MATH 2057-4 ExaM 1 ANSWERS Farr 2011

1. [11 points] For the function f(z,y) = /32 —y, sketch the domain in the zy-plane, and sketch the
level curves f(z,y) =cfor c=0,1,2..
The domain {(z,y) | y < 3z} is the set of all points in the xy-plane to the right of the line y = 3z
(including the line). The level curve \/3z —y = ¢ (k > 0) is the line y = 3z — ¢? in the xy-plane with
slope 3 and y-intercept —c? < 0.
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2. [11 points] Consider the function f(z,y) = L
Z Y

2

)
(a) Find the limit, or show that it does not exist:  lim  f(z,y) = lim %
(z,y)—(0,0) (2,y)—(0,0) = + 4y

It does not exist. For instance, along the line y =0, f(x,0) =0 tends to 0 as (z,y) — (0,0); while
along the line z = 0, f(0,y) = 5 tends to 2 as (z,y) — (0,0). Since 0 # 2, the hmlt does not exist.

(b) Is the function f(x,y) continuous at the point (0,2)? Explain.

5
Yes. i ) = 2 = £(0,2).
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3. [15 points] The function f(z,y) = 222 + y? — 2%y has first partial derivatives
folw,y) =4z —2zy and  fy(z,y) =2y — 2°.

(a) Find all critical points of this function.
fo=4x — 22y =22(2—y),s0 fp =0ife=00ry=2. Ifzx =0, f=0saysy =0. If y = 2,
fy = 0 says o = +2. So the critical points are (0,0), (2,2), and (—2,2).

(b) Find an equation of the tangent plane to the surface z = f(x,y) at the point (1,2,4).
=f(12)+ fo(1,2)(z - 1) + f(L,2)(y —2) =4+ 0(z — 1) + 3(y — 2)
(c) Use linear approximation to estimate the value of f(1.1, 2.1).
FL1,20) & F(1,2) + fo(1,2)(11 — 1)+ £,(1,2)(21 — 2) =4+ 0(1.1 — 1) + 3(2.1 — 2) = 4.3

4. [12 points| If z = y?sin(2z); © = st, and y = \/t, use the Chain Rule to find the value of the partial

z
derivative E when s = 7 and ¢t = 1.
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When s=7mandt=1,z=mand y =1, so 8—; = 27 cos(27) + sin(27) = 2.

1
= 2% cos(2z) - s + 2y sin(2z) - it_l/Q

5. [15 points] Consider the function F(z,y, z) = ze¥?, and the point P = (2,4,0).
VF = (e¥*, xze¥* zye¥®), VF(2,4,0)=(1,0,8)

(a) Find the directional derivative of F' at P in the direction of the unit vector
u:<%7_%7%> 1_7J+2k
DyF(2,4,0) =VF(2,4,0)eu=6

(b) Find the maximum rate of change of F' at P, and the direction in which it occurs.
The maximum rate of change is ||[VF(2,4,0)|| = v/65;
the direction is that of VF(2,4,0) = (1,0, 8).



(¢) The point P lies on the level surface F'(z,y,z) = 2. Find an equation of the tangent plane to this
surface at the point P.
The tangent plane has equation VF(2,4,0) @ (z — 2,y — 4,z —0) =0,
ie, 1(zr—2)4+0(y—4)+8(z—0) =0.

6. [14 points] Consider the function f(x,y) = 2 + Ty? — 2zy + 2y> + 5.

(a) Find all second order partial derivatives of this function.
f:): :255*23/ fy = 14y*21‘+6y2 fmc =2 fyy = 14+12y fxy:fyx = -2

(b) The critical points of this function are (0,0) and (-2, —2). Find the local maximum and minimum
values and all saddle points of this function.
Use the second derivatives test, D = fi; fyy — gy = 24 + 24y.
D(0,0) =24 > 0 and f;;(0,0) =2 > 0 implies that f(0,0) =5 is a local minimum.
D(—-2,-2) = —24 < 0 implies that (-2, -2, f(—2,—2)) = (-2, —2,13) is a saddle point.

7. [11 points] Find the maximum value of the function f(z,y) = 2z + y — 3xy on the unit square
D =10,1] x[0,1] ={(z,y): 0 < zx,y <1}
fz =2—-3yand f, =1— 3z, so (%, %) is the only critical point of f.
Note that (3, 2) is in D, and that f(3, %) = 2.
The boundary of D has four pieces:
r=0,0<y<1, here f(0,y) =y has a maximum of 1 at (0, 1);
x=1,0<y <1, here f(l,y) =2 — 2y has a maximum of 2 at (1,0);
0<z<1,y=0, here f(x,0) =2z has a maximum of 2 at (1,0);
0<z<1l,y=1, here f(z,3) =1—x has a maximum of 1 at (0,1).
So the maximum value of f on D is f(1,0) = 2.

8. [11 points] Use the method of Lagrange multipliers to find the point in the plane x + 2y — 3z = 14 that
is closest to the origin. This can be done by minimizing the function f(xz,y,2) = 22 + y? + 2% subject
to the constraint g(x,y,2) =z + 2y — 3z — 14 = 0.

Solve Vf = AVg: (2z,2y,22) = A(1,2,-3),
x=MA/2,y =\, z=—3)\/2. The constraint x + 2y — 3z = 14 then says A = 2.
Sox =1,y =2, z= -3, and the point (1,2, —3) is closest to the origin.
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