof. Let (A, b) and (A’, ') be cross ratio equivalent pointed arrangements of hyper-
planes. First since they afe-equivalent, there is a bijection from to A’ that induces a
bijection fromL2(A) to L2(A"). Fixing a hyperplane at infinity, we may assume that they
are affine arrangements.

The morphismy : Zz1(M(A), b)/J3 — Zai(M(A),b)/J3 is defined by carrying a
loop around a hyperplang € A to a loop around the hyperplaitg € A’ corresponding
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to H. This induces isomorphisms df/J2 = H; andJ2/J3 = K*, by Proposition 3, and
Sog is the desired ring isomorphism.

Recall that mixed Hodge structures on the complements are induced by extensions
0— H'— (J/J®* - K — 0. Therefore Theorem 17 and Proposition 13 yield the
corollary. O

3. Torelli problem
3.1. Polarization ofH (M (A))

First we recall the root system of typk,. Letn be a positive integer. We shall work in
the real vector spacé = R"*1, with the usual inner product. Let, ..., ,41 be a basis
of R"*+1 consisting of orthonormal unit vectors. The lattigg = Z"*+1 is the Z-span of
this basis. We define thedimensional subspade of V to be the orthogonal complement
to the vectorey + - -+ + €41, and setEz, = V7 N E. We take® = {a € E7 | (o, o) = 2}.
Then @ is the root system irE of type A,, such thatd = {¢; —¢; | i # j}, and that
A ={a;:=¢; —&i+1|1<i <n}is abase ofp, with Cartan matrix

2 -1 ©0 0

-1 2 -1

o -1 . .0
B P —

0 0O -1 2

The Weyl group/V of @ is isomorphic to the symmetric groGyni ™ the reflection with
respect tay; corresponds to the transpositigni + 1).

We now define the polarization of the cohomology of the complement of hyperplanes.
Let A = (Hy, Ho, ..., H,.1} be an arrangement of hyperplanesPifi, and M be its
complement. The Gysin homomorphism gives a exact sequence

0— HY(M) — H0<U H,->.

HO(J, H;) is isomorphic toHay—1)(\U; Hi) = €; Hav—1)(H;) by Poincaré duality.
Since the dimension offy—1)(H;) is one, leta; be a generator oHpy—1)(H;), for
1<i<n+1 Then{a/, 1<i<n+1}is a basis ofHO(Ul. H;). The polarization of
HO(U,- H;) givenby(a’, a;.‘) = §;; induces the pairing aff 1(M). We shall call this pairing
the polarization onH1(M) for an arrangementd . Define logarithmic differential forms
1 h;

=———dlog—,

2n/—1 ghj
whereH; = kerh;. Note thaf{w; ,+1, 1 <i < n}isabasis ofH1(M) and{w; j4+1, 1 <i <
n} is also a basist }(M) is regarded as the subspacedfi(|J; H) with w; ; =a} —a*
Therefore® = {w; ;, i # j} is the root system iH1(M) of type A,,.

a)i,j

it
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The following results from the fact that the Cartan matrix determines a root system up
to isomorphism (see [9, p. 55]).

Lemma 20. For two arrangementsd and A’, if ¢: H{(M(A)) - HYM(A)) is an
isomorphism satisfyingp(a), ¢(8)) = («, B) for all o, B € HX(M(A)), then we can take
indexes satisfying(w;, ;) :a)lf’j forall i # j.

As consequence, the cohomology algebra with polarization determines the combina-
torics for arrangements as follows. (Recall Definition 9 of combinatorics for arrange-
ments.)

Proposition 21. Let.A and. A’ be two arrangements. There is a isomorphiEi(M (A))
= H*(M(A")) of cohomology algebras of their complememtsA) and M (A’) preserv-
ing the polarization on first cohomologies, if and only4fand.A’ are L-equivalent.

Let A and A’ be arrangements iR and A = {Hy, ..., H,.1}. We need the following
lemmas (cf. [15]). Their proofs are straightforward.

Lemma?22. A and.A’ are L-equivalent, if and only if, there is bijectign: A — A’ such
that for all subsetyH;,, ..., H;,,,} of A with H;, N --- N H;, , #0, o(H;;) N ---N
¢(Hiy ) 7 0.

Denote byw; = zﬂ—l_l dlog(h;) the logarithmic differential form associated iy =
kerh;. We define a linear differential by

P
dwy - wp = Z(—l)"lw1-~-cb‘,~~--wp.
i=1

Lemma 23.

Hilﬂ--~ﬂHl'N+15£@ < 8wi1~-~a),~N+1=O.
These lemmas lead to the above proposition.

Proof of Proposition 21. The necessity is given by the well-known fact that cohomologies
of complements ofL-equivalent arrangements are isomorphic (Orlik and Solomon,
cf. [15]).

Let. 4 and.A’ be arrangements /Y . Suppose that there is a isomorphigmH * (M (A))
S H*(M(A)) preserving the polarization on first cohomologies. Since it preserves
the polarization on first cohomologies, due to Lemma 20 we can assumeAtkat
{H1,..., Hyy1}, A ={Hy, ..., H, .} andp(w; ;) = wl’.’j herew; ; (respectivelyw; ;)
are logarithmic differential forms o (A) (respectivelyM (A’)). So we get the bijection
¢: A— A defined byp(H;) = H;. We choosé,+1 andH,  , as a hyperplane at infin-
ity respectively and then we can consider them to be affine arrangements. Recall that the
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logarithmic differential formso; = w; n41 (respectively; = w; , . 1) associated ta7; (re-
spectivelyH/), 1<i < n, generate the cohomolog¥* (M (A)) (respectivelyd * (M (A)))
(Brieskorn [1]).

For subset$H;,, ..., H;,,} of Awith H;; N- H;, ., # ¥ andnot containing{N+1,
we havedw;, - - culN+l =0. By the isomorphism of cohomologies, we gef, -+ w; =
0 and thenH/1 N H/N+1 # (. In the case of subsets containifig 1, we change the

hyperplane at infinity. Thereford and. A’ areL-equivalent by the two lemmas abovex
In addition, the same argument gives the following.

Corollary 24. Let.A and A’ be two arrangements. There is an isomorphim? (M (A))
= HSP(M(A')) preserving the polarization on first conomologies, if and onlyifand
A’ are L ,-equivalent, wherg/ <” = @, . H'.

Proof. We can modify Lemma 224 and A" are L ,-equivalent, if and only if, there is

bijection ¢ A— A’ such that for all subsetsH;,, ..., H;,,,} of A with codim(H;, N
NH;, ) <p+1 (namelydw;, - - - w; b1 = =0), codime(H,)N---Ne(H; ) <p+1l

(namelyaw oA = = 0); herew; (respectivel)w ) is the logarithmic differential form

1

associated taH (respectivelyp(H )). This leads to the corollary.O
3.2. Torelli type theorem

From the above discussion, we can get a Torelli type theorem for polarized mixed Hodge
structures onry of pointed arrangements of hyperplanes, as follows.

Theorem 25. Let (A, b), (A’, b") be two pointed arrangements of hyperplanes. If there is
a ring isomorphism

¢ Zri(M(A), b)) I3 — Zmy(M(A), b)) T3

which induces an isomorphism of mixed Hodge structures and preserve the polarization
on(J/J?)*, then(A, b) and (A’, b') are cross ratio equivalent.

Proof. First ¢ induces isomorphismg; of H! = (J/J?)* and ¢} of K = (J2/J3),
whereK is the kernel of the cup-product. So the exact sequenee® — H1 ® H! —
H? — 0 leads to an isomorphism di2. Therefore there is an isomorphism Hf<2
preserving the polarization oH!, and so.A and A’ are L,-equivalent by Corollary 24.
Note that we can define cross ratiag and A;j for (i,j) € E(A) = E(A") (see
Proposition 3 and Definition 12).

Since ¢ induce the isomorphismp* of mixed Hodge structures ot//J3%)*, their
extensions 0— H! — (J/J®* - K — 0 of K by H! are congruent. Via the
isomorphismy : Ext(K, H1) = (K* ® H{)c/(K* ® H{)z, their coefficients in the
description ofy((J/J3)*) (see Theorem 17) coincide, namely(ag) is equal to IogA;j)
in C/27+/—1Z. Therefore taking exponents of both sides, we het= A;;. Due to
Proposition 13, we have that, b) and(A’, b’) are cross ratio equivalent.
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