
Fall 2005 Math 2085-1 Exam 1 Answers

1. Consider the consistent system of linear equations, with coefficient matrix A:

x1 − 2x2 + x3 − x4 = 1
3x1 − 6x2 + x3 + x4 = 5 A =

[
1 −2 1 −1
3 −6 1 1

]
(a) Solve this system of linear equations.

The set of all solutions is {(2s− t + 2, s, 2t− 1, t) : s, t any real numbers}

(b) For this matrix A, is there a 2 × 1 constant vector ~b for which the system of linear equations A~x = ~b is
inconsistent? Explain.[

1 −2 1 −1 | b1

3 −6 1 1 | b2

]
−→

row ops.

[
1 −2 1 −1 | b1

0 0 1 −2 | (3b1 − b2)/2

]
represents a consistent
system for any b1 and b2.

2. Consider the matrix A =


1 1 0 2
2 3 1 5
0 1 1 1
2 4 2 3

 −→
row ops.


1 1 0 2
0 1 1 1
0 0 0 1
0 0 0 0

 = U

(a) Find a row echelon matrix that is row equivalent to A.

The sequence of row operations R2 → R2− 2R1, R4 → R4− 2R1, R3−R2,
R4− 2R2, R4 → −R4/3, R3 ↔ R4 yields the row echelon matrix U above.

(b) Is the determinant of A equal to zero, or different from zero?

det A = 0. Since A and U are row equivalent, det A = k detU for some non-zero scalar k.
U is upper triangular, so detU = 1 · 1 · 0 · 0 = 0 is the product of the diagonal entries.

(c) Does the homogeneous system of linear equations A~x = ~0 have a unique solution?

A~x = ~0 has infinitely many solutions. Since U has three leading ones, there is one free variable.

(d) Suppose that B is a 4× 4 invertible matrix. Is the matrix AB invertible?

AB is not invertible. For instance, det(AB) = det(A) det(B) = 0 det(B) = 0.

3. Let A =

 0 −2 1
1 1 1
1 0 1

 and ~b =

 7
2
4

. The inverse of A is A−1 =

−1 −2 3
0 1 −1
1 2 −2

 .

(a) Use Gauss-Jordan elimination to calculate the inverse of the matrix A by hand.

The following sequence of row operations will reduce [A | I ] to
[
I |A−1

]
:

R2 → R2−R3, R1 → R1 + 2R2, R3 → R3−R1, R1 ↔ R3

(b) Use the inverse of the matrix A to solve the system of linear equations A~x = ~b. ~x = A−1~b =
[
1 −2 3

]T

(c) Use cofactor expansion (on any row or column) to calculate the determinant of A.

detA = (−1)2+1

∣∣∣∣−2 1
0 1

∣∣∣∣ + (−1)3+1

∣∣∣∣−2 1
1 1

∣∣∣∣ = −(−2− 0) + (−2− 1) = −1 (expanding on column one)

4. Let B =
[

1 3 5
2 4 6

]
and C =

[
0 1

−1 1

]
.

In parts (a), (b), and (c), either carry out the indicated
calculation, or state that it is not defined.

(a) BC is not defined (b) CB =
[

2 4 6
1 1 1

]
(c) CT + 3C =

[
0 2

−2 4

]
(d) A square matrix A is called orthogonal if the transpose of A is equal to the inverse of A, that is, AT = A−1.

Is the 2× 2 matrix C above orthogonal? Explain.

CT C =
[

0 −1
1 1

] [
0 1

−1 1

]
=

[
1 −1

−1 2

]
6=

[
1 0
0 1

]
= I, so CT 6= C−1 and C is not orthogonal

Extra Credit. If A is an orthogonal matrix, what is the determinant of A?

If AT = A−1, then AT A = I so detAT det A = det I = 1. But detAT = det A,
so detAT detA = detA det A = (det A)2 = 1 and det A = ±1.



Fall 2005 Math 2085-1 Exam 1 Statistics

Score Number
90 1
80 15
70 4
60 4
less 4
total 28

average: 74
median: 82


