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Abstract

We give a simple, explicit construction of a universal finite-type invariant for braids, which is
multiplicative, at the associated graded level. Our approach is valid for arbitrary ring coefficients.
A key ingredient is provided by the properties of fundamental groups of fiber-type arrangements.
We examine the relation with the Vassiliev theory for links2002 Elsevier Science B.V. All rights
reserved.
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Introduction

The fundamental theorem from the Vassiliev (finite-type) theory for knots and links
gives the construction of thaniversal finite-type invariant with Q coefficients. It is due to
Kontsevich [12] (see also [1,14,18]).

The theorem relates two filtered objects. On the geometric side, oné&[igs the
free abelian group generated by isotopy classes of oriented links. It is endowed with
the Vassiliev filtration,{VF(£)}x, obtained from resolutions of singular links. On the
combinatorial side, there isl*, the graded abelian group generated by closed chord
diagrams, modulo four-term and framing independence relations. Its compléticarries
the canonical filtration. N

The universal finite-type invariant for links is a filtered map,Q[£] — A ® Q, which
induces an isomorphism at the associated graded levlzgrgry, (£) ® Q 50 Q Q.

For the time being, it is not known whether this result holds, with integer coefficients.

For each fixedn, there are similar objects, related to braids. On one hand, one has
Z[ B, 1, the group ring of Artin’s braid group omstrands B,,. It carries the (multiplicative)
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Vassiliev-type filtration {VF (B,) }«, constructed from resolutions of singular braids. On
the other hand, there is the gradéehlgebra of horizontal chord diagrams srvertical
segmentsy/;¥, and the semidirect product graded algetijax Z[ X, ], obtained from the
natural action of the symmetric group, onU,;. The completion@ X Z[X,], is equipped
with the canonical filtration, as before.

Our universal finite-type invariant for braids, with Z-coefficients, is a filtered map,
M :7Z[B,] — U; X Z[ X,], inducing a graded algebra isomorphism,

gr*(M):gry (By) = Uy X Z[X,].

See Theorem 1.1.

We use two key tools for the proof. Firstly, we derive in Corollary 4.2 Zhtorm of
a general result of Quillen [19], for the case of the pure braid gréyp,The theorem
of Quillen establishes a strong connection between/taglic filtration of an arbitrary
group ring and the lower central series filtration of the group, @ticoefficients (see
Theorem 4.1). Secondly, we show that thadic filtration of Z[ P,] behaves nicely with
respect to the well-known normal form of pure braids; see Theorem 3.1 for the precise
result, in a more general framework.

The additive isomorphism betweenigiB,) andU,; x Z[ X,,] was obtained by Lin [13],
with different methods. He also proved that the above groups are free. This implies that any
additive isomorphism,/gy(Bn) = Uy xZ[ X,], may be lifted (nonexplicitly) to a universal
Z-invariant, Z[ B,] — U, x Z[X,]. The novelty here is twofold. Firstly, we show that
gr*(M) is multiplicative; see Proposition 1.5. Secondly, our constructioWds simple
and explicit; see (1.6)—(1.9). This construction depends on a manageable set of parameters,
with a conveniently large degree of freedom. At the same tim&Mdy is independent of
the parameters; see Remark 4.5.

We also prove, in Corollary 1.4, that the filtratigh'F;(B,)} is separate, hence in
particular our universd-invariantM classifies braids. This result was previously known
for Q-coefficients; see [2,11].

We are not yet able to construct a universal link invariant, in this way. Nevertheless,
we have two results in this direction at the associated graded levelZwdtefficients. At
this level, one has thkasic geometric construction in the finite-type theory for links. It
provides a surjective mapﬁ:ﬂ* — gry (£). One knows thalf ® Q is an isomorphism,
by the Kontsevich theorem, but the injectivity problem fois open, withZ-coefficients.

It is known that byArtin closure, for singular braids and for horizontal chord
diagrams, one has surjective ma@3, gry, (B,) — gry (£), and@®,, (U; X Z[ X,]) — ff*,
respectively, as a consequence of the singular Alexander theorem [5].

We prove in Theorem 5.1 that M) is compatible withf, via the above Artin closure
operations; see also (5.11). Theorem 5.2 gives a partial factorization result,*{a¢ gr
followed by Artin closure of horizontal chord diagrams, through braid closure. By the
preceding discussion, it factors ov@. The full factorization result oveZ is actually
equivalentto the fact that: A* gry, (£) is an isomorphism. See Remark 5.3 for another
equivalent reformulation of this open question.
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After the completion of this work, we learned about the preprint [16], which contains
similar results related to the construction of the univeFsalvariant, forpure braids. The
methods of [16] are more elementary; at the same time, their results are less general (see
Theorem 3.1). Note also that the authors of [16] do not investigate the connection with
finite-type link theory.

1. The construction

Our main result relates two filtered objects which are naturally connected with braids,
like in the Vassiliev theory for knots and links. For braids, we will follow the standard
notation and conventions from [4]. For singular links and braids, we will follow [6,5,13].

The first object isZ[ B, ], the integral group ring of Artin’s braid group enstrings,B,, .

Its Vassiliev-typefiltration, {VF}i>0, is defined geometrically, visesolutions of singular
n-braids. For a singular braig with r transverse double point®(f8) € Z[ B, ] denotes the
usual signed sum of thé possible resolutions of the double points into positive or negative
crossings. TheNF; is additively generated, by definition, by all resolutia®&), where

B has at least double points.

If B=0agr01--- 1,0, @sin [5], wherex, ..., «, € B, andt; denotes the elementary
singulam-braid with one double pointinvolving the stringandi +1, fori =1,...,n—1,
then

R(B)=ao(o;,t —oiy)ar-+ (0, — i, ), (1.1)

whereos, ..., 0,-1 are the standard generatorsRyf, like in [4]. Denote byJ the two-
sided ideal ofZ[ B, ] generated by; — oi‘l, fori =1,...,n— 1. It follows that we may
describe the Vassiliev filtration &[ B,,] purely algebraically; namely it coincides with the
J-adicfiltration: V F, = J*, for all k.

The second object is defined combinatorially. To describe it, we start Zfith the
graded algebra of noncommutative polynomials with integer coefficients generated by the
indeterminates;;, where 1< i # j <n andy; =t;;. The elements of filtratiok are by
definition the linear combinations of monomials of degree at lgagtenote byU, the
guotient graded algebra obtained fr@fr] by imposing the relations

[tijv trs] =0, (12)
for all distinct indices K i, j, r, s < n, and
(4ij, tik +tjx]1 =0, (1.3)

for all distinct 1< i, j, k < n. (Here the brackdix, y] stands for the algebra commutator,
xy — yx.) Itis endowed with the canonically induced filtratiaf,U,, =: U,?k. (Here and
in the sequel upper indices denote degree.)
The symmetric grou,, acts on the graded algeh#ds], by permuting the indices of
the indeterminates. Obviously this action preserves the defining relations (1.2) and (1.3);
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therefore we may consider the semidirect product graded alg8hra,: U, x Z[X,],
filtered by

FB, =UZ* @ Z[ Z,]. (1.4)

This combinatorial construction corresponds to the algebiasied chord diagramsfrom

the Vassiliev knot theory. In more detail, the degkemonomials ofZ[¢] may be thought

of as diagrams ok horizontal chords, with endpoints om vertical segments oriented
upwards. The produetido of two such diagrams is defined by stackidgon the top

of d>. The algebra generatgi corresponds to the one chord diagram with endpoints on
the stringsi and j; then one associates to every degktemonomial the corresponding
product of k elementary horizontal chord diagrams. The commutation relations (1.2)
translate to horizontal isotopy of chord diagrams without collision between endpoints,
while the infinitesimal Yang—Baxter relations (1.3) correspond to the four-term relations
from Vassiliev link theory. A typical element® x of 5,, wherea is a degreé¢ monomial

andx € X, gives then rise, by Artin closure, to a diagrankathords on a set of oriented
circles corresponding to the cycles in the decomposition of the permuiatsee Section 5

for more details.

Finally we have to complete, like in the Kontsevich theory for knots and links. The
completion ofZ[¢] will be denoted byZ[[¢]]. Itis the complete algebra of noncommutative
formal series with integer coefficients in the indetermingtedts quotient by the (closed)
ideal generated by (1.2) and (1.3) will be denotedly the completion ofU,. Set
B, =: U, ® Z[ =,1, and filter it by

FiB,=U,"" @ 2[5,1. (1.5)

(Hereﬁfk denotes the formal series of orderthat is without terms in degree strictly
less thark.)

Our construction of the universal finite type invariant for braids involves two choices.
Firstly, let s be a (set map) section of the natural group epimorphisnB, — X,.
Secondly, letS;; € Z[[]] be an arbitrary formal series of the form

Sij =1+ 1; + higher terms (1.6)

forl<i<j<n.

One knows that the pure braid grodp =: kerr is an iterated semidirect product of
free groups. More precisely, 1¢t;; | 1 <i < j <n} be the standard generatorsRf, see
[4, Ch. 1]. Denote byG ; the subgroup generated ly;; | i < j}, for j =2,...,n.Itis
known that these subgroups are free, #)d= G, x --- x Ga.

We are going to view the (images of the) elemefjtsas units in the algebr@. We
thus have, foreach=2, ..., n, agroup representatiqn; : G; — U,, defined on the free
generators by

wiaij)==58;, fori<j. 1.7

These givew : P, — U,, by setting
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1(p) = pn(pn) - - - n2(p2), (1.8)
wherep =p,---p2, Withp; e G;,j=2,...,n.

(Herep = p, - - - p2 is thenormal form of the pure braigp € P,.)
Finally, every braicb € B, may be uniquely written in the form

b=p-s(x), withpe P, andx = (b). (2.9)

Set thenM (b) = u(p) ® x € By, and extend linearly td1 : Z[B,] — B,. Our main result
is the following.

Theorem 1.1. The above M respects the filtrations and induces a multiplicative isomor-
phism at the associated graded level.

The proof will be in two steps. A key role is played by thadic filtration, {I"(G)},@o.
Given any groups, theaugmentation ideal 7(G) C Z[G] is additively generated by the
elements of the forng — 1, with g € G. Setl = I (P,). The first step is the following.

Proposition 1.2. The map @ :Z[B,] — Z[P,] ® Z[X,], defined for b € B, by ®(b) =
p ® x, where p € P, and x € X, are as in (1.9), and then extended by linearity,
is an isomorphism which identifies the filtrations {J*} of Z[B,] and {I* ® Z[X,]} of
2Py ® Z[ Xy].

The second step of the proof of the theorem is as follows. (A similar result was obtained
in [16, Theorem 5]; see Theorem 3.1 for a comparison between the methods of proof.)

Proposition 1.3. The linear extension : Z[ P,] — U, sends I* into U*, for all k > 0,
and induces an isomorphism at the associated graded level.

Corollary 1.4. SetgrX Z[B,] = J*/J*+1, for k > 0.
(i) (Lin[13]) Thegroups gr’} Z[B,] aretorsion free, for all .
(i) NJ*=0,inparticular M isfaithful on B,.

Proof. (i) Theorem 1.1 says that §Z[B,] is isomorphic toU¥ ® Z[Z,]. On the other
hand it is known [3, Ch. 3B] that all the group’%‘ are torsion free and finitely generated.
Explicit bases are described in [13, Theorem 2.3].

(i) By Proposition 1.2 it is enough to prove thay, I* = 0, that is to verify that the pure
braid groupP, is residually torsion free nilpotent, see [7, Proposition 2.2.1]. This fact in
turn is well-known; it follows from the corresponding property of free groups [15, Ch. 5]
and from the semidirect product structureRyf, via the main result from [9, 83]. O

Set g1} Z[B,] = @k>ogr’; Z[B,]; it is a graded algebra, with multiplication induced
from Z[B,]. Likewise, set gt.B, = @QO(F;{IIS’\,Z/F;(HI’S’}); as a graded algebra, this
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equals the semidirect produtt’ x Z[X,], see (1.5). Finally, the multiplicative part in
the statement of our theorem is clarified as below.

Proposition 1.5. The induced map, gr*(M):griZ[B,] — U, x Z[X,], is a graded
algebra isomorphism.

Remark 1.6. Over Q, it is known that one may actually constructrepresentation

of Q[B,] in En ® Q, having all the properties stated in Theorem 1.1 above. See [8,
Proposition 5.1] and [18]. The key fact is the existence of a Drinfel’d associator over
Q [8]; nothing is known about the case @for mod p coefficients. The existence of a
multiplicative universal invariant for braids, ovér, is an open problem, too, even for pure
braids.

We are going to give the proof of Proposition 1.2 in the next section, and to develop
the proof of Proposition 1.3 in Sections 3 and 4. At the end of Section 4 we will derive
Proposition 1.5.

2. Thereduction to the case of pure braids

This is the easy step in the proof of our main result. It uses the next simple lemma, which
is inspired by [20, Section 1].

Lemma2.1l. Set B=Z[B,]and I = I(P,). Then J¥ = BI*B = BI* = [¥B, for all k.

Proof. Obviously BI* and I*B are included inBI*B. To see that we actually have
equality, start with a typical element(p; — 1)---(px — 1)b € BI*B, wherea,b €

B, and p1, ..., px € P,. It can be rewritten in the forn¢?py — 1)--- (*pr — 1)ab or
ab® p1 —1)---(" pr — 1), which clearly belong ta* B and BI* respectively, since

P, is a normal subgroup aB,. (Here we have denoted By =: xyx~1 the conjugation

in a group.) Knowing that3/¥B = BI* = [¥B, for all k, it will thus suffice to verify
that J = BIB, in order to complete the proof of the lemma. In one direction, note that
the generatos; — ol.‘l of J equ::xISUi‘l(ai2 —1) € BIB, sincecrl.2 € P,, and therefore

J € BIB. The converse inclusion was noted in [20, Lemma 1.2].

2.2. Proof of Proposition 1.2

Define a mapl : Z[ P,]1 ® Z[ X,] — Z[B,] on basis elements, by (p ® x) = p - s(x),
for p € P, andx € X,. Plainly @ and¥ are inverse isomorphisms, see (1.9). We will
check next that (I B) ¢ I* @ Z[ X,] and¥ (I* ® Z[ X, ]) C I¥ B. Thanks to the equality
J¥ = I* B provided by the previous lemma, this will complete the proof of the proposition.
Pick any additive generatdipy — 1) --- (px — 1)b € I*B, with p1,..., px € P, and
b=p-s(x)asin(1.9).ltissentby to(p1—1)---(pr — 1) p ® x, which plainly belongs
to I¥ ® Z[X,]. Conversely, start with a typical elemefpiy — 1) --- (px — 1) @ x from
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I* ® Z[%,], wherep, ..., px € P, andx € %,. Its ¥-image is(p1 — 1)---(px — 1) -
s(x)eI*B. O

3. The I-adicfiltration of an almost-direct product

We are now beginning the proof of Proposition 1.3. Recall from Section 1Ah&t an
iterated semidirect product of free subgrouBs= G, x - - - x G2. We will identify in the
sequelZ[ P,] andZ[G,] ® - -- ® Z[G 2], by means of the additive isomorphism

ZIP )= ZIGa] ® - - - ® Z[G2], (3.1)

which sendsp € P, t0 p, ® --- ® p2; see (1.8). (Note, however, that this is notiag
isomorphism.) Firstly, we will show that

rey= Y 1"G)e---0I%Gy), (3.2)
kn+--+ko=k
for all k.
We will do this by induction om, exploiting the semidirect product decomposition,
P, =G, x P,_1, see [4, Ch. 1]. IdentifZ[ P,] andZ[G,] ® Z[ P,—1], as in (3.1). We will
show that one has

Py =Y I"G)@I"(P-v), (3.3)
I+h=k
for all k. This will imply the decomposition formula (3.2) above, by induction.
Recall now the notion cdlmost-direct product. A semidirect product of groups; x B,
is called an almost-direct product if

bgb~! = g modulo(G, G), (3.4)

for everyb € B andg € G. (Here and in the sequel we denote ¥, K), where H
and K are subgroups of a grou@, the subgroup generated by ghoup commutators,
(h,k) =: hkh=1k~1, with h € H andk € K.) One knows that?, = G, x P,_1 is an
almost-direct product [4, Ch. 1].

The next result is the key ingredient for the proof of Proposition 1.3 (like in the
approach from [16]). It is established in [16, Section 2], for the particular cag® ef
G, ¥ P,_1, by ad-hoc methods. At our level of generality, it implies the decompaosition
formula (3.2), for fundamental groups of complements of arbitfédigr-type complex
hyperplane arrangements. (The structure of iterated almost-direct product of such groups
is provided by [9, Section 2].)

Theorem 3.1. If G x B isan almost-direct product, then

I*(G x B) = Z 1"G)® 1"(B), for all k.
I+h=k
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Proof. Denote byF;, the right-hand side of the above equality. Plaif#y} is a descending
filtration onZ[G] ® Z[ B], which is identified withZ[G x B] as usual, see (3.1). With this
identification, it is immediate to see thBt c I*(G x B), for all k.

To verify the other inclusion, we have to check on additive generators($hat —
1)---(gxby — 1) € Fy, foreverygs, ..., gk € G andby, ..., by € B. We start by remarking
that it will suffice to verify this forspecial elements, of the formm=(e1 — 1) -- - (ex — 1),
where eithere; € G or ¢; € B, for i =1,...,k. Indeed, we may writegh — 1 =
E-D—-—1D+ -1+ @ -1, forany g € G and b € B. Therefore we may
expand the produdig1b1 — 1) --- (gxbr — 1) as a sum of special elements, belonging to
Fy 4+ Fr41+ -+ + For C Fi, and we are done.

We will associate to each special elemests above a vector with components, which
are either O or 1. Set typ® = (c1, ..., cx), wherec; =01if ¢; € G andc; =1 if ¢; € B, for
i=1,..., k. We will use the lexicographic order from the left on types of special elements
to prove thak € F; by induction on typée).

Let us say that the special elemeris standard if

[ h
—— —
type(e) = (0,...,0,1,...,1).

In this case, plainly € I'(G) ® I (B) c Fi, and we are done. i is not standard, then it
must be of the form

e=@-D-(-DG1-D---bs—D(b -1
x(@—Dr1 -1 (e = 1), (3.5

whereg1,...,g,2€G,b1,...,bs,be B,(e1—1)---(e;—1)isspecialand +s+1+2 =
k.

At this point we are going to use the hypothesis, namely the facGhaB is an almost-
direct product. To be precise, we claim that under this assumption one has commutation
relations iNZ[G x B] expressing the differendé —1)(g — 1) — (g — 1)(b — 1) as alinear
combination of terms of the form

(& —1)(g"—1)b, withg',g"€G, (3.6)
foranyb € B andg € G. Indeed,
b-Dg-D—(@-Db-1=("g—g)b=(f —Dgb, (3.7)

for somef € (G, G); the last equality in (3.7) comes from the fact thgt= fg, where
f € (G, G), see (3.4). On the other hand, one knows that 1 is a linear combination of
terms of the form

(f' =1)(f"—1), with f, f" €G, (3.8)

if f€(G,G),see,e.g.,[7,p.194]. Substitute then (3.8) in (3.7), and refite- 1)g as
(f"g —1) — (g — 1), to get (3.6), as claimed.

Coming back to (3.5), we may use (3.6) to express a sum, whose first term is the
special element
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¢ =@E@-D(g-Db1-D--(bs—D(g—-1
~(b—=D(er—1)---(e; — D), (3.9)

with type(e’) < type(e), and whose second term is a linear combination of elements of the
forme” - b, where

¢ =(@-1D(g-Dbi1-1-(by—D(g - 1)
. (g” — 1)(%1 — 1) e (bel — 1), (3.10)

with type(e”) < type&(e), again. Use induction to infer that ande” in (3.9) and (3.10)
above belong t@;. Finally, it is easily seen thdf - b C Fy, for anyb € B, hencee € F;
and our proof is complete.O

Corollary 3.2. Themap u:Z[P,] — U\n in the statement of Proposition 1.3sends 7% (P,)
into ﬁ;>k, for all k.

Proof. We will perform several reductions, by using the remark that both filtrations are
multiplicative (that is,1” - I* ¢ I"** and UA,Fr . 5;>S C 5;>r+s, for all r,s), which
follows immediately from their construction. Firstly, the decomposition (3.2) says that
i}Js enough to verify the property stated in the corollary for each mapZ[G ;] —
U,,j=2,...,n, see the construction ¢f (1.8). Secondly, it will plainly suffice to check
thaty;(1(G;)) € Uy~ In other words, we have to verify that; () = 1 modulol, >,

for every g € G;. Since fffl is an ideal ofU, and W is a representation, we are
left with checking this on the group generatess. That is, all we have to see is that
wilaij)=1 moduloﬁfl, for 1<i < j < n, which is obvious from the construction, see

(1.6)and (1.7). O

4. Theroleof thelower central seriesfiltration

To finish the proof of Proposition 1.3, we will need one more ingredient. This will be
provided by a powerful result of Quillen, which establishes a close relation between the
I-adic filtration of an arbitrary group rin,[G], and thelower central series filtration of
G, {IxGli>1-

We recall thatl, G is defined inductively, by settingyG = G, and thenl;1G =
(G, I,G), for k > 1. This gives a natural descending series of normal subgroups, with
abelian quotients denoted by’,‘th) =:IvG/T+1G, for k > 1. Theassociated graded
Lie algebra of G is defined by gf.(G) =: EBk}lgr’}(G); it is a graded Lie algebra with
Lie bracketinduced by the group commutator. Denot&lgy7;.(G) its enveloping algebra.

The (multiplicative)! -adic filtration gives rise to another graded algebra,

or; ZIG1 =: P, _ ar} ZIG],



178 S Papadima / Topology and its Applications 118 (2002) 169-185

where gt Z[G] = I¥(G)/1**1(G), for k > 0. One knows thag — 1 € I¥(G), if g € I} G;
see for example [7, p. 194]. Denote by

x TG — 1°(G) (4.1)
the map defined by (g) = g — 1.

Theorem 4.1 (Quillen [19]). The above map x induces a graded algebra surjection,
x -UQry(G) — grjZ[G], with the property that x ® Q is an isomorphism, for any group
G.

On the other hand, denote Hy(¢+) the gradedZ-Lie algebra freely generated by
indeterminates;;, where 1<i # j <n and¢; =1tj;, like in Section 1; the grading is
given by bracket length. Defing, to be the graded Lie algebra quotieniigf) modulo the
(Lie) relations (1.2) and (1.3). One knows that there is a graded Lie algebra isomorphism
betweenE;: and gr-(P,), which sends the algebraic generatpe E,} to the class modulo
I P, of the standard geometric generaigre I'1 P,,; see for example [3, Ch. 3B]. Passing
to universal enveloping algebras, this will enable us to identify in the sequel the graded
algebrad/ E, = U, andUgr -(P,), by an isomorphism

U3 Ugr(pPy), 4.2)
which sends;; to the class;; € gr}(Pn), forl<i<j<n.
Corollary 4.2. Wth the above identification, the Quillen map (4.1)givesa graded algebra
isomorphism

x :UF > griZP,],
which associatesto 1;; € Ul theclassof a;; — 1ingriz[P,], for 1<i < j <n.

Proof. Given Quillen’s result (Theorem 4.1) and the isomorphism (4.2), it is enough to
recall thatU,; is a torsion free graded abelian group; see the proof of Corollary 1.4().

We have shown in Corollary 3.2 that the map from Proposition 1.3 induces
gr"(u):gr’; Z[P,] — U,f, for all k. We are going to finish the proof of Proposition 1.3
by showing a little more than stated, namely thét(gr is actually the inverse of Quillen’s
isomorphism from Corollary 4.2.

Lemma 4.3. The composition
grf(u) o x : U* —» U*
equalsthe identity, for all k.

Proof. We begin by recalling from the previous section thatP, ) is additively generated
by the elements of the form

(enn—D Gk, =D (ga1—1D - (g24, — D), (4.3)
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whereg;; € G;,for j=2,...,nandi =1,...,k;, andkz + --- + k, = k; see (3.2). We
also know from Theorem 4.1 that there is a natural surjecjioG /1>G — 1(G)/1%(G),
for any groupG. This enables us to replace in (4.3) all elemegyisby generators of the
groupGj, for j =2,...,n, to get a convenient system of additive generatord foP,)
modulo/*t1(p,),

a= (@ —1) @50~ 1D (@2 1)@, 2 - 1), (4.4)

where {a;; | 1 <i < j < n} are the standard generators Bf. By Corollary 4.2, the
elements of the form

T= (til,n e tikn ,n) te ([il,z te tik2,2) (45)

will then provide a generating system fof, since plainlyy (r) = a, modulo7**%(p,).
We may now finish the proof of the lemma, by showing th&t) = moduloﬁ;>k+l.
This in turn follows immediately from the construction gf see (1.7)—(1.8) and the

normalization requirement (1.6).0
At the end, we will complete the proof of our main result, Theorem 1.1.
4.4. Proof of Proposition 1.5

We will break again the proof in two steps. As an intermediate object we will use
the graded algebra {#[P,] x Z[X,]. The semidirect product structure comes from
the natural action oB, on the graded algebra p¥[P,], given by conjugation. To see
that this factors througtk,, it plainly suffices to show that the conjugation action of
any p € P, is trivial on the algebra generators, dg[P,]. This fact follows in turn
from the naturality property of the surjection: G/I>G — 1(G)/I1%(G), together with
the remark that the conjugation action of agiye G is trivial modulo I>G. We know
from Propositions 1.2 and 1.3 that*gn/) equals the composition of two isomorphisms,
gr(®):gri Z[B,1 = grj Z[P,] x Z[X,] and gr(n) ® id:grjZ[P,] x Z[Z,]1= U %
Z[X,]; see (1.9). We are going to prove Proposition 1.5 by showing that both inverse
isomorphisms, gr(¥) : grj Z[P,] x Z[X,]= gr’, Z[B,] (see Section 2.2), ang ®
id: Uy % Z[X,]=gr; Z[ P,] x Z[ X,] (see Lemma 4.3), are multiplicative.

The multiplicative property of gi(¥) follows from a direct straightforward computa-
tion, as soon as one knows thaky) = s(x) - s(y) moduloJ, for anyx, y € ¥,,. (Recall
thats is an arbitrary section of the canonical epimorphismB, — X,.) This in turn
is a direct consequence of the fact thaequals ke{Z[r]: Z[B,] — Z[X,]}. Lastly, this
equality is easily derived from the well-known fact thg} is the quotient ofB,, modulo
the relationsr? =1, fori = 1,...,n — 1; see [4, Ch. 1].

The last step of the proof is to show that the graded algebra isomorphigmom
Corollary 4.2 is in addition equivariant with respect to tBg-actions. (This implies at
once thaty ® id is multiplicative, as needed to conclude.) Thus we have to check, on the
algebra generators &f*, that

axiyx(jy — 1="(a;; — 1) modulol?(P,), (4.6)
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for everyx € X, and 1< i # j < n. (Hereb € B, is such thatr (b) = x, and we are using
the usual conventiony; = aj, for k # 1.) By the naturality property of : G/I2G —
1(G)/1%(G), (4.6) follows from

baij = Ax(i),x(j) modulol»P,. 4.7
Finally, it is not difficult to verify (4.7) above; see [17, Lemma 5.2(i)|0

Remark 4.5. Note that the graded algebra isomorphisnt (@) :gr’ Z[B,] = U, x
Z[X,] is independent of the choices made for the constructialf ¢ghamely the section
s and the formal serie§S;;}). This is implicitly contained in the above proof. To make
it explicit, it suffices to add that not only ® id but also gi(¥) is independent of our
choices. This is easy to deduce from the constructiod oMore precisely, one has that
g E) =7 -1 1), forv e grj Z[P,] and¢ € Z[ %, ]. Herev is the image of
v, via the canonical graded algebra magj 4fP,] — gr’ Z[B,] (see Lemma 2.1), and
=1 Z[ 2, > 2B,/ J = 9r9 Z[ B, 1.

Remark 4.6. Lin derived in [13] the additive isomorphism between’; @i B,] and
U} ® Z[ X,] by lengthy direct computations. This result follows at once, by combining
Proposition 1.2 and Corollary 4.2.

5. The connection with braid closure

In this section our goal is to show that, at the associated graded level, the universal
finite-type invariant for braida/ is compatible with the basic geometric construction in the
finite-type theory fororiented links, which relates closed chord diagrams to the Vassiliev
filtration of links. The comparison between (finite-type) braid theory and link theory will
be done via the classicattin closure of braids, see [4, Ch. 2].

We start by reviewing the relevant standard material on singular links and braids, and on
closed and horizontal chord diagrams, following [5,6,13,21].

The Vassiliev filtration of links, {VF(£)}i>0 is defined viaresolutions of singular
links, R(L), in the same way the Vassiliev-type filtration @foraids, {VF;(B,)}«>0. IS
constructed using resolutions of singutabraids, R(8); see the beginning of Section 1.

We will denote the associated graded objects by(dh, and grj, (B,), respectively. The
Artin closure of (singular) braids induces a degree zero additive map, denoted by

():gri (By) = gri-(L).

Denote byZ[D¥] the free abelian group generated by all diagranasD¥, consisting of
k chords with 2 distinct endpoints on a set of oriented circles, considered up to orientation-
preserving homeomorphisms of the supporting circles. The quoti€ht®f] by the so-
calledfour-term relations will be denoted byA4¥; see [21]. Define the graded algel
to be the quotient o¥[¢] modulo the relations (1.2); its elements may be identified with
linear combinations of horizontal chord diagramsooriented vertical segments modulo
horizontal isotopy, as explained in Section 1.
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If m is a degre& monomial fromZ[¢] andx € X, define the Artin closurer @ x € Dk
by identifying the endpoint of th&th vertical segment with the initial point of the&(i)th
vertical segment, fof = 1,...,n. This construction gives rise to another degree zero
additive map{(") : H* ® Z[ £,] — Z[D* ]} >0, which factors to

():Ur @Z[Z,] — A*.

The diagramD(L) € D* of a singular link L with k double points is defined by
associating to each double point a chord having the preimages of the double point as
extremities. Similarly, the diagram of a singulaibraid 8 with & double pointsD(8) €
H,ﬁ‘ ® Z[X,], is constructed as follows. DefinR(8) to bed ® x. Herex = = (8) (the
permutation associated ). The horizontak-chord diagramd is obtained by placing
on theith vertical position the strand g8 whose endpoint is on thah position, for
i =1,...,n, and then splitting each double pointinto a horizontal chord, as before.

Itis easy to see that one has

D(B) =D(p), (5.1)

for any singulam-braid 8. It will be equally useful to recall from Section 1 the natural
semidirect product multiplicative structure 8ff ® Z[ X,], to be denoted byf, x Z[ X, ].
It is not difficult to verify that

D(ap) = D(a) - D(B)., (5.2)
for any singular braide andg.
Finally, recall the fundamental geometric construction from finite-type link theory. One
has a mapf : Z[D¥] — gr¥ (L), which associates td € D* the class modul&¥/F1(L)
of R(L), whereL is any singular link with the property that
D(L) =d. (5.3)

In this way one gets an induced surjective map4s — gr’{,(/j); see [21].
We may now spell out our main result in this section.

Theorem 5.1. Thereisa commutative diagram

k(M
ot (B S Uk @ 71 3,

oi la)

gy (D) =——— 4

up to the sign (—1)*, for all k.

Proof. We are going to check the assertion of the theorem on a convenient system of
additive generators of {g,r(Bn), as in the proof of Lemma 4.3; see also the proof of
Proposition 1.2 from Section 2.

Let us then pick an elemeate VF,(B;) of the form

e=(ajy—1- (@ —1D- skx), (5.4)
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where(a;, j; — D - (@, — D € I*(P,) is in normal form, as in (4.4), and e %,. We
start by computing. One knows that

ajj —1= a(ai — oi_l)b, Witha=0j_1---0;410; andb = ol.:_ll . 'Gj_—ll’ (5.5)

for1<i < j <n; see[4, Ch. 1]. Denote by, andb, the braids: andb appearing in the
above decomposition (5.5) of, ;, — 1, forr =1, ..., k. Define the singulat-braid g by

B =a1tib1---artibi - s(x), (5.6)

wherer; stands for the elementary singular braid with one double point,$ot, ..., n —
1, as in [5]. We infer from (5.4)—(5.6) tha@&(8) = (—1)*e; see (1.1). Consequently

e=(-D*R(B). (5.7)

Setu =tj; -ty ®x € U,’f ® Z[X,]. Use (1.9) and the definition a¥#, and then
argue exactly as in the proof of Lemma 4.3 to deduce that

gri(M) (@) = u, (5.8)

wheree denotes the class efmoduloVF; . 1(B,).

By comparing (5.7) and (5.8), we see that all we need to finish our proof is to show that
f (@) equals the class df(ﬁ) moduloVF;,1(£). (Hereu € DX, as explained before.) In
other words, it will be enough to verify thdd(B) = ui; see (5.3). This in turn will follow
from

D(alrilbl -ea T by - s(x)) =ty iy ®X (5.9

(equality inH,f x Z[ X,]); see (5.1).

Finally, we will check (5.9) by resorting to the multiplicative property (5.2). It follows
directly from the definitions thab(a) = 1® 7 (a), fora € B,, andD(t;) =t i+1 Q m(0;),
fori =1,...,n — 1. This may be used, together with the definition of the semidirect
product multiplicative structure afl;* x Z[ X, ], to check that

D(ar) - D(%;,) - D(by) =1t;, ), ® 1, (5.10)

for r =1,...,k. We infer from (5.10) thatD(B) = (tiyj,-- 1, ® D - 1 ® x) =
tiyj1 -+ tiy i ® x, which verifies (5.9) and thus completes our proafi

Setnow gif, (B) =: @@lgri‘,(Bn). The singular Alexander theorem (see [5, Section 6])
implies that braid closure induces a degree zero surjecﬁ(\)ngr"‘,(B) — gry (£).
Similarly, setU* ® Z[X] =: @n>1(U,;“ ® Z[X,]), and denote by giM) the direct sum
isomorphism, gt (M) :gry,(B) = U* ® Z[X']. We deduce from the singular Alexander
theorem that the Artin closure of diagrams induces another degree zero surjection,
():U*Q®Z[X]— A*; use (5.1).

Recall the fundamental object in closed chord diagram theﬂfy,lt is the graded
guotient of A* obtained by killing those diagrams which containissiated chord. (This
is a chord with both endpoints on some cir€lewith the property that there is no chord
endpoint on one of the two arcs determined by this chord 9t is known thatf factors
to give a surjectiory : A* gry (£); see [21].
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—~ keym )~
Let M* be the (surjective) composition ’g(B)g%) Uk @ 7151 - At multiplied
by (—1)k. Theorem 5.1 provides then a commutative diagram:

grt, (B)

ol %\ (5.11)

ary (L) <— 4+
for all .

Our last theorem is a partial factorization result #¢f through braid closurd;). More
precisely, consider the following families of Markov-type elements d(j(g?) (with the
convention that, from now on(;) will stand for the class modulvF, 1 of an element
belonging tovF,):

R(aB) — R(Ba) € gy, (By), (0
whereq is a singulan-braid with/ double points an@ is a singular-braid with double
points,/ + h =k;

R(a) = R(e) - 03t € gy (B,) ® gry (But1), (I
wherea is a singulam-braid with £ double points, an&[B,] C Z[B,+1] is the usual
inclusion (see [4, Ch. 1]);

R(@) - (on — 0y ") €9y (But1), dl)

wherew is a singulam-braid withk — 1 double points. Clearly all these elements are sent
to zero in g({,(ﬁ), by braid closure. Actually, we can say more.

Theorem 5.2. All three types of elements described above belong to ker(M*).

Proof. Type (I) elements. It is easy to see that one has the equaliyf) — R(Ba) =
R(a) - R(B) — R(B) - R(a), in the graded algebra y(B,); use (1.1). Given the
multiplicative property of gt(M) (see Proposition 1.5), it will be enough in this case to
show thativ = vu (equality inA*), foru, v € U;f x Z[ X,,]. This in turn is verified without
difficulty, starting from the definitions.

For the remaining two cases, we make a preliminary remark. One has stabilization
graded algebra maps,

* S * S 3
Uj % 201> Uy % ZIEus1] and  gry (By) > gry (Bura).

The first one is induced by the obvious graded algebra &ap> U, ; which is defined
by the canonical inclusion, on algebra generators, and by the usual inclusion [4, Ch. 1],
X, C Xy+1;the otheroneisinduced by the usual inclusiép,] C Z[B,,+1]. Itis easy to
see that gf(M) commutes with stabilization. One may check this on a convenient system
of additive generators for gr(B,), as in the proof of Theorem 5.1; see (5.4) and (5.8).

Type (Il) elements. We may resort to the multiplicative and stabilization properties of
gr*(M) to compute that
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Sgri(M)(R(@)) - gro(M) (o5
= Sgrf(M)(R(@)) - (1 ® x).

(We have denoted (onﬂ) by x,,.) We thus see in this case that it will be enough to show
that the Artin closure ofm ® x) - (1 ® x,,) = m ® xx, equals the Artin closure oft ® x
(as diagrams), for any monomial in the generators; with i, j < » and for anyx € %,,.
To check this, start by remarking that(if, ..., i,—1, n) is the cycle ofx which contains
n, then(i, ..., i,—1,n,n+ 1) will be a cycle ofxx,; the other cycles af andxx, are the
same. Sincen contains no chord endpoint on the last vertical segment, we infer at once
thatm ® xx, = m ® x, as desired.

Type (11l) elements. As before, we have

gr*(M)(R(«) - 071

gr*(M)(R(@) - (0n — 0, D)) = Sgr* =2 (M) (R@) ) - gr* (M) ((ann41 — Doy b
= Sgr* Y M) (R(@)) - (tn,n1 ® xn)-

This time we will conclude by showing that, i andx are as in the previous case, then
the Artin closure ofm ® x) - (fy,4+1 ® X)) =m - t;; n+1 ® xx, CONtains an isolated chord
(and therefore represents zerQZr‘i). The chord corresponding tg ,+1, with endpoints
on the circle corresponding to the cyala, ...,i,—1,n,n + 1), is indeed isolated, since
there are no chord endpointssafsituated on the last vertical segmenta

Remark 5.3. It is immediate to see thal/* factors in (5.11) if and only iff : 4* —

gry (£) is an isomorphism. Qn the other hand, there is the surjection given by diagram
Artin closure,U* ® Z[ ¥] — A*. Using the singular Markov theorem [10], we can show
that its kernel is generated by the*gM )-images of the above types (I)—(lll) of elements
(for any coefficients). It follows thaf is an isomorphism if and only if the kernel of braid
Artin closure, gif, (B) — gry,(£), is generated by the Markov families (1)—(Il1).
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