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Abstract

We give examples of complex hyperplane arrangemdrfsr which the top characteristic variety,
V1(A), contains positive-dimensional irreducible components that do not pass through the origin of
the algebraic torug@*)"‘“. These examples answer several questions of Libgober and Yuzvinsky.
As an application, we exhibit a pair of arrangements for which the resonance varieties of the Orlik—
Solomon algebra are (abstractly) isomorphic, yet whose characteristic varieties are not isomorphic.
The difference comes from translated components, which are not detected by the tangent cone at the
origin. 0 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The characteristic varieties of a spakeare the jumping loci of the cohomology af
with coefficients in rank 1 local systemg;(X) = {t € (C*)?2X) | dimg HY(X, C;) > d}.
If X is the complement of a normal-crossing divisor in a compact Kéhler manifold with
vanishing first homology, thel;(X) is a finite union of torsion-translated subtori of the
character torus, see [1]. Jil is an arrangement of hyperplanesGh, with complement
X = X (A), then the irreducible componentsgf(A) := V;(X) which contain the origin
can be determined combinatorially, from the intersection latticel oT his follows from
the fact that the tangent cone ¥ (A) at 1 coincides with the resonance varieRy (A),
of the Orlik—Solomon algebra (see [8] for a proof, and [18,4,19] for other proofs and
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generalizations). The variet®,(A) in turn admits explicit combinatorial descriptions,
see [11,20].

It was first noted in [8] that there exists a hyperplane arrangement for witich
contains translated tori. These translated tori are isolated torsion poifts Iging at
the intersection of several componentsiaf which do pass through the origin (see [8,
Example 4.4] and Example 3.2 below). Thus, the question arose whether the characteristic
varieties of a complex hyperplane arrangement may ppasiive-dimensional translated
components, see [21], Problem 5.1. In this note, we answer that question, as follows.

Theorem. There exist arrangements of complex hyperplanes for which the top character-
istic variety, V1, contains positive-dimensional irreducible components which do not pass
through the origin.

The simplest such arrangement is the “deletefl Brrangement,D, discussed in
Example 4.1. Itis an arrangement of 8 plane§ M with defining formsc —z, y — z, x, y,
x—y+z2z,x—y—2z x—y. The arrangemer is fiber-type, with exponentd, 3, 4}.

The varietyV1 (D) has a component parametrized{loy, ——1, —+~1,¢,12, —1,172, —1) |

t € C*}. This is a 1-dimensional torus, translated by a second robt Big. 1 depicts the
real part of a generic 2-dimensional sectiorfd{obtained by setting = 2x + 3y + 1),
together with the local system corresponding to the poin€*.

The deleted B arrangement can also be used to answer Conjecture 4.4 from [20], and
Problems 5.2 and 5.3 from [21].

As noted in [18,20] (see also [11]), all the component¥ppassing through the origin
must have dimension at least 2. On the other hand, all the positive-dimensional translated
components that we find correspondsub-arrangements, and so have dimension 1. We
do not know whether translated components can have dimension greater than 1, but we
exhibit an arrangement whelg has 0-dimensional components (Example 5.1).

The translated components in the characteristic varieties of an arrangdnagatnot
detected by the tangent cone at the origin, and thus contain information which is not
available from the Orlik—Solomon algebra df, at least not directly. We illustrate this
phenomenonin Example 5.3, where we find a pair of arrangements for which the resonance
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Fig. 1. Generic section of deletedy Arrangement and translated torug/mn
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varieties are (abstractly) isomorphic, but the characteristic varieties have a different number
of components. These two arrangements have non-isomorphic lattices, though. Thus, it is
still an open question whether the translated componeni$; Gfl) are combinatorially
determined.

One of the main motivations for the study of characteristic varieties of a sfase
the very precise information they give about the homology of finite Abelian covers of
X, see [17,26]. From that point of view, the existence of translated componemts in
has immediate repercussions on the Betti numbers of some finite covefs(ibfose
corresponding to torsion characters belonging to that component). But it also affects the
torsion coefficients of some Abelian coversXf and the number of certain metabelian
covers ofX. These aspects are pursued in joint work with Matei [24]. The starting point of
that paper was the discovery of 2-torsion in the homology of certain 3-fold covar&/oy.
We were led to the translated componenVirgD) by an effort to explain that unexpected
torsion.

2. Characteristic varietiesand hyper plane arrangements

We start by reviewing methods for computing the fundamental group, the characteristic
varieties, and the resonance varieties of a complex hyperplane arrangement.

2.1. Characteristic varieties

Let X be a space having the homotopy type of a connected, finite CW-complex. For
simplicity, we will assume throughout that = H1(X, Z) is torsion free. Set = b1(X),
and fix a basidr,...,t,} for H = 7Z". Let G = n1(X) be the fundamental group, and
ab:G — H the abelianization homomorphism.

Let C* be the multiplicative group of units i, and let HoniG, C*) be the group
of characters of5. Notice that HoniG, C*) is isomorphic to the affine algebraic group
Hom(H, C*) = (C*)", with coordinate ringCH = (C[tfl,...,t,fl]. For each integer
d >0, set

Va(X) =t =(t1,....1,) € (CH" | dimc HY(G, Cy) > d},

whereC; is theG-moduleC given by the representati(ﬂi%Z”*’xC*.

Then V;(X) is an algebraic subvariety of the complextorus, called thedth
characteristic variety of X. The characteristic varieties form a descending toWet)” =
Vo2 V1 2---2V,_12V,, which depends only on the isomorphism typedof m1(X),
up to a monomial change of basis(i@*)", see [22].

As shown in [15], the characteristic varieties &f may be interpreted as the
determinantal varieties of the Alexander matrix of the graGip= n1(X). Given a
presentationG = (x1,...,x, | 1, ..., rs), the Alexander matrix is the x m matrix

A= (gT’;)ab, with entries inC[#;™, . .., ;71], obtained by abelianizing the Jacobian of Fox



212 A.l. Suciu / Topology and its Applications 118 (2002) 209-223

derivatives of the relations. Let(¢) be the evaluation ofA at¢ € (C*)". For 0< d < n,
we have

Va(X) = {t € (C*)" | rankA(¢) <m — d}.

Remarkably, the existence of certain analytic or geometric structures on a space puts
strong qualitative restrictions on the nature of its characteristic varieties. There are several
results along these lines, due to Green, Lazarsfeld, Simpson, and Arapura. The result we
need is the following:

Theorem (Arapura [1]).Let X be the complement of a normal-crossing divisor in a
compact Kahler manifold with vanishing first homology. Then each characteristic variety
V4(X) is afinite union of torsion-transated subtori of the algebraic torus (C*)?1(X),

2.2. Fundamental groups of arrangements

Let A = {Hi,..., H,} be an arrangement of (affine) hyperplanesGh, ¢ > 2,
with complementX (A4) = C¢ \ U’_1 Hi. We review the procedure for finding the
braid monodromy presentation of the fundamental group of the compler@émt) =
m1(X (A)). This presentation is equivalent to the Randell-Arvola presentation (see [6]),
and the 2-complex modelled on it is homotopy-equivalentte X (A) (see [16]). Since
we are only interested iw = G(A), the well-known Lefschetz-type theorem of Hamm
and Lé allows us to assume tHat 2, by replacing4 with a generic 2-dimensional slice,
if necessary.

Let v1,...,vs be the intersection points of the lines gf. The combinatorics of
the arrangement is encoded in its intersection pokey) = {L1(A), L2(A)}, where
Li=n:={1,...,n}and Ly ={I1,..., I}, with Iy = {i e n | H; N vx # ¥}. Choosing
a generic linear projectiop:C? — C, and a basepointo € C such that Réyg) >
Re(p(v1)) > --- > Re(p(vy)) gives orderings of the lines and vertices, which we may
assume coincide with the orderings specified above. Choosing also a f@atktarting at
yo, and passing successively througitv1), ..., p(vs) gives a “braided wiring diagram”,
W(A) = {11, B1, I2, ..., Bs—1, I}, wherepy are certain braids in the Artin braid gros .

Let {A; j}1<i<j<n be the usual generating set for the pure braid grBums specified
in [2]. More generally, foll C n, let A; € P, be the full twist on the strands indexed by
The braid monodromy presentation@f= 1 (X) is given by:

G =(x1,....xn | ax(x;) = x; fori € Iy \ {maxl;} andk € s), 1)

where eacluy is a pure braid of the fornA‘;’kc = 8,:1A,k8k, acting onfF,, = (x1, ..., x,) by
the Artin representatio®, <— Aut(F;). The conjugating braid& may be obtained from
W, as follows.

In the case whergl is the complexification of a real arrangement, may be realized
as a (planar) wiring diagram (with afy = 1), in the obvious way. Each vertex set
I, € W gives rise to a partitiom = I; U I; U I}’ into lower, middle, and upper wires.
SetJi = {i € I/ [minI; <i < maxI;}. Thend; is the subword ofd, = []i_, ]'[;;11 Aji,
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given by & =[], ]_[jejk A;;, see [9] (and also [6]). In the general case, the braids
B1, ..., Br—1 must also be taken into account, see [6] for details.

2.3. Characteristic and resonance varieties of arrangements

For an arrangement, with complemen = X (A), let V;(A) := V;(X). In equations,
Va(A) = {t € (C*)" | rankA(¢) < n — d}, whereA is the Alexander matrix corresponding
to the presentation (1) af = 71(X). By Arapura’s TheoremV,(A) is a finite union of
torsion-translated tori igfC*)". Denote bde(A) the union of those tori that pass through
1, and byV; (A) the tangent cone dfy(A) atl. Clearly,V;(A) is a central arrangement of
subspaces ift”. The exponential map, expil{C*)") = C" — (C*)", A; —> ¥ =y,
takes each subspace W (A) to the corresponding subtorus i (A). In equations,
Vi(A) = {r e C" | rankADP (1) < n —d}, whereAW is the linearized Alexander matrix of
G, see [8] (and also [23]). The variety; (A) (and thusV,(A), too) admits a completely
combinatorial description, as follows.

The dth resonance variety of a spaceX is the setR,(X) of cohomology classes
A € HY(X, C) for which there is a subspad¥ c H1(X, C), of dimensiond + 1, such
thatA U W =0 (see [23]). In other words,

Ra(X) = {x | dmHY(H*(X,C), 1) > d}.

The resonance varieties of an arrangem@&qt(A) := R4 (X (A)), were introduced and
studied in [11]. It turns out tha?; (A) = R4 (A), see [8,18] for two different proofs, and
[4,19] for recent generalizations.

As seen above, the top resonance variety is the union of a subspace arrangement:
Ri1(A) =CpU---UC,. Itis also known that ding; > 2, C; N C; = {0} for i # j, and
Ra(A) ={0}U Udimc1>d+1 C;, see [20]. For each € La(A) with || > 3, there is docal
componentC; = {1 | ) ;4 =0 andx; =0 fori ¢ I}. Note that dinC; = |I| — 1, and
thusCr C Ry7-2(A).

The non-local components also admit a description purely in terrh$.4§, see [11,20].
A partitionP = (p1 | - - - | p4) Of n is calledneighborly if, for all I € L2(A), the following
holds: [p; N I] > |I| — 1= T C p;. To a neighborly partitionP, there corresponds
a subspace

sz{A’;Ai=0}ﬂO{A‘ZAi=O},

iel

wherel ranges over all vertex sets not contained in a single blodk ¢lesults of [20]
imply that, if dimCp > 2, thenCp is a component dR1(A). All the components dR1(A)
arise in this fashion from neighborly partitions of sub-arrangementk of

This completes the combinatorial descriptionf(A) = R4(A), and thus, that of
Va(A).
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2.4. Deconesand linearly fibered extensions

We conclude this section with two constructions which simplify in many instances the
computation of the characteristic varieties of an arrangement.

The first construction associates to a central arrangemeat Hy, ..., H,} in C¢, an
affine arrangement4*, of n — 1 hyperplanes irC¢~1, called adecone of A. Let Q be
a defining polynomial fot4. Choose coordinatess, . . ., z¢) in C¢ so thatH, = ker(z).
Then,Q* = O(z1, ..., z¢-1, 1) is a defining polynomial ford*, andX (A) = X (A*) x C*,
see [25]. It follows that:

Va(A) ={t € (C)" | (11, ..., tn—1) € Va(A®) andry - - -1, = 1},

and so the computation &f;(A) reduces to that o¥;(A*), see [8].

The second construction associates to an affine arrangeentC?, a linearly fibered
arrangement,zl\, also inC?, called abig arrangement associated to4d. The construction
depends on the choice of a linear projectjpriC? — C, for which no line ofA coincides
with p~1(point). Let Hy, ..., H, be the lines ofA, let v, ..., v, be their intersection
points, and lef{wx, ..., w,} = p({v1, ..., vs}). ThenA = AU {H, 1, ..., Hytr}, Where
Hy,+; = p~Yw;). The restrictionjp: X — C\ {w1, ..., w,} is a (linear) fibration, with
fiber C\ {n pointg. The monodromy generatoi®,, ..., @, may be found using a slight
modification of the algorithm from [6] (see also [3]). Deforpnto a generic projection
p:C? - C, and letay, .. ., oy be the corresponding braid monodromy generators. Then,
aj = Hp(vk):w_, ag. The fundamental group ol is the semidirect produ@ =F, xgF,,
with presentation

6=<x1,...,xn,y1,...,yr|xiyj=5tj(xl~)). (2)

Given an arrangemeift so thatB = A, the presentation (2) of1(X (A)) = G is often
simpler to use than the presentation (1), obtained from the general braid monodromy
algorithm applied directly td. In particular, if we pick

b
{tl,...,t,H_r}:{xl,...,xn,yl,...,yr}a

as basis fo;(G) = 7"+, the Alexander matrix o6 has the block form
id—ty41-©(@) d1 -~ O
A= : : 3

id —Inr O (ar) 0 T d1

where®: P, — GL(n,Z[tlﬂ,...,t,;ﬂ]) is the Gassner representation, ahd= (11 —
1---1,—17, see[7,83.9].
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3. Warm-up examples

We continue with some relatively simple examples of hyperplane arrangements and
their characteristic varieties. These examples, which illustrate the above discussion, will
be useful in understanding subsequent, more complicated examples.

Example 3.1. Let A3 be the braid arrangement i, with defining polynomialQ =
xyz(x — y)(x — 2)(y — z). The deconeA, obtained by setting = 1, is depicted in
Fig. 2(a). Note thatd% = A, where A consists of the lines marked 2, 3. Thus, A3 is
fiber-type, with exponent§l, 2, 3}, andG* = F3 x5 2, whereas = A12, a2 = A1z (of
courseG = P4 = G* x 7).

The resonance and characteristic varieties4af were computed in [11,18,8]. The
variety V1(Az) C (C*)® has 4 local components, corresponding to the triple points
124,135,236, 456, and one essential component, corresponding to the neighborly partition
(16| 25| 34):

1 = {(s, t, (s~ L s~ 1, s) | s, t e (C*},

see Fig. 2(b). The componentsBf meet only atl. Moreover,Vo = - .- = Vg = {1}. The
intersection poset of the characteristic varietieglgfis depicted in Fig. 2(c). The poset is
ranked by dimension (indicated by relative height), and filtered according to depth in the
characteristic tower (indicated by coldfj in black, V> in white).

Example 3.2. A realization of the non-Fano plane is the arrangergéntvith defining
polynomialQ = xyz(x —y)(x —z)(y —z) (x +y —z). A deconeN* is depicted in Fig. 3(a).

The characteristic varieties 8f were computed in [8] (see also [21]). The variétyc
(C*)7 has 6 local components, corresponding to triple points, and 3 non-local components,
Iy =11(25|36|47), 1, =11(17| 26| 35), I13 = I1(14]| 23| 56), corresponding to braid
sub-arrangements. The local components meet only htit the non-local components
also meet at the point = (1, -1, —1,1, —1, —1, 1). The varietyV> = {1, p} is a discrete

5 4 1
3
2
1 b
@) (b) (c)

Fig. 2. The braid arrangements: (a) DeconeA%; (b) Matroid and torud/T; (c) Characteristic
varieties.
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6 5 4 1 P
3
2 K
1 II; I, 115
(a) (b)

Fig. 3. The non-Fano arrangemeiit (a) DeconeN*; (b) Characteristic varieties ¢¥f.

algebraic subgroup afC*)’, isomorphic taZ,. The characteristic intersection poset\f
is depicted in Fig. 3(b).

Example 3.3. Let B3 be the reflection arrangement of type, Bvith defining polynomial
Q=xyzx —y)(x—2)(y —2)x —y —2)(x —y + 2)(x + y — 2). A decone is shown
in Fig. 4(a). Note that3} = A, where A consists of the lines marked 1.,5. Thus,
Bs is fiber-type, with exponentgl, 3,5}, and G* = F5 xg F3, whereay = Az3q, a2 =
Afj4A34A25, a3 = A§523A25.

A computation with Fox derivatives, using the techniques from Section 2, shows that the
characteristic variety;  (C*)° has 19 components:

e 7 local components, corresponding to 4 triple points and 3 quadruple points.

e 11 components corresponding to braid sub-arrangements.

e 1 essential, 2-dimensional component, corresponding to the neighborly partition

(156] 248| 379, identified in [11], Example 4.6:

r={(t.s. s 2 5,1,6%, (s0)71, 52, (s0)™ 1) | 5,1 € C*}.
Three triples of braid components mdebn V», at the points
,mn=(1,-1,1-1,11,-11 -1), ,p2=(-1111-1,1,-11 -1),

andp1p2. The varietyV, consists of three 3-dimensional tori (corresponding to quadruple
points), together with the discrete subgroﬁé: {1, p1, p2, p1p2}. The characteristic
intersection poset d83 is depicted in Fig. 4(b).

876 5 4

(@) (b)

Fig. 4. The B reflection arrangement: (a) Decoﬁg; (b) Characteristic varieties d3.
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4. Positive-dimensional trandated tori

We now come to our basic example of a complex hyperplane arrangement whose top
characteristic variety contains a positive-dimensional translated component.

Example4.1. LetD be the arrangement obtained from therBflection arrangement by
deleting the plane + y — z = 0. A defining polynomial forD is Q = xyz(x — y)(x —
2)(y —2)(x —y — 2)(x — y + z). The deconé*, obtained by setting = 1, is depicted
in Fig. 5(a). Note thaD* = A, where A consists of the lines marked 1., 4. Thus,D is

fiber-type, with exponentgl, 3, 4}, andG* = F4 x5 F3, whereay = A3, ap = Af323A24,

a3 = A

The Alexander matrix o&*, given by (3), is row-equivalent to

l-15 0 0 0 t1—1 0 0
0 t5(t3 — 1) 1—1o15 0 t3—1 0 0
0 1-1g t2(1—15) 0 totz3 —1 0 0
0 0 0 1-15 ta—1 0 0
te(13—1)  (3—D(arg—1)  12(1—1116) 0 0 3—1 0
A= l-15 t1(13—D(tg—1) 112l —1g) 0 0 nr3—1 0
o 0 te(tg — 1) 0 1—1o1g 0 -1 0
0 1-1g 0 tp(1—1g) 0 totg—1 0
t7(ta—=1) (4 —D(rat7 -1 0 t2(1—1117) 0 0 -1
1-17 t1(1—17) 0 t1tp(1—t7) 0 0 t1totg — 1
0 1-17 0 0 0 0 tp—1
0 0 1—1t7 (t3—1(A—17) 0 0 ta(tz3 — 1)

Now recall thatVi(D) = {t € (C*)® | (r1,...,t7) € Vi(D*) and 1 ---1g = 1}, where
V1(D*) is the sub-variety ofC*)” defined by the ideal of & 6 minors of the matrix.
Computing the primary decomposition of that ideal reveals that the varig®) has 13

components:
e 7 local components, corresponding to 6 triple points and one quadruple point.

7654 3 'a
L
=
(a) T (b)

Fig. 5. The deleted BarrangemenD: (a) DeconeD*; (b) Matroid of D and parametrization af .
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1 P1 P2

H1 H2 Hg H4 Hs

Fig. 6. The characteristic varieties DX

e 5 non-local components passing throdgleorresponding to braid sub-arrangements:
I =11(15|26|38), [T, =11(28|36|45), [13=11(14| 23| 68), [14 = I1(16| 27|
48), ITs = I1(18| 37| 46).

e 1 essential component, which does not pass thrdughhis component is 1-di-
mensional, and is parametrized by

C={(t,—t74 -1 1,12 -1,17% 1) |t e C*}.

(Note that the translated tordsis one of the two connected componentgof {r3 = 1}.)
The braid components df; (D) meetC at the points

p1 = Hl N H2 N HS N C = (15 _15 _15 17 15 _15 17 _1)5
p2 =IIsNIxNIIsNC=(-1,1,1-1,1,-1,1, -1),

both of which belong td/2(D). The characteristic intersection posetldfis depicted in
Fig. 6.

As noted in the Introduction, this example answers Problem 5.1 in [21]. It also answers
Problems 5.2 and 5.3 in [21]. Indeed, let= (3,3, 4,3, 3, -3, -3, —3). Clearly, 2,
and all its integral translates, do not belongRe(D), because all components Bfi (D)
are non-essential. HencH(H*(X,C), » + N) = 0, for all N € Z8. On the other hand,
t:=expiA) = (i,i,i,i, —1, —1, —1, —1) belongs toC, and thus dinH1(X, C;) = 1.

Finally, this example also answers in the negative Conjecture 4.4 from [20], at least in
its strong form. Indeed, there are infinitely mamy exp(1) € C for which

1=dimHY(X,C,) # supdimH*(H*(X,C),A+ N) =0.
NeZzZ8

5. Further examples

In this section, we give a few more examples that illustrate the nature of translated
components in the characteristic varieties of arrangements.

Example 5.1. Let A = A2(10) be the simplicial arrangement from the list in Grin-
baum [14]. A defining polynomial fad is O = xyz(y —x)(y +x) 2y —2)(y —x — 2) (y —
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=)

'lllllll//{///;

Fig. 7. The Grinbaum arrangemeng(A0).

x+2)(y+x+2)(y+x—z).Fig. 7 shows a decond*, together with the characteristic
intersection poset afl. The varietyV1(A) has 33 components:
e 10 local components, corresponding to 7 triple and 3 quadruple points.
e 17 non-local components corresponding to braid sub-arrangements.
e 1 non-local component]” = I'(1510| 248 | 379, corresponding to a3 sub-
arrangement.
e 3 components that do not pass through the origin,= C (1345689109, C2 =
C (234568910, C3 = C (345678910, corresponding t@® sub-arrangements.
e 2 isolated points of order & = (52, n%, 1, n%, n%, —1,7° 1, 7% n) and¢ %, where
n=e"/3,
Note that all positive-dimensional components&af.A) are non-essential, whereas the
two 0-dimensional components are essential. The non-local components meet at 7 isolated
points of order 2, belonging td2(A):

mn=11-1-1111-1,-11), p2=(11,-1,1,-1,1,1,1, -1, -1),
p3=(-1,-1,1-1,-1,11111), pa=(-1,111-1,1,-1,1,-1,1),

p102, p3pa, andg3.

Example 5.2. Consider the arrangemenfy and F», with defining polynomialsQ1 =
(x—y—2zQand Q2= (x —y — 27)Q, where Q0 = xyz(x — y)(y — 2)(x — 2)(x —
27)(x — 3z). This pair of arrangements was introduced by Falk in [10]. Their decones
and characteristic varieties are depicted in Fig. 8.

Fig. 8. The Falk fiber-type arrangemertfts and 7.
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Both arrangements are fiber-type, with expon¢htd, 4}. Thus, by the LCS formula of
Falk and Randell (see [25]), the ranks,(G) := rankgy (G), of the lower central series
quotients of the two groups are the same. As noted in [5], though, the @ytks) :=
rankgr(G/G"), of the Chen groups are differefit:(G (F1)) = %(k —1)(k243k+24) and
0 (G(F2)) = %(k —1)(k?+ 3k + 22), for k > 4. Moreover, as noted in [11], the resonance
varieties of the two arrangements are notisomorphic, even as abstract vaReti&s) has
12 components, where&s (F2) has 11 components. An even more pronounced difference
shows up in the characteristic varieti®@s(F1) has a 13th component (corresponding to a
sub-arrangement isomorphict®, which does not pass through the origin.

Example 5.3. Consider the arrangemeng and 2, with defining polynomialsQ1 =

(x—y—27)QandQ2 = (x —y —3z2) Q, whereQ = xyz(x — y)(y —2) (x —2)(x —22) (x —

3z)(x —4z)(x —5z)(x — y — 2) (x — y — 4z). This pair of arrangements was introduced by

Ziegler [27]. Their decones and characteristic varieties are depicted in Figs. 9 and 10.
Both arrangements are fiber-type, with exponefis6, 6}; thus, ¢x(G(Z1)) =

¢ (G(Z2)). Even more, the ranks of the Chen groups are the same:13, 6> = 30,

03 = 140, anddy = 2 (k — 1)(k* + 10k% + 47k? + 86k + 696), for k > 4. Moreover,

R1(Z1) = R1(Z2) (as varieties), although one may show, by a rather long calculation of

the respective polymatroids, that there is no linear isomorpfiista> C'3takingR1(21)

to R1(2»).

/ |
l’;IIIIA
S A
7
A ——
A/ E——
A DN

Fig. 10. The Ziegler fiber-type arrangemezy.
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On the other hand, the two groupan be distinguished numerically by their charac-
teristic varieties:V1(Z1) has 32 components, wherelg(Z2) has 31 components. Both
varieties have 11 local components (corresponding to 9 triple points, 1 quintuple point,
and 1 septuple point), and 18 components corresponding to braid sub-arrangements. In ad-
dition, both varieties have components which do not pass thréugarresponding t@®
sub-arrangement$y (Z1) has 3 such componentg, (£») has only 2.

6. Concluding remarks

We conclude with a few questions raised by the above examples.
Let.A be an arrangement afcomplex hyperplanes, and [€f(A) C (C*)" (1< d <n)
be its characteristic varieties.

Question 6.1. Are the translated components¥%f(A4) combinatorially determined?

This problem was posed in [8,21], before the existence of translated components in
Vi(A) was known. Recall tha¥,;(.4)—the union of the components f;(A) passing
through the identity of the toru€"*)"—is combinatorially determined. ¥ (A) # Vi(A)

(as in the examples from Sections 4 and 5), the question is whegiagh \ V;(A) is also
determined by the intersection lattice df

Question 6.2. What are the possible dimensions of the translated componewnis.4$?

The (positive-dimensional) components passing through the origin must have dimension
at least 2, and all dimensions between 2 and 1 can be realized. On the other hand, at
least in the examples we gave here, the components not passing thrbagh dimension
either 0 or 1. The question is wheth&f(A) \ V;(A) can have higher-dimensional
components.

Question 6.3. What are the possible orders of translation of the componeritgof) ?

In our examples, the components not passing through the origin are translated by
characters of order 2 or 6. The question is whether other orders of translation can occur.
Furthermore, one may ask (as a weak form of Question 6.1) whether the orders of
translation are combinatorially determined. We know of a combinatorial upper bound on
the lowest common multiple of these orders, but do not know when this bound is attained.
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