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Abstract

We consider a moduli space of combinatorially equivalent family of arrangements of hyperplanes
(e.g.,n distinct points in the complex line). A compactification of the moduli space is obtained by
adding a boundary divisor. On the moduli space we study a Gauss—Manin connection and show that
it has logarithmic poles along the boundary divisor. When the moduli space is one-codimensional, an
explicit formula for the connection matrix is given.2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Fix a pair(¢, n) with £ > 1 andn > 0. Let 4, (C%) be the set of affine arrangements of
n distinct linearly ordered hyperplanes@f. In other words, each element of A, (Ct)
is a collection{H;, ..., H,} whereHy, ..., H, are distinct affine hyperplanes @f. Two
arrangementst) := {Hl(i), L HY e A,(CYH (i = 1,2) are said to beombinatorially
equivalent, denoted byd® ~ A®@ | f

dmaP n...nHP =dimH® n...n H?

1 ip i1 ip

foreach(is, ..., i), 1<i1 <--- <i, <n.Here we agree that the dimension of the empty
setis equal ta-1.
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Fix A:={Hy,..., H,} € A,(CY. Let
Ba=B:={BeA,(C")|B~A}

In Section 2, we naturally identif with a locally closed subset aiCP)*)", where
(CPY* is the ¢-dimensional dual complex projective space. Bete the closure oB in
((CPY*)™. Then, as we will see in Proposition 4, the boundary= B \ B is defined by a
single equation oB. The hypersurfac, in general, has several irreducible components.
When A is of general position (i.e., dif;, N---NH;,=¢—pifl<i1<---<ip<n
and 1< p < ¢ + 1), B is dense in((CP)*)": B = ((CPY)*)". In this caseD has (1)
irreducible components. We can also describe the geome®yvafien the codimension
of B in ((CPY)*)" is equal to one. In this case, has (’Z[i) —¢(n — £ — 1) irreducible
components (i£ > 2) orn(n — 1)/2 irreducible components (f= 1). The study oD is
naturally related to the theory of determinantal ideals.

We assume thatl is essential, i.e., there exist hyperplanes ind whose intersection is
a point. In particularg = | A| > £. We have a topological fibration

7.:M—>B

such thatr 71(¢) = My = M(A;) := C* \ Uy, H for eachs € B. Here A; € A, (CY

is the arrangement corresponding #& B. Let A = (A1,...,A,) € C". We callx» a
weight. Then defines a rank-one local systeffy on M; so that£, has monodromy
exp(—2w+/—1;) aroundH; € A; (1<i <n).LetLy be the dual local system which has
monodromy ex(2r+/—1;) aroundH;. Then, for a sufficiently generiz, there exists
a local systeniH, — B of rank 8 whose fiber att € B is equal to the local system
homology H;(M;, L) becauser is locally trivial. Here g is the absolute value of the
Euler characteristic of1;, which is independent of choice ofe B. We can also define,
in the dual manner, a local systelf — B of rank 8 whose fiber at € B is equal to the
local system cohomologhi ¢ (M;, £;) so thatH* is a globally trivial local system with the
Bnbc global frame&y, ..., 84 € I'(B, H®) [3, 3.9]. Leta; = 0 be a defining equation of
H; € A; and let®, = o/l\l ...a)". Thend, is a multi-valued holomorphic function aw,
and gives a section af) . The (hypergeometric) pairing

(,):He x HY — Op
is defined by the (hypergeometric) integral (in the sense of Aomoto—Gelfand)

(0, w) =/¢Aw,

o

whereQg is the sheaf of germs of holomorphic functions on (the smooth pai.dfet
o be a flat local section on an open €étC B of the local systent{,. Then the section
o U — Hy is represented by the vector

(o®), E1())
F(t) = T

(o@®), Ep(0))
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for eacht € U. Thus the vectot, which is a coordinate vector for the flat section
satisfies a system

dec =02 NG,
of differential equations of the first order, whets the exterior differential oB ands2 is
ap x B-matrix whose entry is a differential 1-form on (the smooth pargof) his matrix
£2 is a Gauss—Manin connection matrix satisfyifig2 — 2 A £2 = 0. In Section 3, we
will show that each entry of the connection matfixhas at most logarithmic poles along
D =B\ B. Since the geometry df is sufficiently understood when the codimensiorBof
in ((CPY*)" is one, we have an explicit formula fe? in this case in Section 4. It turns
out that each entry a® is a linear combination of logarithmic forms with poles along each
irreducible component db with coefficients ind_/_; Zx;. It might be natural to ask if it
is in the case for ang of higher codimensions.

2. Combinatorially equivalent family of arrangements

We compactifyC* by adding the infinite hyperpland ., to get complex projective
spaceCP!.

Definition 1. A multiset is a set which allows repetitions. A multisét is a projective
multiarrangement if M is a finite multiset of projective hyperplanes@P’. Let
M, (CP*) = {projective multiarrangements of+ 1 linearly ordered
hyperplanes o€ P* whereH « is the last hyperplarje

Each point of CP¢)* corresponds to a hyperplane@P’. Thus we identifyM,, (CP¢)
with ((CP¢)*)":
Ma(CPY) = ((CP)'Y'.
ThenM,,(CPY) is a compact complex manifold biholomorphic®P¢)”.

Let M € M, (CP!). Write M = {H1,H>,...,H,11 = Hs}. We say thatM is
essential if (5o H =9. Denote the seftl, 2, ..., n + 1} by [z 4 1]. Define

<<[Z :Lr ?)) = {subsets ofn + 1] of cardinality¢ + 1}.

Let o denote the power set. Let

T : My (CPY) > <<[Z j: i]>>

be the map defined by

FIN |- _
TM) = {{il,...,ig+1}e <<[Z+1])) ]Hilm...me;é(x)}

. . [n+1] — — : .
= {{11,...,1g+1} € << ri1 )) ’ {Hiy,....Hi,.}is notessentlé}l.
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Recall that.A4, (C%) is the set of affine arrangements oflinearly ordered distinct
hyperplanes irC*. When we want to emphasize that repetitionsrateallowed, we call
an arrangemerstmple. Let A € A, (CY). The projective closurgly, of A is defined by

Ao = {H | H e AU {H),

whereH is the closure off in CP¢. The hyperplanes ofl, are naturally linearly ordered
by regarding the infinite hyperplané., as the last, or théz + 1)st hyperplane. Thus
Aso € M, (CP%) and there is an injective map

Ay (C*) — M, (CP)

which sends4 € A, (CY) to its projective closurely, € M, (CPY). Through this injection,

we identify A4, (C¢) with its image inM,, (CP?). Then the subset,, (C%) is open dense in
M, (CPY) ~ ((CPY)*)" with respect to the Zariski topology because it is characterized by
the open condition that no two hyperplanes are equal.

Proposition 2. Let A € A, (C?). Then the following three conditions are equivalent:
(i) Aisessential,i.e,thereexist ¢ hyperplanesin A whose intersection is a point,
(i) A isessential, i.e., theintersection of all hyperplanesof A, isempty,

(i) 7 (A # (7).

Proof. It is clear that conditions (ii) and (iii) are equivalent beca@geAmﬁ =0
implies that there exist + 1 hyperplanesd;,, ..., H;,,, € Asx Whose intersection is
empty.

We also have: (i) there exist¢ + 1 hyperplanesd;,, ..., H;,,, € A such that
Hi;N---NHj,,, =0 % there exist hyperplanes?;,, ..., H;, € Asuchthatd;, N---N
H;, N He =¥ < there exist hyperplanesd;,, ..., H;, € A such thatd;, N --- N H;, is
apointe (). O

Proposition 3. Let AD, AP e A,(Ct) be essential simple arrangements with an order-
preserving bijection . : A® — A@ Then the following two conditions are equivalent:

(i) AD ~ AP je, AV and AP are combinatorially equivalent,

(i) J(AL) =TAD).

Proof. Let A® = (K", ..., BV} (k=1,2).
(i) = (ii): Suppose K i1 < -+ - <igy1<n+1.
Casel. Ifigy1 =n+1, then, fork = 1, 2, we have:

, , —(k —(k
it ... iy} ¢ T(AD) & Hgl)ﬂn-mH;e)

& HYn...nH® is apoint

NHo =0

& dim(HX - .nEP) =0,

Thereforelia, ..., irs1) € JAL) if and only if (i1, .. ., igs1} € T(AD).
Case?2. If i1 <n+1, thenletB® = {Hl.(lk), e, Higfl} for k = 1, 2. Then we have:
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{i1, .. iep1) ¢ T(AD)

k k
sHIN-. mH,(yil—(Z)

(k) (k) (k) =& 7
@Hil n-. mH _Q)andH mHleHoo_Q)
& HYN. Hlik)l =0 andB(k) is essential

sH N0 Hiik)l = ¢ andB® is essential

& dlm(Hi(lk) N---N H(k) ) = —1and there exist hyperplanes i3
whose intersection is zero-dimensianal

Here the penultimate equivalence follows from Proposition 2. Therdigre..,i;11} €
J(AD) ifand only if {iy, ... i¢s1} € T(AD).
(i) = (i): Let 1 <i1 < --- <i, < n. SinceA is essential, we have

- *)
dimHg" NN HY = p

& there exist IKip41 < ... < ig <nsuchthat din'H.(k) n---N H.(k) =0

)

& thereexist Kiprp < <ig < nsuchthatH mH(kaoo_(ZJ

& thereexist Kipp1 < - <ig<n
such thafia, ..., i¢,n + 1} € T (AD) = T (AZ))

fork =1, 2. Therefore dirrHl.(ll) N---N Hl.(pl) = p ifand only if dimHi(lz) N---N Hl.(pz) =p.
The condition (i) easily follows from this. O

Let (ug : --- : ug) be the homogeneous coordinates @P* = C* U H,, so that the
equationug = 0 definesH .. Let ¢ denote the ordere¢h + 1)-tuple of homogeneous
coordinates:

t= ((tio) el tie)), (téo) Do :tée)), cee (t,(lo) Do :t,(f))).

Use ¢t as the homogeneous coordinates f¢€P¢)*)". The point¢ of ((CP%)*)"
corresponds to the projective multiarrangemart whose hyperplanes a; defined
by @; := Zﬁ-zoti(])uj =0(@G=1,...,n) and H, 1 = H, defined bya, ;1 := ug = 0.
Define the(¢ + 1) x (n + 1)-matrix T by

t(O) . tlEO) 1
D 1
R S

©
n
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Note that theith column of T gives the coefficients of; (¢ =1,...,n+ 1). Let S €
((%ﬁl» Denote byAg the (¢ 4+ 1)-minor using the columns of corresponding tc.
Thenitis easy to see

[n+1]
J(Mt):{se(<£+1))‘As(t)ZO}

by definition. LetA € A, (CY). Define

Ba:=J HJ(Ax)).
LetJ C (([’Zﬁ])) Define

Cy={te((CP")")" | As(t)=0forSe T}
ThenC is Zariski closed in(CPY*)" and thus compact.

Proposition 4. Let A € A,(C% beessential. Write B =B 4. Then
() B={BeA,(CH|A~B},
(i) B={t e ((CPH*)"| As(t) vanishes exactly when S € 7 (Awo)},
(iii)y Bisalocally closed subset of ((CP%)*)",
(iv) LetB betheclosureof B in ((CP%)*)". Define Dy =B N Cyry for

T € J(Aw)’ = ((DZ N i]>> \ T (Ano).
Then
p:=B\B= |[J bDr
TeJ (Ax)
and each D7 isa hypersurfacein B.

Proof. (i) SupposeA = {Hq, ..., H,} and M = {K3,..., K,i1) € B. Then J(M) =
J(Aso). We will first show that M = B, for someB € A,(CY). If not, M has a
hyperplane of multiplicity more than one. Suppdée= K (i # j). ThenS € J(M) =
J(As) wheneverS containsi and j. SinceA is essential, this impliesl; = H; € A
(i # j), which contradicts the fact that is simple. Thus there exisi§ € A, (C*) with
M = Bw. SinceA is essential, so i8 by Proposition 2. Then apply Proposition 3.

(i) One has

MieB & J(Ax) =T (My)

[n+1]
N J(Aoo)={S€ (( e+1)) ]As(t)=0}.

(i) By (ii), one has
B=Crn \ U Ciry.-
TeJ(Ax)¢
ThusB is locally closed.
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(iv) One has

D:E\B:Eﬂ( U C{T}>: J or

TeJ (Ax)¢ TeJ (Ax)¢

Note thatDy (T € J(Ax)¢) is defined by a single equation B. If D7 is not of
codimension one iB, then there exists an irreducible componégtof B which lies in
Dr. ThusCg N B = @. On the other hand, sin@is dense irB, B meets any irreducible
component oB. This is a contradiction, which proves (iv).0

Let A € A,(CY be essential in the rest of this section. In particulag, n. Because of
Proposition 4(i), we can regaRl, as a moduli space of the affine arrangements which are
combinatorially equivalent tol. When the codimension & 4 in ((CP%)*)" is less than
two, we can explicitly describe the geometryBf andD 4.

Codimension-zero case: The moduli spac® 4 is zero-codimensional iG(CP¢)*)" if
and only if | 7 (Ax)| = 0. We say that an affine arrangemetis of general position if
J(Ax) = 0. ThusB 4 is a moduli space of affine arrangements of general position. In this
caseB 4 is a dense open subset@ECP!)*)" and

pa=Jcm,
T

whereT runs over(<[2‘ﬁ])). SinceC,ry is defined by the single equatiaty = 0 and the
determinant function is an irreducible polynomial (a special case of Theorem 6)Cggch
is anirreducible hypersurface. Therefdrg is composed O(Zﬁ) irreducible components.
Whenl =1,B4 ={(t1,...,t,) € C" | 1; #1t; (i # j)} is the pure braid space.
Codimension-one case: The moduli space 4 is one-codimensional it(CP¢)*)" if and

only if | 7 (Ax)| = 1.

Proposition 5. Suppose J (Ax) = {S}. Write B=B 4, C = C(sy and D = B \ B. Then
(i) B=Cisirreducible,
(i) B issmooth,
(iii) theirreducible componentsof D are:
Type I Cis.s) for 8 ((['gj}])) with |SN S| <€ -1,

Type II. Cs—p) for p € S, where (S — p) :={S' € (([';j}])) 1S’ DS\ (p}}, and

Type lll. Cs4q) for g € [n + 11\ S, where (S + ¢) = {8’ € (([’;ﬁ])) Ra=

SU{q}}-
In all, there exist (Z:[i) — {¢(n — £ — 1) irreducible components of D. When ¢ = 1,
the Type Il does not appear and the number of irreducible components of D is equal to

nn—1)/2.
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In order to prove this proposition we need the following fundamental result on
determinantal ideals:

Theorem 6 (Hochter—Eagon [4])Let X = (X;;) be a matrix of indeterminates over an
integral domain R of size m x n. Let I;(X) be the ideal in the polynomial ring R[X;;]
generated by ther-minorsof X. Then I, (X) isaprimeideal of height ;m —t+1)(n —t + 1).

Recall the(f + 1) x (n + 1)-matrix T:

0 0
noo 19
€ 1

T = tl o tlg ) o
(0) [4
R A

Let C[T] be the polynomial ring oveC with indeterminates(t|” Joci<e,1<j<n- FOr
S C [n+ 1], defineTy to be the submatrix of consisting of the columns corresponding to
S.When|S| =€+ 1, As = del(Ty).

Lemma7. Let S, S e (([';j}])) and I := (As, Ag)C[T]. Then
(i) I =1(Tsns) N Ir+1(Tsus)
when |S N S| = £. Here I, is defined in the same manner asin Theorem 6.

(i) I isaprimeideal of height twowhen |SN S| < ¢ — 1.

Proof. (i) Let A =Tgng, B =Tgus . Write B = (bij)ogi<e, 0<j<e+1 Define
Aj=(=1'detB)) (j=0,....t+1),

where B; is obtained fromB by deleting thejth column of B. We may assume that
As = ApandAg = Agya. Let Py := I;(A) and P := I;41(B) = (Ao, ..., Ap+1). We
willshow I = PN P If £=1andSN S = {n + 1}, thenPy = C[T]. In this casd = P,
and (i) holds true. In the other cases, béthand P, are prime ideals of height two by
Theorem 6. By elementary linear algebra, one has

+1
> bijA;j=0 (i=0.....0).
j=0

Thus
4
> bijAjel (i=0.....0).
j=1

By applying Cramer’s rule, one obtais P> C I. Sincel is generated by two irreducible
polynomials, every associated prime bifs of height two or less. IfP is an associated
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prime of I, thenPy P, C I C P. Thus eitherPy C P or P, C P. So we haveP € {P1, P>}.
Write a primary decomposition df as

I'=01N0Q2

with ./Q; = P; (i = 1,2). Note that there is no inclusion relation betwenand P».
SinceP1 P> C Q;,we haveP;, = Q; (i =1, 2).

(ii) (K. Kurano) Case 1: Suppose: + 1 ¢ S N §’. ChooseS” € (([Zii])) such that

SNS cS"cSUS and|SNS"|=L. LetA=Ag, A'=Ag,andA” = Agr. By abuse
of notation, let a matrix also denote the set of its entries. So theRingC [TS//, (A”)‘l]
stands for the subring df(Ts») generated byA”)~! and the entries of g+ overC. Let
Z:=(Tg»)~L. Then each entry of lies in R. Let S := (S U §’) \ S”. Since the entries of
Tg» are algebraically independent o&¢Ts~), so are the entries &Tg~. Note that there
exists an entry ofZTg¢» which is equal either to d€tTs) or to —det(ZTy) and that there
exists a minor oEZTg» which is equal either to détTg ) or to —det(ZTs/). Thus the ideal

(A, A)R[Tgr] = (detTy), det(Ts))R[Tg»]
= (det(ZTy), det(ZTs))R[ZTs]

is a prime ideal of
R[ZTg#] = R[Tsn] =C[Tsus. (A7

by Theorem 6. On the other hand, the associated primes, ol )R [Tsys] are Iy (Tsns”)
andly1(Tsusr). Since(SNS")\ S @ and|(SUS")\ S| > 2,0ne hasA’ ¢ I;(Tsns»)
andA’ ¢ I;11(Tgus»). ThereforgA, A”): (A") = (A, A”). Thisimplies(A, A'): (A”) =
(A, A). Thus A” is a non-zero divisor ofC [Tsys] /(A, A’). Because the factor ring
C[Tsus', (A"11/(A, A') is adomain, so is the factor rir@[Tsus] / (A, A'). This shows
(ii).

Case2: Suppose + 1€ SN S’. Then this case reduces into Case 1.

Case 3: Suppos@ + 1€ S\ §'. Chooses” € ((%‘ﬁ]» suchthatsNs' c 8" c SUS/,

ISNS”|=¢,andn + 1€ S”. The rest of the proof is exactly the same as Caseri.

Proof of Proposition 5. SinceA is essential and not of general position, onethad < n.
(i) By Theorem 6,A5 is an irreducible polynomial. Thug is irreducible and® = C.
(i) Letn+1¢ S. LetJ be the ideal generated by the partial derivatived f Because
of the Laplace expansion formula for d&¢), J is generated by the-minors of Tg. Thus

any singular point of B lies inCyg/, for any s’ e (([’Zﬁ]» with |SNS’| = ¢. Thust ¢ B.

We can similarly prove the assertion when- 1€ S.

(iii) Let S’ e (([';ﬁ])) \ {S}. Note Dy = Cs.g). If [S N 8| < € — 1, then(As, Ag)
is a prime ideal by Lemma 7(i). ThuBss = Cys s is irreducible. If [S N §'| = ¢,
then (As, Ag) = I;(Tsns) N Li+1(Tsusr) by Lemma 7(ii). If ¢ > 2, this is a primary

decomposition ofAg, Ag). Let{p} =S\ S’ and{g} =S\ S. Then

Dgr = Cys,51 = C(s—p) U Cis+q)
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is the decomposition dbg: into irreducible components. The cardinality of the g€te
(([’gj}])) 11SNS'| < € — 1} is equal to’+E) — 1— (n — £)(£ + 1). Thus the total number
of irreducible components @ = (Jg 7.4, Ds' iS equal to

n+1

n+1
< >—1—(n—@)(€+1)+(€+1)+(n—€):<Z+1>—Z(n—@—l).

41
If ¢ =1=|5NY’|, thenthe ideal,(Tsns) does not define a subvariety @CPY)*)". Thus
Dy = C(s+¢) Where{g} = 5"\ S. Therefore the total number of irreducible components of

D =Usc7s(a.,) Ds is equal to

<n—£1>—1—2(n—1)+(n—1):n(n—1)/2. o

3. Logarithmic Gauss-M anin connections

Let A € A,(C" be essential. We fix4 in the rest of this section and wrie=B 4.
Then, as we saw in the previous sectiBimay be considered a moduli space of the family
of essential simple affiné-arrangements which are combinatorially equivalentitdet

0 0
t:((ti)wn:tie)),(té):---:tée)),...,(t,(lo):---:t,(f)))

be the homogeneous coordinates {6EP!)*)". Let u = (us,...,ue) be the standard
coordinates fo€¢. Define

14
M= 1) eC x ((CP)")" [teB, O+ > u;#0G=1...n) .
j=1

Let
7.:M—>B

be the projection defined by(u, t) = ¢. Then the fibeM, := 7 ~1(¢) is the complement
of the affine arrangementl; whose hyperplanes are defined by the equatigns=
tl.(o) + Z‘;zlti(j)uj =0(@G=1,...,n). Thust :M — B is the complete family of essential
simple affine arrangements @ which are combinatorially equivalent td. A result of
Randell [7] implies thatr is a fiber bundle over (the smooth part 8f)

We assume that is the exterior differential operator with respect to the coordinates
u=(u1,...,ug) of C* of the fiber and thaw; := dloga; = da; /o for 1<i <n and

n
w), = Z)»ia)i, V}LZQ]{;’—)Q]{;H, Vin i =dn+wy An.
i=1
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In this section we will compute covariant derivatives of differential forms in the fiber along
the direction of the base.

Definition 8. Letd’ be the exterior differential operator with respect to the homogeneous
coordinateg of ((CPH)*)". For 1<i <n definew! :=d’ |Og(a,~/ti(0)) = (d'oj/a;) —
(d/ti(o) / ti(o)) and

n
W} ::Zkiw;, V)/L:.Qlfi[—nQ[ffl, Vin:=d'n+ o An.

Our next aim is to compute the operadd explicitly. For S = (j1, ..., jm), j1 <+ <
Jm, Write Sy = (j1, ..+, k=1, Jk+1,---» Jm) A<k <m) and(S, j) = (j1,..., jm, j) for
jeln+1J\S.

Definition 9. Let T = (i1, ..., i¢), With iy € [n] (1 <k < £). Write

. . k+1_ 7
OT =Wy N AWy, {r == Z(—l) + w;, N OT.
k=1

The following computation was suggested by a method employed in [1].

Proposition 10.

41
A,
Vior=-Vitr+ Y. & Y (=Dl ;) Adlog( ——T2 ).
. AT, j)en+1)
= Dk

This proposition is an immediate consequence of the following two lemmas.

Lemma 11.
41
Vior +Viir = Z Aj Z(—l)le(T,j)k Ay,
JelNT k=1

Proof. Sinced andd’ operate in different variablegd’ + d’d = 0. This givesd’ wr +
d¢r =0 used in the calculation below.

Vior + Vilr

:d/a)T +(1)3\/\(1)T +dir +w) A LT
L

L
Z 1)k+1 a),k) AT, + a))L AN or + Z( 1)k+1(da) ) A T,
k=1 k=1

Zk,kw,k/\wT-i- Z jZ( Do) Ao j)

n\T k=1
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14
(X o) rort X e woens

JEMN\T JEMNT k=1
+1

= Z Aj Z(—l)k-i_la)(f,j)k A a)l{k. O

jeln\T k=1

Lemmal2. For S € ((“;ﬂl)) we have

£+1 £+1 A
DV es na) =) (=1 s A d’log(—s)

= P A(Sp,n+1)

Proof. Note that

41 041
k+1,(0 il
As = Z(_l) ! tjk)A(Sk’n+l) = Z(_l) * ajkA(Sk,n+l)
k=1 P
by the Laplace expansion. Let
Qs i=0oj A AQj, g, du:=dui A Ndug.
We compute
41
3 (—1**lws, A (d'log As)
k=1
1 Gt
= D (=D ay As iy (du) A (d'log As)
k=1

= iAs(aru) A(d'logAg) = i(aru) A(d' As)
as as

1 £+1
= a(du) Ad' (Z(—l)kHa jkA(Sk,nH))
k=1

+1
1
=@ |:Z(_l)k+1{(d/ajk)A(Skan‘f‘l) +aj (d'A<sk,n+1>)}}

k=1
+1
= Z(—l)k+1{w5k A a);-k + ws, A (d/ |OgA(Sk’n+1))}.
k=1

This shows the lemma.O

Fori = (A1, ..., A,) andt € B, recall the rank-one local systeff), onM; = 7 ~1(¢) so
that £, has monodromy exp-27+/—14;) aroundH; ={o; =0} (i =1,...,n).

Theorem 13 [2,8]. For a*“ generic” A € C",
(1) HP (Mg, L) =0 (p # £) and dim H(M,, £;) is equal to B = |x (M;)|, where x
stands for the Euler Poincaré characteristic,
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(2) there exists a natural (twisted) de Rhamisomorphism
A Jos N ATES HE (M, L),
where A* = ,,_, A is the Orlik-Solomon algebra [5]. [6, 3.45] of A;. O
For explicit conditions for the “genericity”, see [2,8]. In the rest of the paper, we assume

that is generic in the sense of [8, 4.3 (MdH).
SinceV, oV, +V, oV, =0and

H My, L) >~ Ao A A= AV, A2,
the operato¥; induces aC-minear map
Vi H My, L) = H (M, L) © 2*(logD)

by Proposition 10. Her&1(logD) is the space of meromorphic 1-forms on (the smooth
part of) B with logarithmic poles alon® =B \ B. Let

be the irreducible decomposition. For each irreducible compdbeand S’ € 7 (Ax)¢,
define

mult(S’, Dy) := the order of zeros ofA /| alongD;
and
I'(Dy): = {8 € J(Ax)® | mult(S’, Dy) > 1}
= {$' € J(Ax) | Ay vanishes om;}.

We denote the logarithmic 1-form oB with simple logarithmic pole alon@®; by
d’'logD; by abuse of notation. It can be locally expressed/ fm) f where f =0 is a
local defining equation fob,. Forw € AY, let[w] € H!(M;, £;) be its (twisted) de Rham
cohomology class. Then, by Proposition 10, we immediately have

Theorem 14. We have

t
V=YV, ®d logD;,

s=1
/ 14 [n-+1]
where V; € End(H"(M;, £;)) and, for T € (( 041 ))
+1
Vidorl = Y mult((T, j).Dy)r; Y (~DF ]
(T.j)el (Dy) k=1
_ Yo mult(((T. e+ 1), D) (=D oy, ).

(T, )k-n+Del (Dy)
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Although Theorem 14 determin&y andvjw completely, it is desirable to express each
Vﬁ’s explicitly in terms of a basis foH*(M,, £;). We propose to use thgnbc basis for
this purpose. Thgnbc basis is a combinatorially constructed basis B5r(M;, £;) in [3,
3.9]. WhenA is of general position, the set

{nrle H' Me, L) T = Gia, ..., i0), 2<iz<--- <i¢ <n}
is thegnbc basis, where
nr =Xiy -+ Aj,@T.

In this case the expression of eaﬂ;l’s in terms of thegnbc basis is obtained in [1,
Chapter 3 §8]. WheB is one-codimensional i(CPP*)*)", the explicit formula is given in
the next section. In general, it is not difficult to see from [3, 3.9] fhat] € H!(M;, L) is
uniquely expresed as a linear combination of fimbc basis[Z1], ..., [&g] € HEY (Mg, L)
with coefficients lying inQ[A] := Q[A1, ..., Ax, {A51}], wherer;t = 1/(Xxcp, »j) runs
over the sefX | X is a dense edgeRecall that, is the ranks local system coming from
the topological fibratiomr : M — B. Then we have

Theorem 15. The 8 x B-matrix £2, which satisfies the system of differential quations
[, ®:.51 [, ®1.51
J _ oA
J5 @188 Jo ®1.5p

for any (local) section o of H,, the gnbc basis [E1], ..., [&85] € H (M, £;) and &; =

Al An

agt---a", haslogarithmic poles along D with coefficientslying in Q[A].

Proof. Theintegralf &;& depends only uponthe cohomology cl&sy e H My, Ly).
By Proposition 10, there exists a unig@iex g-matrix 2 such that

Vv, s[&1] [&1]

=02 A

V; s[E5] [Ep]

Theng2 satisfies the desired propertiesa
Thus the connectiod’ — £2A on O} is a logarithmic Gauss—Manin connection and its
flat sections are given by
[, ®:.E1
[ ‘ o is alocal section ofH* }.

[, .88
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4. The codimension one case

Suppose that the codimensiorgyj in ((CPY)*)" is one in this section. Theff (Ax) =
(S} for someS e (([’;ﬁ] )) . There are two cases:1 ¢ S (Case A)on+1 € S (Case B).
By permuting the hyperplanes if necessary, one can assumethét, 2, ..., £+ 1) (Case

A)orS=n—-£¢+1n—£+2,...,n+1) (Case B). Itis easy to see that thabc basis
for HY(My, L) is given by{[nr] € H (M¢, L¢) | T € Bnbc}, where

prbc={(j1.....j0) |2< j1<--- < je #L+1} (Case A)
or
pnbc={(j1.....j0) |2< j1<--- < je. ji#n—L+1} (CaseB)

We will expressvi’s[nf], T € Bnbc, as a linear combination ¢fy1€ H (Mg, L4) | T' €
Bnbc} with coefficients ir@/ﬁ]. (It will turn out that all the coefficients lie iy_;_; Z2;.)
In the following formulas forVi,s[nT] we use the notation

e(T,T") = (—1)r+e

if 7,7 C[n],|T|=|T'|=¢,|TNT'|=¢-1,U=TUT',T =U, andT’ = U,. Define
e(T, T")=1if T =T'. For exampleg(23,35) =1 becausé&/ =235 T =23=U3, T’ =
35="U;.

CaseA. LetS=(1,2,...,0+1).

41
In this case]"(D,) = {S, S’} and multS’, Dy) = 1 because the ide@hg, Ag) is prime by
Lemma 7(ii).

TypeA.l. LetDy =Cs ¢ for & € (("TH)) with [S N 8’| < ¢ — 1 (Proposition 5(iii)).
{S,5"}

CaseA.l.1. Supposes’ N {1, n+ 1} =4.
e If DT € Bnbc, then

+1
Vi nrl =) e(T, Sp)hsns 0],
k=1
whereS,/( =1, s lk—1, lk+1y---»>10+1) andks/\s’/{ =, if S =(i1,...,0¢11).

e OtherwiseV; ([nr]=0.

CaseA.l.2. Supposes’ N {1, n+ 1} ={n+1}.
o If SO T € pnbc, thenT =5, , =5\ {n+1} and

Vi,s[nr]z—( > Aj)[nT].
jeln\T

o If T € Bnbcwith|TNS|=¢—1,then

V; snrl=—&(T. Sé+1))nr\s’[ﬂsé+l].
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° Otherwise,Vi’s[nT] =0.

Case A.l1.3. Supposes’ N {1, n+ 1} ={1}.
o If 'O T € pnbc, thenT =57 = 5"\ {1} and

Vi,s[nr]=<zxj>[nr]— Yo (T T lnrl.

jes’ T’epnbc
|ITNT|=¢—1

e OtherwiseV; ([nr]=0.

CaseA.l.4, Supposes’ N {L,n+ 1} ={1,n+ 1}.
o If TeBnbcwith|TNS|=¢—-1,thensS’\{1,n+1}C T and

Virl=—ins Y [l

T’epnbc
T'>TNS’

e OtherwiseV; ([nr]=0.

Type A.ll. Suppose > 2. LetD; =Cs—p) Wherepe S=(1,2,...,£4+1), 5 — p:=
S\ {p},and(S — p) = (S’ e (([';ﬁ])) |'S' 5 S — p). Inthis case] (D) = (S — p) and
mult(S’, Dy) =1 for S’ € (S — p), S’ # S, because the ideéh s, Ag) is a radical ideal by

Lemma 7(i).

CaseA.ll.1. Suppose # 1.
e If T € Bnbcwith |TN (S — p)|=¢£—1, then

VL;[HT]Z( Z )\j)[UT]_ Z e(T, T") A\ [ng].

JES—p T’epnbc
ITNT'|=0—1
IT'N(S—p)|=£-2

° Otherwise,Vi’s[nT] =0.

CaseA.ll.2. Suppose = 1.
o If T € Bnbcwith |[TN(S—1)|=¢—1,then

Vsl =rs—orlnr] + Z e(T, T")Ar\r[n7].

T'epnbc
|ITNT’|=¢—1
T'cSur

e OtherwiseV; ([nr]=0.

TypeA.lll. LetD; = C(s1q) Whereg € [n+1]\S = ((+2,£43,...,n+1),andS +q :=
SU{q),and(S +q) = (S € (([’;ﬁ])) |'S' C S +q}. In this case]"(Dy) = (S + ¢) and

mult(S’, D;) =1 for S’ € (S+¢q), S’ # S, because the idealg, Ay ) is a radical ideal by
Lemma 7(i).
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CaseA.lll.1. Supposey #n + 1.
e If T € Bnbcwith T C S + ¢, then

vg,s[nﬂ:( > A,-)[nr]— o (T Tl

JES+q T’epBnbc
|TNT/|=¢—1
|IT'N(S+q)|=¢—1

. Otherwise,Vi’S[nT] =0.
CaseA.lll.2. Supposey =n + 1.
o If T € Bnbcwith |TNS|=¢—1,then
Vi dnrl==ans > Dl

T'epnbc
T'NS=TNS

. Otherwise,Vi’S[nT] =0.
CaseB. LetS=mn—-¢+1,...,n+1).

TypeB.l. Let D, = C(s.5 for 8" € (([’Zﬁ])) with |S N 8’| < ¢ — 1. For this type, we

have the exact same formulas as Case A.
TypeBL.Il. Suppose > 2. LetDy =Cs—p).

CaseB.I11.1. Supposey #n + 1.
e If T € Bnbcwith | TN (S — p)|=¢£—1,then

Vi,s[nr]z—( > A,-)[nf].

JES—p
o If T € Bnbcwith |TN(S— p)|=¢—2,then
Vi,s[ﬂT] = Z 8(T, T/))\.T\T/[)]T/].
T'eBnbc
|TNT|=¢—1

IT'N(S—p)|=t-1

. Otherwise,Vi’S[nT] =0.
CaseB.Il.2. Same formulas as Case A.ll.2.
TypeBL.Ill. LetDy =C(s4q) Whereg e [n + 1]\ S=+2,£4+3,...,n+1).

CaseB.Ill.1. Suppose #1.
o If T € Bnbcwith T C S+ ¢, then

Vi,s[ﬂr]=—< > Aj)[nﬂ.

J¢S+q
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o If T € Bnbcwith |TN(S+¢q)|=¢—1,then

Vi.shrl=— Z (T, T")Ar\r[n7/].
T’epnbc
ITNT'|=0—1
T'C(S+q)

° Otherwise,Vi’s[nT] =0.
CaseB.Il11.2. Same formulas as Case A.lll.2.
Summarizing Cases A and B above, we have

Theorem 16. Suppose that B = B 4 is one-codimensional in ((CPY)*)". Let J(Awo) =
{S},D=B\BandD= U;Zl D, be the irreducible decomposition. Then
(1) the logarithmic Gauss-Manin connection matrix 2 in Theorem 15 can be
expressed as 2 = Z;Zl 25 ® d'logD; such that each £2; has its entries in
2 i1 Zhi
(2) Theeigenvaluesof $2, are:
® Zjeskj with multiplicity one and the rest are zero (if Dy is of Type | in
Proposition 5),
(i) Zjes_p A with multiplicity » — £ — 1 and the rest are zero (if Dy isof Typell), or
(i) Zjesﬂ Aj with multiplicity £ and the rest are zero (if Dy isof Typelll ), where we
definer,41:=—A1— A2 — - — Ay
(The explicit formulas for £2; are given abovewhen S = (1,2,...,¢£+ 1) (Case A) or
S=m—¢+1n—-t+2,...,n+1) (CaseB).)

Proof. Although thegnbc basis depends on the linear ordeténitis known [3, 3.11] that
two gnbc bases are connected by an integral unimodular matrix (withpdthus one can
assumethaf = (1,2,...,£4+1) (whenn+1¢S)orS=mn—£¢+1Ln—L+2,...,n+1)
(whenn 4+ 1 € §). Use the above-mentioned explicit formulas for Cases A andB.

Example17. Let¢=2,n=4,5 = (1,2,3) and7 (Ax) = {S}.
1 2 3

X

A
Write 123 for (1, 2, 3) etc. The boundary divisob = B 4 \ B4 has eight irreducible
components that are given in Fig. 1.
The matrices2 (s =1, ..., 8) in terms of thednbc basis{[n24], [n34]}, are

-2 —A2 —A1— A3 0
Q = ,Q =
=22 ) (TR g)
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AN KA

D1 =Cpiazaasy D2 = C{m 245y Dz = C{m 345y Da= 12%3)
13 2

XKL

Ds = Cpaz—2) = Cpaz-1) = Cpa31a) Cr231s)

Fig. 1. Eight irreducible components.

0 04— A+ A2 Ao
0 —Al — 2 =L o 0)
0 A3 —A2
26 = ,
<k3 )»1-{-)»3) 6 <—)»3 A2 )

)»1-|-)»2+)»3—H»4 0
AMFAo+ A3+ g

[ —2a 0
.Qg—( 0 —)»4>'

For an arbitrary arrangemeytt € A, (C) andB = B 4, it seems to be difficult to find
explicit matrix presentations fov; . Based upon our result for the codimension one case,
it might be natural to ask the following questions:

Question 1. Does each entry of the matri®, lie in Y 7_; Z2;?

Question 2. Is B smooth?
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