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Abstract

Let A be an arrangement of complex hyperplanes andMA the complement of the union of
hyperplanes inA. The Orlik–Solomon algebra ofA determines a subcomplex of the de Rham
complex of the loop space ofMA, which is called the bar complex of the Orlik–Solomon algebra.
The dual of this complex is isomorphic to the tensor algebra of the homology ofMA equipped
with a derivation arising from the product structure of the Orlik–Solomon algebra. Based on
this construction we give an explicit description of Chen’s iterated integrals of logarithmic forms
depending only on the homotopy class of a loop. 2002 Elsevier Science B.V. All rights reserved.
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Introduction

Let A be an arrangement of complex hyperplanes inC
n. In the present article we

suppose that the arrangementA is central. We denote byMA the complement of the
union of hyperplanes inA. We consider iterated integrals in the sense of Chen of smooth
differential forms onMA as differential forms on the loop space ofMA. We have a
subcomplexB•(MA) of the de Rham complex of the loop space ofMA consisting of such
iterated integrals. The complexB•(MA) is called the bar construction for the de Rham
complex ofMA. As was shown in a more general situation by Chen, the 0th cohomology
of the complexB•(MA) determines the completed group ring overR of the fundamental
group ofMA.

It was proved by Brieskorn [1] that the cohomology ring ofMA is generated by the
logarithmic 1-forms with poles of order one on the hyperplanes inA. The structure of the
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subalgebra of the de Rham complex generated by such logarithmic forms was determined
by Orlik and Solomon [6] and we call it the Orlik–Solomon algebra. In this paper we focus
on the iterated integrals of differential forms contained in the Orlik–Solomon algebra.

It turns out that such iterated integrals determine a subcomplex ofB•(MA) defined
over the ring of integersZ and that the cohomology of this complex tensored withR is
isomorphic to the cohomology of the above complexB•(MA). We shall call this complex
the bar complex of the Orlik–Solomon algebra. We have a convenient description of the
dual of the bar complex of the Orlik–Solomon algebra as a tensor algebra on the homology
of MA with a derivation defined by the product structure of the Orlik–Solomon algebra.
This construction permits us to describe the cohomology of the complexB•(MA) in a
purely algebraic way. Based on this method we describe explicitly a basis of the space
of iterated integrals of the logarithmic 1-forms depending only on the homotopy class of
a loop. Some of the results for arrangements obtained by means of Sullivan’s minimal
models (see [3,4]) can be reformulated in these terminologies.

The paper is organized in the following way. In Section 1 we introduce the notion of the
bar complex of the Orlik–Solomon algebra and show that its cohomology is isomorphic
to the cohomology ofB•(MA). In Section 2 we give an algebraic description of the dual
of the bar complex of the Orlik–Solomon algebra. Section 3 is devoted to the study of
the cohomology of the bar complex of the Orlik–Solomon algebra and iterated integrals.
Throughout this paperK denotes the field of real numbersR or the field of complex
numbersC.

1. Bar complex

Let A be a central arrangement of hyperplanes inCn. By definition A is a set of
finite number of complex hyperplanes inCn through the origin. We denote byMA the
complementary space defined by

MA =C
n \

⋃
H∈A

H.

We putA= {H1, . . . ,Hr} and denote byfj a linear form definingHj . Let us consider the
logarithmic differential forms

ωj = 1

2π
√−1

dfj
fj
, 1 � j � r. (1.1)

It was shown by Brieskorn [1] that the cohomology ring ofMA is generated by the
de Rham cohomology classes ofωj , 1 � j � r. We denote byΩA the Z subalgebra
of the algebra of smooth differential forms onMA generated by the logarithmic forms
ωj , 1 � j � r. The algebraΩA is isomorphic to the cohomology ringH ∗(MA,Z). We
shall say that a subset{Hi1, . . . ,Hip } of A is dependent if the condition

codimC[Hi1 ∩ · · · ∩Hip ]<p
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is satisfied. We denote byEA the exterior algebra overZ with generatorsej , 1 � j � r,
modulo the ideal generated by

p∑
s=1

(−1)s−1ei1 ∧ · · · ∧ êis ∧ · · · ∧ eip (1.2)

for any dependent family{Hi1, . . . ,Hip } ⊂A with i1< · · ·< ip . In [6] Orlik and Solomon
proved that we have an isomorphism of algebras

α :EA ∼=ΩA

given byα(ej )= ωj , 1 � j � r. We callEA and alsoΩA the Orlik–Solomon algebra of

the hyperplane arrangementA. We denote byΩjA theZ submodule ofΩA consisting of

j -forms and we regardΩA =
⊕
j Ω

j

A as a subcomplex of the de Rham complex of smooth
differential forms onMA. Here the differential of the complexΩA is identically zero.

Following [2], we recall the definition of the bar construction for the de Rham complex.
Let A =⊕

j�0A
j be a differential graded algebra. We denote byA∗−1 the differential

graded algebra whose degreej part is given byAj+1 if j � 1 and byA1/dA0 if j = 0.
Let M be a smooth manifold and we denote byE(M) the de Rham complex of smooth
differential forms with values inK defined onM. We consider the tensor algebra

T •
(
E∗−1(M)

)=⊕
k�0

[ k⊗
E∗−1(M)

]

over the fieldK. By extending the degree for an element ofE∗−1(M) multiplicatively, we
put onT •(E∗−1(M)) a structure of a graded algebra. We set

Bp,−q(M)=
[ q⊗

E∗−1(M)

]p−q
,

where the right hand side stands for the degreep − q part of theq-fold tensor product of
E∗−1(M). We have a direct sum decomposition

T •
(
E∗−1(M)

)=⊕
p,q

Bp,−q(M).

We denote byT j (E∗−1(M)) the degreej part of the complexT •(E∗−1(M)) with respect
to the above grading. We have

T j
(
E∗−1(M)

)= ⊕
p−q=j

Bp,−q (M).

Let us notice that an element ofBp,−q(M) is represented by a linear combination of
ϕ1⊗ · · · ⊗ ϕq whereϕj is a differentialpj form such that

∑q
j=1pj = p.

For a differentialk form ϕ we setJϕ = (−1)kϕ. With this convention we introduce the
following two differentials. We defined1 :Bp,−q(M)→Bp+1,−q(M) by

d1(ϕ1⊗ · · · ⊗ ϕq)=
q∑
i=1

(−1)iJϕ1⊗ · · · ⊗ Jϕi−1⊗ dϕi ⊗ ϕi+1⊗ · · · ⊗ ϕq
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andd2 :Bp,−q(M)→Bp,−q+1(M) by

d2(ϕ1⊗ · · · ⊗ ϕq)

=
q−1∑
i=1

(−1)i−1Jϕ1⊗ · · · ⊗ Jϕi−1⊗
[
(Jϕi)∧ ϕi+1

]⊗ ϕi+2⊗ · · · ⊗ ϕq.

By the differentialsd1 andd2 the algebraT •(E∗−1(M)) =⊕
p,q B

p,−q (M) is equipped
with a structure of a double complex. The associated total complex with the differential
d = d1+ d2 is denoted byB•(E(M)), which we shall call the bar construction for the de
Rham complex ofM. In the following the complexB•(E(M)) is also denoted simply by
B•(M).

Let us denote byLxM the loop space ofM with a fixed base pointx ∈M. The complex
B•(E(M)) is related to the de Rham complex of the loop spaceLxM by means of Chen’s
iterated integrals in the following way. We denote by

πi :M
q =M × · · · ×M︸ ︷︷ ︸

q

→M

the projection on theith factor. For differential formsϕ1, . . . , ϕq onM, we put

ϕ1× · · · × ϕq = π∗1ϕ1∧ · · · ∧ π∗q ϕq.
Let∆q denote theq-simplex defined by

∆q =
{
(t1, · · · , tq); 0 � t1 � · · ·� tq � 1

}
.

We have an evaluation map

e :LxM ×∆q→Mq

defined by

e(γ ; t1, . . . , tq )=
(
γ (t1), . . . , γ (tq)

)
.

Chen’s iterated integral of the differential formsϕ1, . . . , ϕq is defined using the integration
along the fiber of the projection mapp :LxM ×∆q→LxM by∫

∆q

e∗(ϕ1× · · · × ϕq). (1.3)

We denote the integral (1.3) by∫
ϕ1 · · ·ϕq.

We consider the above integral as a differential form of degreep − q on the loop space
LxM. In particular, ifϕ1, . . . , ϕq are 1-forms, the integral (1.3) defines a function on the
loop spaceLxM. We denote by∫

γ

ϕ1 · · ·ϕq
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the value of this function at the loopγ . Let E(LxM) denote the de Rham complex of the
loop spaceLxM. We have a map

ι :B•(M)→ E(LxM)
defined by

ι(ϕ1⊗ · · · ⊗ ϕq)=
∫
ϕ1 · · ·ϕq. (1.4)

It was shown by Chen [2] thatι is a cochain map. In [2] Chen proved also thatι is injective
if the manifoldM is connected. Therefore by means of the mapι the bar complexB•(M)
can be considered as a subcomplex of the de Rham complex of the loop spaceE(LxM).

Now let us apply the above construction to the Orlik–Solomon algebraΩA. Namely, we
put

B•(ΩA)=
⊕
k�0

( k⊗(
Ω∗−1

A
))
.

The algebraB•(ΩA) has a structure of a graded algebra overZ. The differentiald1 is
identically zero in this case and therefore the differentiald is given by

d(ϕ1⊗ · · · ⊗ ϕq)

=
q−1∑
i=1

(−1)i−1Jϕ1⊗ · · · ⊗ Jϕi−1⊗
[
(Jϕi)∧ ϕi+1

]⊗ ϕi+2⊗ · · · ⊗ ϕq.

We shall call the complexB•(ΩA) the bar complex of the Orlik–Solomon algebra.
There exists an injective homomorphism of complexes

i :B•(ΩA)→ B•
(
E(MA)

)
.

We have the following theorem.

Theorem 1.5. The inclusion map i :B•(ΩA)→ B•(E(MA)) induces an isomorphism of
the cohomology

i∗ :Hj
(
B•(ΩA)

)⊗K∼=Hj(B•(MA)
)

for any j .

Proof. We put

F−qB•
(
E(MA)

)=⊕
q ′�q

Bp,−q ′
(
E(MA)

)
,

which defines a decreasing filtration

K=F 0⊂ F−1⊂F−2⊂ · · · (1.6)

onB•(E(MA)). We use the argument of the spectral sequence associated with this filtration
as in [2]. TheE1-term of the spectral sequence is described as

E
p,−q
1

(
E(MA)

)∼=Hp−q( q⊗
E∗−1(MA)

)
. (1.7)
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The right hand side of (1.7) is isomorphic to the degreep − q part of theq-fold tensor
product of the de Rham cohomology ring[ q⊗

H ∗−1
DR (MA)

]p−q
,

where the degree for the de Rham cohomology is shifted by 1 as before. Similarly we
define a decreasing filtration on the Orlik–Solomon algebra by putting

F−qB•(ΩA)=
⊕
q ′�q

Bp,−q ′(ΩA).

The inclusion mapi :B•(ΩA)→ B•(E(MA)) preserves the above filtrations. Since the
differential acts trivially on

E
p,−q
0 (ΩA)∼= Bp,−q (ΩA)

we have

E
p,−q
1 (ΩA)∼= Bp,−q (ΩA),

which is isomorphic to the degreep − q part of
⊗q

Ω∗−1
A . Applying a result due to

Brieskorn [1] and the de Rham theorem, we have an isomorphism

ΩA⊗K∼=H ∗DR(MA).

Hence we have an isomorphism

E
p,−q
1 (ΩA)⊗K∼= Ep,−q1

(
E(MA)

)
,

which induces an isomorphism

E
p,−q∞ (ΩA)⊗K∼= Ep,−q∞

(
E(MA)

)
.

Thus the inclusion mapi induces an isomorphism

i∗ :Hj
(
B•(ΩA)

)⊗K∼=Hj(B•(MA)
)

for anyj . This completes the proof.✷

2. Derivation on the homology

Let 1,ω1, . . . ,ωm be a basis of the Orlik–Solomon algebraΩA as a free module overZ.
Here we order the basis in such a way thatωj , 1� j � r, is given by the logarithmic 1-form
defined in (1.1). We denote by[ωj ] the de Rham cohomology class of the differential
form ωj . We suppose thatωj is apj -form. We choose a basisX1, . . . ,Xm of the reduced
homologyH ∗(MA,Z) so that the condition〈[ωi ],Xj 〉 = δij is satisfied for 1� i, j �m,

We denote byH∗−1(MA,Z) the graded algebra whose degreej part is defined to be the
homology groupHj+1(MA,Z) if j � 0 and is defined to be 0 ifj < 0. Let us consider the
tensor algebra

T•
(
H∗−1(MA,Z)

)=⊕
k�0

( k⊗
H∗−1(MA,Z)

)
,
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which has a structure of a graded algebra by extending the grading ofH∗−1(MA,Z)
multiplicatively on the tensor product. The graded algebraT•(H∗−1(MA,Z)) is identified
with the free non-commutative associative graded algebra generated byX1, . . . ,Xm overZ
with

degXj = pj − 1, 1� j �m.
We denote byTj (H∗−1(MA,Z)) the degreej part of the above graded algebra
T•(H∗−1(MA,Z)).

We define the bracket onT•(H∗−1(MA,Z)) by

[X,Y ] =XY − (−1)pqYX

for homogeneous elementsX andY of degreep andq , respectively. Let us note that the
above bracket satisfies the graded anti-commutative relation

[X,Y ] + (−1)pq[Y,X] = 0

and the graded Jacobi identity

(−1)rp
[[X,Y ],Z]+ (−1)pq

[[Y,Z],X]+ (−1)qr
[[Z,X], Y ]= 0

for homogeneous elementsX,Y,Z of degreep, q andr, respectively.
By a derivation onT•(H∗−1(MA,Z)) we mean aZ linear endomorphism of degree−1

with ∂ ◦ ∂ = 0 such that, for homogeneous elementsu andv the condition

∂(uv)= (∂u)v + (−1)deguu(∂v) (2.1)

is satisfied. It follows that∂ is uniquely determined by∂Xk,1 � k � m. We introduce a
derivation onT•(H∗−1(MA,Z)) in the following way. When the wedge productωi ∧ωj is
written as

ωi ∧ωj =
∑
k

ckijωk, ckij ∈ Z, 1 � i < j �m,

we define∂Xk by

∂Xk =
∑

1�i<j�m
(−1)pi ckij [Xi,Xj ] (2.2)

if degXk > 0 and by∂Xk = 0 if degXk = 0. Let us note that∂Xk is also expressed as

∂Xk = 1

2

∑
1�i,j�m

(−1)pi ckij [Xi,Xj ]

for degXk > 0. The property∂ ◦ ∂ = 0 might be verified directly by means of the graded
Jacobi identity and the graded associativity of the Orlik–Solomon algebra, but it is a
consequence of the fact that the differentiald of the bar complex satisfiesd ◦ d = 0 and
Proposition 2.3.

The above derivation∂ is also characterized by Chen’s formal connection in the
following way. Letω be an element ofΩA ⊗ T•(H∗−1(MA,Z)) defined by

ω=
m∑
j=1

ωj ⊗Xj .
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We defineκ ∈ΩA⊗ T•(H∗−1(MA,Z)) as

κ =−
∑

1�i<j�m

[
(−1)piωi ∧ ωj

]⊗XiXj .
We see that the derivation∂ satisfies

∂ω+ κ = 0,

which shows thatω is a formal connection in the sense of Chen and thatκ is its curvature.
Let us observe that the derivation∂ is quadratic in our case.

Proposition 2.3. The bar complex B•(ΩA) and the complex T•(H∗−1(MA,Z)) with the
derivation ∂ are dual to each other.

Proof. The canonical pairing

Ω
j

A ×Hj(MA,Z)→ Z

induces the duality pairing

〈 , 〉 :B•(ΩA)× T•
(
H∗−1(MA,Z)

)→ Z.

We are going to prove that

〈dϕ,X〉 = 〈ϕ, ∂X〉 (2.4)

holds forϕ ∈B•(ΩA) andX ∈ T•(H∗−1(MA,Z)). First we show the equality〈
d(ωi ⊗ ωj ),Xk

〉= 〈ωi ⊗ωj , ∂Xk〉 (2.5)

for any 1� i, j, k �m. We have

〈ωi ⊗ ωj , ∂Xk〉 = 1

2

∑
s,t

〈
ωi ⊗ ωj , (−1)ps ckst [Xs,Xt ]

〉

= 1

2

(
(−1)pi ckij − (−1)pj (−1)(pi−1)(pj−1)ckji

)= (−1)pi ckij .

This shows the desired assertion. To prove Proposition 2.3 it will be enough to show the
equality (2.4) whenϕ andX are of the formϕ = ωi1 ⊗ · · · ⊗ ωip andX = Xj1 · · ·Xjp−1.
In this case we have

〈dϕ,X〉 =
p∑
k=1

(−1)k−1〈Jωi1,Xj1〉 · · · 〈Jωik−1,Xjk−1〉

× 〈
(Jωik )∧ωik+1,Xjk

〉〈ωik+2,Xjk+1〉 · · · 〈ωip ,Xjp−1〉.
On the other hand, using the the formula (2.1) and the fact that∂Xjk is quadratic, we have

〈ϕ, ∂X〉 =
p∑
k=1

(−1)degXj1+···+degXjk−1 〈ωi1,Xj1〉 · · ·

× 〈ωik−1,Xjk−1〉〈ωik ⊗ωik+1, ∂Xjk 〉〈ωik+2,Xjk+1〉 · · · 〈ωip ,Xjp−1〉.
Combining with the assertion (2.5), we have our proposition.✷
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Corollary 2.6. The bar cohomology Hj(B•(MA)) and the j th homology of the complex
T•(H∗−1(MA,K)) with the derivation ∂ are dual to each other.

3. Description of the 0th homology

In the following we write T•(MA) for the complexT•(H∗−1(MA,Z)) with the
derivation∂ defined in the previous section. In this section we focus on the 0th homology
H0(T•(MA)).

Let us denote byZ〈X1, . . . ,Xr〉 the free non-commutative associative algebra generated
by X1, . . . ,Xr over Z. The degree 0 partT0(MA) of the complexT•(MA) is identified
with the algebraZ〈X1, . . . ,Xr 〉. We defineJ to be the two sided ideal ofZ〈X1, . . . ,Xk〉
generated by

[Xis ,Xi1 + · · · +Xip ], 1< s � p,

for any maximal family of hyperplanesHi1, . . . ,Hip with i1 < · · · < ip such that the
condition

codimC[Hi1 ∩ · · · ∩Hip ] = 2

is satisfied. Let us notice that the homologyH0(T•(MA)) has a natural structure of a Hopf
algebra where the coproduct is defined by means of the natural product of the tensor algebra
in B•(MA).

Proposition 3.1. We have an isomorphism of Hopf algebras

H0
(
T•(MA)

)∼= Z〈X1, . . . ,Xr 〉/J .

Proof. We show that the image of the derivation∂ :T1(MA)→ T0(MA) coincides with
the idealJ . For each maximal family of hyperplanesHi1, . . . ,Hip with codimC[Hi1 ∩
· · · ∩Hip ] = 2, we associate the 2-formsωi1 ∧ωis , 1< s � p. It follows from Brieskorn’s
Lemma ([1], see also [6]) that the degree 2 part of the Orlik–Solomon algebraΩ2

A is
spanned by such differential forms. We denote byXi1is the dual element ofωi1 ∧ ωis in
H2(MA,Z). By means of the relation

ωi ∧ωj +ωj ∧ ωk +ωk ∧ ωi = 0

for any hyperplanesHi,Hj,Hk with codimC[Hi ∩ Hj ∩ Hk] = 2, we see that∂Xi1is is
equal to[Xis ,Xi1+ · · ·+Xip ] up to sign. SinceT1(MA) is generated byXi1is , 1< s � p,
overT0(MA) we conclude that image∂ = J . This completes the proof.✷

We now describe a relation to the holonomy Lie algebra. Let us denote byF(H1(MA))
the free Lie algebra overZ generated byH1(MA,Z). We define

µ :H1(MA,Z)∧H1(MA,Z)→H2(MA,Z)

as the dual of the cup product homomorphism. We defineI to be the ideal of the free Lie
algebraF(H1(MA)) generated by the image ofµ. Here we identify the wedge product and



156 T. Kohno / Topology and its Applications 118 (2002) 147–157

the Lie bracket. We define the holonomy Lie algebra associated with the arrangementA
asF(H1(MA))/I and denote it bygA. Let us denote byPH0(T•(MA)) the primitive part
of H0(T•(MA)) with respect to the above coproduct. The following is a consequence of
Proposition 3.1.

Corollary 3.2. The primitive part PH0(T•(MA)) is isomorphic to the holonomy Lie
algebra gA. The homologyH0(T•(MA)) is isomorphic to the universal enveloping algebra
of the holonomy Lie algebra gA.

Remark 3.3. We give a brief description on a relation to the fundamental groupπ1(MA).
We denote byK[π1(MA)] the group ring ofπ1(MA) overK and byJ its augmentation
ideal. It is a consequence of a general result due to Chen [2] and Proposition 3.1 that we
have an isomorphism of Hopf algebras

K
[
π1(MA)

]
/J q+1∼=K〈X1, . . . ,Xr 〉/

(
J + Iq+1) (3.4)

whereI is the augmentation ideal ofK〈X1, . . . ,Xr 〉. These algebras are related to the bar
complex in the following way. The filtration (1.6) is compatible with the differential and
induces a decreasing filtration on the cohomologyH 0(B•(MA)). By means of the duality
in Proposition 2.3 we observe that the algebras (3.4) are dual toF−qH 0(B•(MA)). The
primitive part of the completed group algebra

lim← K
[
π1(MA)

]
/J q+1

is isomorphic to the Malcev completion ofπ1(MA) overK.

Theorem 3.5. The iterated integral of logarithmic 1-forms on a loop γ∑
1�i1,...,iq�r

∫
γ

ai1···iq ωi1 · · ·ωiq , ai1···iq ∈ Z,

depends only on the homotopy class of the loop γ if and only if the associated element in
the bar complex of the Orlik–Solomon algebra satisfies〈 ∑

1�i1,...,iq�r
ai1···iq ωi1 ⊗ · · · ⊗ωiq ,X

〉
= 0

for any X ∈J . Moreover, the above iterated integrals span H 0(B•(MA)).

Proof. We show that

d

( ∑
1�i1,...,iq�r

∫
ai1···iq ωi1 · · ·ωiq

)
= 0 (3.6)

holds if and only if the condition〈 ∑
1�i1,...,iq�r

ai1···iq ωi1 ⊗ · · · ⊗ωiq ,X
〉
= 0 (3.7)
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is satisfied for anyX ∈ J . Since ι defined in (1.4) is an injective cochain map, the
condition (3.6) is equivalent to the condition

d

( ∑
1�i1,...,iq�r

ai1···iq ωi1 ⊗ · · · ⊗ωiq
)
= 0

in Bq,−q (MA). By means of the duality in Proposition 2.3 we see that this is equivalent to
the condition〈 ∑

1�i1,...,iq�r
ai1···iq ωi1 ⊗ · · · ⊗ωiq , ∂Z

〉
= 0

for any Z ∈ T1(MA). Combining with Proposition 3.1, we obtain the first assertion of
Theorem 3.5. We have shown that the 0th cohomology of the bar complex of the Orlik–
Solomon algebra is spanned by the iterated integrals of logarithmic 1-forms with the
condition (3.7). Therefore we obtain the last assertion of Theorem 3.5 by means of
Theorem 1.5. This completes the proof.✷
Remark 3.8. Let us consider the case when the arrangementA consists of diagonal
hyperplanesHij , 1 � i < j � n, defined byzi = zj , wherez1, . . . , zn are coordinate
functions forCn. The condition (3.7) coincides with the 4 term relation for the weight
system of the Vassiliev invariants for pure braids. We refer the readers to [5] for more
details on this aspect.
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