MATH 4031-2 ExaMm 2 FaLL 2007
1. Find | f]sup if f(x) =23 on (=2,1).

[ flsup = sup{[f(2)| | # € (=2,1)} =sup{|2’] | -2 <2 <1} =38
2. Find all the cluster points of the set Q of all rational numbers.

a is a cluster point for Q if V6 > 0 3¢ € Q so that 0 < |¢ — a| < . Since Q is dense in R,
every a € R is a cluster point for Q. So the set of all cluster points of QQ is R.

3
3. Let P be the set of all functions f on [1, 3] such that / f(z)dx > 0. Is P a vector space?
1

No. This set is not closed under scalar multiplication. For example, f(z) = 1 is in P since
3

/Sf(x) dr =2>0. But (1) f(z) = —1 is not in P since /(—1) - f(z)dx = -2 < 0.
1
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Let p € R, let z,, — p be a sequence in QQ converging to p, and let y,, — p be a sequence
in R\ Q converging to p. Then f(x,) — 1 —p? and f(y,) — p* — 1 asn — oo. So f is
continuous at p if and only if 1 — p? =p* —1,ie,p=1orp= —1.

Find all points p at which f is continuous.

5. Let fu(z) =1—2a" on [0, 1]. Find the pointwise limit of f,,, and determine whether or not
fn converges uniformly on [0, 1].

If 0 <z <1, then f,(z) > 1asn — oco. If z =1, then f,(1) =0 — 0 as n — co. So
1 0<z<1,

0 z=1.

Since f is not continuous on [0, 1], f,, does not converge uniformly on [0, 1].

fn — f pointwise, where f(z) =

6. Let f € C[0, 1] and suppose 0 < f(z) < 1 for all z € [0,1]. Is there a real number ¢ € [0, 1]
such that f(c) = /¢?

Note that /0 = 0 and v/1 = 1. So if f(0) = 0 or f(1) = 1, there is a ¢ € [0,1] with
fle) = e

If £(0)>0and f(1) <1, let g(x) = f(x) — /2. Then g(0) > 0 and g(1) < 0. Since g is
continuous on [0, 1] (can you prove this?), by the Intermediate Value Theorem, there is a
¢ € 10, 1] for which g(c) =0, i.e., f(c) = \/c.

7. If f is a bounded function on [0, 1] with |f| € R[0, 1], must it be the case that f € R[0, 1]?

1 zeQn]0,1]
-1 xe[oal]\@m[()?l]
but |f(z)| =1 is in R[0, 1]. Another such example is given in problem #4.

No. For example, f(z) = is not in R|0, 1] (prove this claim),



A. Suppose that f is continuous at p and that f(p) < c¢. Prove: there exists § > 0 such that
r € DiN(p—0,p+0) implies f(z) < c. (Recall that Dy denotes the domain of f.)

Since f is continuous at p, Ve > 0, 3§ > 0 so that x € Dy N (p — J,p + 0) implies
flz) € (f(p) —€, f(p) +€). Let € = ¢ — f(p). (This is positive since f(p) < c¢.) Then,

30 > 0 so that x € Dy N (p—4,p+0) implies f(x) € (f(p) — (c— f(p)), f(p) + (c— f(P)))-
In particular f(x) < c.

1
B. Let f(z) = —. Prove that f is uniformly continuous on (1,00), but is not uniformly
T

continuous on (0, 00).

f is uniformly continuous on (1,00) if Ve > 0, 36 > 0 so that if z1,22 € (1,00) and
1

|z1 — 29| < 6, then |f(x1) — f(z2)| < €. Note that if z € (1,00), then — < 1. Given € > 0,
x

|71 — 29

|a71$2|

f is not uniformly continuous on (0, c0): Take € = 1, and for any 6 > 0 find n € N so that

let 0 = €. Then if |x; — x9| < 0, we have |f(x1) — f(z2)| = <|rp—ml <d=e

1 1 1 1
— <. Let 1y = — and 29 = ——. Then |z — 29| < — < 0, but |f(x1) — f(z2)| =1 > €.
n n n+1 n

C. Let p(x) = 22" + a9 12?1 4+ -+ agx? + a1 + ag be a polynomial of even degree. Prove
that p has a minimum value on R.
A2p—1 as ay

Qo
+...+W+W+ﬁ. Note that

Write p(z) = 2?" - g(x), where g(z) =1+

g(z) — 1 and 2*" — oo as |x| — oo. Consequently, we can find a real number M > 0 so
1

that if |x| > M, then g(z) > 5 and %" > 2|ag|. For |x| > M, we then have p(z) > |ag| >

ap = p(0).

Since p is continuous on the closed interval [— M, M], the Extreme Value Theorem implies
that p has a minimum on this interval, say at zy € [ M, M]. So for x € [-M, M|, we have
p(zo) < p(z), in particular, p(z¢) < p(0) = ag. Since p(z) > ag = p(0) for |z| > M, p(zo)
is the minimum value of p on all of R.

b b
D. If f and g are in R|a, b] and f(z) < g(x) for all € [a, b], prove that / flz)dx < /g(x) dx.

Let h(xz) = g(z) — f(z). Then h € Rla,b] and h(z) > 0 for z € [a,b]. Let P be a partition
of [a,b], and {Z;} a collection of evaluation points. Then P(h,{z;}) = > 1, h(Z;)Az; >0
since h(z;) > 0 and Az; > 0 for each i. Thus, 0 is a lower bound for any Riemann sum

P(h,{z;}), and 0 < ffh(x) de = f;g(x) dx — fabf(x) dx. So f;f(a:) dx < fabg(x) dx.

Score | Number
90 3
80 3
STATISTICS: 70 3 average: 67
60 2 median: 64
50 4
less 4
total 19




