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Abstract

Let A be an arrangement of complex hyperplanes afig the complement of the union of
hyperplanes in4. The Orlik—Solomon algebra o#l determines a subcomplex of the de Rham
complex of the loop space @f 4, which is called the bar complex of the Orlik—Solomon algebra.
The dual of this complex is isomorphic to the tensor algebra of the homology gfequipped
with a derivation arising from the product structure of the Orlik-Solomon algebra. Based on
this construction we give an explicit description of Chen'’s iterated integrals of logarithmic forms
depending only on the homotopy class of a looR2002 Elsevier Science B.V. All rights reserved.
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Introduction

Let A be an arrangement of complex hyperplane<ih In the present article we
suppose that the arrangemeftis central. We denote byf4 the complement of the
union of hyperplanes itd. We consider iterated integrals in the sense of Chen of smooth
differential forms onM 4 as differential forms on the loop space &f 4. We have a
subcomplexB® (M 4) of the de Rham complex of the loop spaceWf; consisting of such
iterated integrals. The comple&®(M 4) is called the bar construction for the de Rham
complex ofM 4. As was shown in a more general situation by Chen, the Oth cohomology
of the complexB®(M 4) determines the completed group ring ofeof the fundamental
group of M 4.

It was proved by Brieskorn [1] that the cohomology ring Mf, is generated by the
logarithmic 1-forms with poles of order one on the hyperplaned.iifhe structure of the

E-mail address: kohno@ms.u-tokyo.ac.jp (T. Kohno).

0166-8641/02/$ — see front mattér 2002 Elsevier Science B.V. All rights reserved.
Pll: S0166-8641(01)00047-5



148 T. Kohno / Topology and its Applications 118 (2002) 147-157

subalgebra of the de Rham complex generated by such logarithmic forms was determined
by Orlik and Solomon [6] and we call it the Orlik—Solomon algebra. In this paper we focus
on the iterated integrals of differential forms contained in the Orlik—Solomon algebra.

It turns out that such iterated integrals determine a subcomples® ¥ 4) defined
over the ring of integerZ and that the cohomology of this complex tensored \iitis
isomorphic to the cohomology of the above compBX M 4). We shall call this complex
the bar complex of the Orlik—Solomon algebra. We have a convenient description of the
dual of the bar complex of the Orlik—Solomon algebra as a tensor algebra on the homology
of M 4 with a derivation defined by the product structure of the Orlik—Solomon algebra.
This construction permits us to describe the cohomology of the conmiéx 4) in a
purely algebraic way. Based on this method we describe explicitly a basis of the space
of iterated integrals of the logarithmic 1-forms depending only on the homotopy class of
a loop. Some of the results for arrangements obtained by means of Sullivan’s minimal
models (see [3,4]) can be reformulated in these terminologies.

The paper is organized in the following way. In Section 1 we introduce the notion of the
bar complex of the Orlik—Solomon algebra and show that its cohomology is isomorphic
to the cohomology oB*(M 4). In Section 2 we give an algebraic description of the dual
of the bar complex of the Orlik—Solomon algebra. Section 3 is devoted to the study of
the cohomology of the bar complex of the Orlik—Solomon algebra and iterated integrals.
Throughout this papeK denotes the field of real numbeRs or the field of complex
numbersC.

1. Bar complex

Let A be a central arrangement of hyperplanesCih By definition A is a set of
finite number of complex hyperplanes @' through the origin. We denote by 4 the
complementary space defined by

Ma=C"\ | J H.
HeA
We putA = {Hy, ..., H,} and denote byf; a linear form defining?;. Let us consider the
logarithmic differential forms

wj:hj/—?%’ 1<j<r (1.1)
It was shown by Brieskorn [1] that the cohomology ring &f, is generated by the
de Rham cohomology classes ®f, 1< j < r. We denote bys2 4 the Z subalgebra
of the algebra of smooth differential forms a4 generated by the logarithmic forms
wj, 1< j <r.The algebra? 4 is isomorphic to the cohomology ring*(M 4, Z). We
shall say that a subsét/;,, ..., H;,} of A is dependent if the condition

codimc[H;y N---NH;, ] <p



T. Kohno / Topology and its Applications 118 (2002) 147-157 149

is satisfied. We denote ¥ 4 the exterior algebra ovef with generatorg;, 1< j <r
modulo the ideal generated by

p
DD e A nG A A, (1.2)

s=1
for any dependent familyH;, , ..., H;,} C Awithii <--- <i,. In[6] Orlik and Solomon
proved that we have an isomorphism of algebras

0 EpA=824
given bya(e;) =w;j, 1< j <r. We callE 4 and alsas2 4 the Orlik—-Solomon algebra of

the hyperplane arrangement We denote b)QJ{‘ theZ submodule of2 4 consisting of

j-forms and we regar@® 4 = EB,- QJ{‘ as a subcomplex of the de Rham complex of smooth

differential forms onM 4. Here the differential of the comple® 4 is identically zero.
Following [2], we recall the definition of the bar construction for the de Rham complex.

Let A = @]>0A1 be a differential graded algebra. We denoteAly ! the differential

graded algebra whose degrggart is given byA/t1 if j > 1 and byAl/d A% if j =0.

Let M be a smooth manifold and we denote &§V) the de Rham complex of smooth

differential forms with values ifK defined onM. We consider the tensor algebra

T* (&1 (M) @[@5* 1(M)]

k>0

over the fieldK. By extending the degree for an elementéf 1(M) multiplicatively, we
put onT*(£*~1(M)) a structure of a graded algebra. We set

4 P=q
BP=1(M) = [@ 8*—1(M>} ,

where the right hand side stands for the degreeq part of theg-fold tensor product of
E*—l(M). We have a direct sum decompaosition

5* 1(M) @BF —4(M).

We denote byr/ (8*‘1(M)) the degreg part of the complex® (£*~1(M)) with respect
to the above grading. We have

T )= @@ BPTUM).
P—q=j
Let us notice that an element &?-—9(M) is represented by a linear combination of
P1® - ® @, Whereg; is a differentialp; form such tha@?zl pj=p.

For a differentiak form ¢ we setJ¢ = (—1)¢. With this convention we introduce the
following two differentials. We defingy: B”>~9(M) — BPT4=4(M) by

q
h@1® - ®p) =Y (-D'Jp1® @I 1®dpi @ pi11® @ ¢,
i=1
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anddy: BP—9(M) — BP>~4t1(M) by

d2(p1® - ® ¢g)
qg—1
= Z(—l)i_lfwl @ ®Jpi1®[(Jo) Apit1] ®9it2® - Q4.

i=1
By the differentials/; andd, the algebral*(£*~1(M)) = EBM BP-—9(M) is equipped
with a structure of a double complex. The associated total complex with the differential
d = d1 + do is denoted byB*(£(M)), which we shall call the bar construction for the de
Rham complex of\. In the following the complexB®(£(M)) is also denoted simply by
B*(M).

Let us denote by., M the loop space a#f with a fixed base point € M. The complex
B*(E(M)) is related to the de Rham complex of the loop spae& by means of Chen’s
iterated integrals in the following way. We denote by

T MI=Mx---xM—>M
- -7
q
the projection on théth factor. For differential formsgy, ..., ¢, on M, we put

Q1 X -+ qu:nfgolAuJ\n;(pq.
Let A, denote they-simplex defined by
Ag={(r1,---,15); 0<n <--- <1y <1
We have an evaluation map
e:LiM x Ay — M1
defined by
e(y;ta, ..., 1) = (y(tl), ey y(tq)).

Chen’s iterated integral of the differential forms, .. ., ¢, is defined using the integration
along the fiber of the projection map: L, M x A; — L, M by

/e*(fpl X X @), (1.3)

4q

We denote the integral (1.3) by

/wl...wq.

We consider the above integral as a differential form of degreeg on the loop space
L,M. In particular, ifes, ..., ¢, are 1-forms, the integral (1.3) defines a function on the
loop spacd., M. We denote by

/wl...wq

Y
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the value of this function at the logp. Let £(L, M) denote the de Rham complex of the
loop spacd., M. We have a map

L:B* (M) — E(L M)
defined by

t(<p1®~--®<pq)=/</>1-~-<pq~ (1.4)

It was shown by Chen [2] thatis a cochain map. In [2] Chen proved also thitinjective
if the manifold M is connected. Therefore by means of the m#pe bar complexB® (M)
can be considered as a subcomplex of the de Rham complex of the loofgpadé).

Now let us apply the above construction to the Orlik—Solomon alg€hyaNamely, we
put

k
B*(R24) = @(@(9;‘1)).
k>0

The algebraB®($2 4) has a structure of a graded algebra o¥%efThe differentiald; is
identically zero in this case and therefore the differentia given by

de1® - ®¢q)
q-1
=Y D ®Jei 1@ [(Je) Agisa] @ pii2® @ gy
i=1
We shall call the compleB®(£2 4) the bar complex of the Orlik—Solomon algebra.
There exists an injective homomorphism of complexes

i1B*(224) — B*(E(My)).
We have the following theorem.
Theorem 1.5. Theinclusonmapi: B*(£24) — B*(£(M 4)) induces an isomorphism of
the cohomology

ix: H/ (B*(24) ® K= H/(B*(M 1))

for any ;.

Proof. We put
FIB*(EMp) = P B (£(Mp)).

9'<q
which defines a decreasing filtration
K=FocrlcrFr2c... (1.6)

onB*(E(M 4)). We use the argument of the spectral sequence associated with this filtration
as in [2]. TheE1-term of the spectral sequence is described as

q
EPTI(E(My) = HP (® 8*—1<M,4>). 1.7)
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The right hand side of (1.7) is isomorphic to the degpee ¢ part of theg-fold tensor
product of the de Rham cohomology ring

q p—
[@ H£}1(MA)i| :
where the degree for the de Rham cohomology is shifted by 1 as before. Similarly we
define a decreasing filtration on the Orlik—Solomon algebra by putting

FIB* (24 =P B (24).
q9'<q
The inclusion map : B*(£2 4) — B*(E(M_4)) preserves the above filtrations. Since the
differential acts trivially on

E§ (24 = B"71(R4)
we have
EY (24 = BP1(R),
which is isomorphic to the degree — ¢ part of Q7 5’2:“4‘1. Applying a result due to
Brieskorn [1] and the de Rham theorem, we have an isomorphism
RAQKZ HJp(My).
Hence we have an isomorphism
EVTHR) K= EYT(EMY)),
which induces an isomorphism
ELT1(Q240) K= ER1(EWMY)).
Thus the inclusion mapinduces an isomorphism
ix: H/ (B*(24) ® K= H/(B*(M 1))

for any j. This completes the proof.O

2. Derivation on the homology

Letl ws,...,w, be abasis of the Orlik—Solomon algelspg, as a free module ovét.
Here we order the basis in such away that1 < j < r, is given by the logarithmic 1-form
defined in (1.1). We denote by ;] the de Rham cohomology class of the differential
form w;. We suppose that; is a p;-form. We choose a basié;, ..., X, of the reduced
homologyH (M 4, Z) so that the conditiof[w;], X ;) =4;; is satisfied for i, j <m,

We denote byH,_1(M 4, Z) the graded algebra whose degjegart is defined to be the
homology groupH;11(M 4, Z) if j > 0 and is defined to be 0 jf < 0. Let us consider the
tensor algebra

k
To(Hi-1(M 4, ) = @(@ H,_1(My, Z)),

k=0
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which has a structure of a graded algebra by extending the gradiify.of(M 4, Z)
multiplicatively on the tensor product. The graded algelyi@l.—1(M 4, Z)) is identified
with the free non-commutative associative graded algebra generated by, X,,, overZ
with

degX;=p; -1, 1<j<m.

We denote byT;(H._1(M4,7Z)) the degreej part of the above graded algebra
To(Hi—1(M 4, Z)).
We define the bracket OR, (H.—1(M 4, 7)) by

[X,Y]=XY — (=LPiYX
for homogeneous elemen¥sandY of degreep andg, respectively. Let us note that the
above bracket satisfies the graded anti-commutative relation

[X, Y]+ (=DP[Y, X]=0
and the graded Jacobi identity

(=D"P[[X. Y], Z]+ (=DP[[Y, Z], X] + (=D [[Z, X].Y] =0

for homogeneous elemenXs Y, Z of degreep, ¢ andr, respectively.
By a derivation o, (H.—1(M 4, Z)) we mean & linear endomorphism of degreel
with 8 o 3 = 0 such that, for homogeneous elementmdv the condition

d(uv) = Qu)v + (—1)%% 4 (Jv) (2.1)

is satisfied. It follows thab is uniquely determined by X;, 1 < k < m. We introduce a
derivation onT, (H._1(M 4, Z)) in the following way. When the wedge produgta o; is
written as

Wi N w;j :Zcfjwk, cfj €Z, 1<i<j<m,

k

we defined X; by

Xp= Y (=DPicf [Xi, X)) (2.2)

I<i<j<m

if deg Xy > 0 and byd X; = 0 if degX; = 0. Let us note thal Xy is also expressed as

Xy = % > (=DPick [Xi. X))
1<ijsm

for degXy > 0. The propertyy o 3 = 0 might be verified directly by means of the graded
Jacobi identity and the graded associativity of the Orlik—Solomon algebra, but it is a
consequence of the fact that the differendadf the bar complex satisfieso d = 0 and
Proposition 2.3.

The above derivatiord is also characterized by Chen’s formal connection in the
following way. Letw be an element a2 4 ® T, (H.—1(M 4, Z)) defined by

m
CL)ZZCL)]' ®Xj.
j=1
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We definex € 24 ® To(Hy—1(M 4, 7)) as

k== > [(-DPw; rwj]® XiX;.
1<i<j<m

We see that the derivatighsatisfies

dw+k =0,
which shows thad is a formal connection in the sense of Chen and #hiatits curvature.
Let us observe that the derivatiéns quadratic in our case.

Proposition 2.3. The bar complex B®(§2 4) and the complex T (H«—1(M 4, Z)) with the
derivation 9 are dual to each other.
Proof. The canonical pairing
QU x Hi(MA,2) — Z
induces the duality pairing
(,):B*(24) x To(Hi—1(M 4, Z)) — Z.

We are going to prove that

(do, X) = (¢, 9X) (2.4)
holds forgp € B* (2 4) andX € T,(H.—1(M 4, Z)). First we show the equality
(d(@i ® ), Xi)= (i @ wj, 0Xy) (2.5)

forany 1<, j, k <m. We have

1
(0 ® ;. 0Xk) = 5 3 (or ® ). (~DP el [Xs. X,])
s,

1 . . ) (pi— ;
= S(=DPefy = P D PTRRI) = (—1yie;.

This shows the desired assertion. To prove Proposition 2.3 it will be enough to show the
equality (2.4) wherp and X are of the formp = w;; ® -+ @ w;, andX =X, --- X, ;.
In this case we have

p
(do. X) = > (D" NJwpy. X)) -+ (Joi_y. Xjpy)
k=1

X ((Jwi) A @iy X j @i 00 Xjir) -+ (@0, Xjy)-

On the other hand, using the the formula (2.1) and the facbtkigt is quadratic, we have

14
(@, 0X) = D (=Dt it (o X ) -
k=1
X (i g, X jp_ Mwi, @ 0ig 1, 0X ju {Wig 50 Xjya) - (wi[)’ Xj,;—1)~

Combining with the assertion (2.5), we have our propositian.
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Corollary 2.6. The bar cohomology H/(B*(M 4)) and the jth homology of the complex
To(H.—1(M 4, K)) with the derivation 9 are dual to each other.

3. Description of the Oth homology

In the following we write T,(M 4) for the complexT,(H.—1(M 4,7Z)) with the
derivationd defined in the previous section. In this section we focus on the Oth homology
Ho(Tu(M ).

Letus denote b¥.(X1, ..., X,) the free non-commutative associative algebra generated
by X1, ..., X, overZ. The degree 0 pafip(M 4) of the complex7,(M 4) is identified
with the algebré& (X1, ..., X,). We define7 to be the two sided ideal &(X1, ..., X)
generated by

[Xis’Xi1+"'+Xip]’ 1<S<p,

for any maximal family of hyperplane#,, ..., H;, with i1 < ... < i, such that the
condition

coding[Hjy N---N H;, ] =2

is satisfied. Let us notice that the homolally(7, (M 4)) has a natural structure of a Hopf
algebrawhere the coproductis defined by means of the natural product of the tensor algebra
in B*(M y4).

Proposition 3.1. We have an isomorphism of Hopf algebras

Ho(T(M 2)) = Z(X1, ..., X,)/J.

Proof. We show that the image of the derivatiénTy(M 4) — To(M 4) coincides with
the ideal 7. For each maximal family of hyperplanés,, ..., H;, with codimc[H;, N
---N H;,] =2, we associate the 2-formg, A w;,, 1 <s < p. It follows from Brieskorn's
Lemma ([1], see also [6]) that the degree 2 part of the Orlik—Solomon aIg@ﬁras
spanned by such differential forms. We denoteXyy;; the dual element ob;, A w;; In
H(M 4, Z). By means of the relation

wiAwi+wi ANog+wr Aw; =0
j j

for any hyperplaned;, H;, H; with codimc[H; N H; N Hi] = 2, we see thad X;,;, is
equal to[X;,, X;; +---+ X;,] up to sign. Sincd1(M 4) is generated b;,;,, 1 <s < p,
overTo(M 4) we conclude that imagé= 7. This completes the proof.O

We now describe a relation to the holonomy Lie algebra. Let us denoi& By (M 4))
the free Lie algebra ovéf generated byH1(M 4, Z). We define
wiH1(M A, Z) N Hi(M A, Z) — H2(M 4, Z)

as the dual of the cup product homomorphism. We defitne be the ideal of the free Lie
algebraF (H1(M 4)) generated by the image af Here we identify the wedge product and
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the Lie bracket. We define the holonomy Lie algebra associated with the arrangdment
asF(H1(M 4))/Z and denote it by 4. Let us denote b¥PH (7, (M 4)) the primitive part

of Ho(T.(M 4)) with respect to the above coproduct. The following is a consequence of
Proposition 3.1.

Corollary 3.2. The primitive part PHo(7,(M 4)) is isomorphic to the holonomy Lie
algebra g 4. Thehomology Ho(T. (M 4)) isisomorphic to the universal enveloping algebra
of the holonomy Lie algebra g 4.

Remark 3.3. We give a brief description on a relation to the fundamental group/ 4).

We denote byK[71(M 4)] the group ring ofr1(M 4) overK and byJ its augmentation

ideal. It is a consequence of a general result due to Chen [2] and Proposition 3.1 that we
have an isomorphism of Hopf algebras

K[ri(M)]/ I = K(Xa, ..., X,)/(T + 1911 (3.4)

wherel is the augmentation ideal &(X3, ..., X,). These algebras are related to the bar
complex in the following way. The filtration (1.6) is compatible with the differential and
induces a decreasing filtration on the cohomol&tf(B* (M 4)). By means of the duality

in Proposition 2.3 we observe that the algebras (3.4) are duBirtaH%(B*(M 4)). The
primitive part of the completed group algebra

lim K[r1(M0)]/ 77+

is isomorphic to the Malcev completion of (M 4) overK.
Theorem 3.5. Theiterated integral of logarithmic 1-formson aloop y
Z /ail...iqwil~-~wl~q, a,-l...iq EZ,

depends only on the homotopy class of the loop y if and only if the associated element in
the bar complex of the Orlik—Solomon algebra satisfies

< Z a,-l...,-qw,-l®---®w,~q,X>:0
1<igsnig <1

for any X € 7. Moreover, the above iterated integrals span HO(B*(M 4)).

Proof. We show that
d( Z /ail...iqwil---wiq> =0 (3.6)
1<ig,oig<r
holds if and only if the condition

< Z ail---iqwi1®---®wiq,X>=0 (3.7)
1<i

Ki1,nig I
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is satisfied for anyX € J. Since: defined in (1.4) is an injective cochain map, the
condition (3.6) is equivalent to the condition

in B4-—9(M 4). By means of the duality in Proposition 2.3 we see that this is equivalent to
the condition

< Z a,-l...,-qa),-l®---®a)l~q,8Z>=0
1<ig,onig<r
for any Z € T1(M 4). Combining with Proposition 3.1, we obtain the first assertion of
Theorem 3.5. We have shown that the Oth cohomology of the bar complex of the Orlik—
Solomon algebra is spanned by the iterated integrals of logarithmic 1-forms with the
condition (3.7). Therefore we obtain the last assertion of Theorem 3.5 by means of
Theorem 1.5. This completes the proofa

Remark 3.8. Let us consider the case when the arrangemérdonsists of diagonal
hyperplanesH;;, 1<i < j < n, defined byz; = z;, wherezy, ..., z, are coordinate
functions forC”". The condition (3.7) coincides with the 4 term relation for the weight
system of the Vassiliev invariants for pure braids. We refer the readers to [5] for more
details on this aspect.
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