Farr 2005 MATH 2085-1 ExaM 2 ANSWERS

1. Recall that R3 denotes the vector space of all ordered 3-tuples of real numbers.
Consider the vectors o = (1,2,1), ¥y = (-1,2,3), v3=(1,0,—1) in R3.

(a) Can the vector ¥ = (3,4,1) be expressed as a linear combination of 7}, Uy, and ¥37
YES. The system of equations k0] + koUs + k33 = ¥ is consistent. This system reads

1 -1 1 1 -1 1 3
kv |2 +ke | 2 | +ks| 0] =12 2 0| =14

1 3 -1 1 3 -1 1
Row reduce the corresponding augmented matrix to see that the system has infinitely many
solutions:

1 -1 1 | 3 10 1/2 | 5/2

2 2 0 | 4] — |0 1 =1/2 | —1/2

1 3 -1 |1 00 O | 0

(b) Does the set of vectors {, ¥, U3} form a basis for R3? Explain.
NO. The matrix A = [171 U ?73} is singular (since it is not row equivalent to the identity
matrix, as illustrated above). So the columns of A, i.e., the set of vectors {¥;, U, U3}, are
linearly dependent and do not span R?. So they do not form a basis.

2.(a) Is the mapping 7' : R* — R? defined by T'(z1, xq, z3) = (221 — 373,979 — 4) a linear
transformation? Explain.

NO. Check that T(Z + ) # T(Z) + T(¥), or that T'(k - &) # k- T(Z).

(b) If T : R?* — R? is a linear transformation with 7'(1,0) = (1,3, —2) and 7'(0,1) = (1,0, 5),
find 7'(2, 3).
Since (2,3) = 2(1,0) + 3(0,1) and T is a linear transformation, we have
T(2,3) = T(2(1,0) + 3(0, 1)) = 27(1,0) + 37(0, 1) = 2(1,3,—2) + 3(1,0,5) = (5,6, 11).

(¢) If T: R" — R™ is any linear transformation, what is 7°(0)? Explain.
T(0) = 0. For instance, T'(k - ¥) = k - T'(Z) for any scalar k and any vector Z. If k = 0, this

—.

reads T'(0) = T(0-Z) = 0- T(&) = 0, since 0 - ¥ = 0 for any vector .

3. Let T : R® — R? be the linear operator defined by
T($1,I‘27$3) = (1'1 — T2 —I— Zs, 21‘1 —f- QIQ, I + 31’2 — {['3).
(a) Find the standard matrix of 7" and use it to compute T'(Z) for & = (—2,4,9).

1 -1 1 1 -1 1 -2 3
A=[Tl=12 2 0 T@)=A7=12 2 0 4|1 =14
1 3 -1 1 3 -1 9 1
(b) Determine if the linear operator 7" is one-to-one.
T is one-to-one if and only if the matrix of 7" is invertible. Since A = [T'] is singular (see
problem 1), 7' is not one-to-one.

(c) Is the range of T equal to R3? Explain.
NO. The range of T is equal to R? if and only if the matrix of T is invertible, and A = [T]
is still singular.



4. Recall that Msyo(R) denotes the vector space of all 2 x 2 matrices with real entries.

: . 1 0 0 1 0 1 .
Consider the matrices A; = {0 1}, Ay = L 0}, Az = L 1} in Moyo(R).
(a) Show that the set {A;, A, A3} is linearly independent.
We must show that k1 A; + ke As + k3As = 0 only when &k = ky = k3 = 0. This matrix
equation reads

10 0 1 0 1| | Kk ko+ks| |0 O
g {0 1} ke {1 o} ks {1 1} - {kg—i—kg k1+k3} - {0 0}
So, ki = 0, ks + k3 = 0, and k; + k3 = 0. Solving this homogeneous system, we get
ki1 =k = ks =0.

(b) Explain why the set {A;, As, A3} does not span Ms.(R).
From the above calculation, any linear combination of the matrices A;, A, and As is sym-
metric. Since there are 2 X 2 matrices that are not symmetric, the set {A;, Ay, A3} does not
span Mayo(R).
Alternatively, if the set {A;, A, A3} did span Msy2(R), then it would be a basis for Mo (R)
(since it is linearly independent by part (a)). But the dimension of Ms.o(R) is 4, and the
set {Ay, A, A3} only has 3 elements.

5. Let W be the set of vectors (1, z2, 23) in R? satisfying the condition x; — x5 — 223 = 0.
In other words,
T
W = {(.Tl,l’g,l'g) in R® : 27—y — 213 :O} = zo| MR xp — a9 — 225 =0
T3

(a) Show that TV is a subspace of R3.

Note that W is a non-empty set, since, for instance 0 = (0,0,0) is in W. Let @ = (uq, ug, us)
and U = (v1,v2,v3) be vectors in W, and let k be a scalar. Then u; — uy — 2uz = 0
and vy — vy — 2v3 = 0. The components of @ + ¥ = (uy + vy, us + v, u3 + v3) satisfy
(up +v1) — (ug +v2) —2(ug +v3) =up —ug —2uz3 +v; —vy —2v3 =04+0=0. Sou+v
is in W. The components of the vector k - 4 = (kuy, kug, kug) satisfy ku; — kus — 2kus =
k(u; — uy — 2u3) = k(0) = 0. So k- is in W. Therefore, W is a non-empty subset of R?
that is closed under vector addition and scalar multiplication, so W is a subspace of R3.

(b) Find a basis for W, and determine the dimension of W.
A vector ¥ = (z1, 9, x3) in W satisfies 11 —x9—2x3 = 0. Solving this homogeneous “system”,
we get T = (s+2t,s,t) = s(1,1,0)+%(2,0,1). Consequently, the set {(1,1,0),(2,0,1)} spans
W, and is clearly linearly independent, so is a basis for W. Thus, dim W = 2.
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