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GAUSS-MANIN CONNECTIONS FOR ARRANGEMENTS, IT
NONRESONANT WEIGHTS

By DANIEL C. CoHEN and PETER ORLIK

Abstract. We study the Gauss-Manin connection for the moduli space of an arrangement of complex
hyperplanes in the cohomology of a nonresonant complex rank one local system. Aomoto and
Kita determined this Gauss-Manin connection for arrangements in general position. We use their
results and an algorithm constructed in this paper to determine this Gauss-Manin connection for all
arrangements.

1. Introduction. Let A= {H,,...,H,} be an arrangement of n ordered hy-
perplanes in C¥, and let £ be a local system of coefficients on M = C*\ Ui Hj, the
complement of A. The need to calculate the local system cohomology H*(M; £)
arises in various contexts. For instance, local systems may be used to study the
Milnor fiber of the non-isolated hypersurface singularity at the origin obtained
by coning the arrangement, see [8, 5]. In mathematical physics, local systems
on complements of arrangements arise in the Aomoto-Gelfand theory of mul-
tivariable hypergeometric integrals [2, 13, 19] and the representation theory of
Lie algebras and quantum groups. These considerations lead to solutions of the
Knizhnik-Zamolodchikov differential equation from conformal field theory, see
[22, 24]. Here a central problem is the determination of the Gauss-Manin con-
nection on H*(M; £) for certain arrangements, and certain local systems.

A complex rank one local system on M is determined by a collection of
weights A = (A,...,A\y) € C". Associated to A, we have a representation
p T (M) — C*, given by 7; — exp (— 27i)\;) for any meridian loop 7; about the
hyperplane H; of A, and an associated rank one local system £ on M. Several
authors have considered Gauss-Manin connections with various conditions on
the weights: Aomoto [1], Schechtman and Varchenko [22, 24], and Kaneko [16]
studied discriminantal arrangements; Kanarek [15] studied the connection arising
when a single hyperplane in the arrangement is allowed to move; Aomoto and
Kita [2] determined the Gauss-Manin connection matrices for general position ar-
rangements; and Terao [23] computed these connection matrices for a larger class
of arrangements. In this paper, we determine Gauss-Manin connection matrices
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for all arrangements and all weights A which satisfy the nonresonance condition
(STV) of [21] stated in Theorem 6.1.

Compactify A by adding the infinite hyperplane H,,,1 to obtain the projective
closure Ay, C CP*. Two arrangements are said to have the same combinatorial
type if there is an order-preserving isomorphism between the intersection posets
of their projective closures. If 7 is the combinatorial type of A, we denote by
ind(7) and dep(7) the independence and dependence sets of 7. These consist
of all ¢+ 1 element subsets of [n+ 1] = {1,2,...,n+ 1} for which the corre-
sponding hyperplanes in .4, are independent, and dependent, respectively. Terao
[23] showed that the sets ind(7") and dep(7’) may be used to describe the moduli
space of all arrangements of type 7.

Let B(7) be a smooth, connected component of this moduli space. There is
a fiber bundle 7 : M(7) — B(7) whose fibers, 7~ !(x) = My, are complements
of arrangements Ay of type 7, so they are diffeomorphic to M since B(7) is
connected. Weights A give rise to a local system Ly on My for each x € B(7).
Since the bundle 7 : M(7) — B(7) is locally trivial, there is an associated vector
bundle 77 : H? — B(7), with fiber (79)~!(x) = H4(My; Ly) at x € B(7) for each
g, 0 < g < £. For an arbitrary combinatorial type 7, Terao [23] showed that
the Gauss-Manin connection on the bundle ¢ : HY — B(7) is determined by a
connection 1-form

(1.1) > dlogD; ® Q;

where ; € EndcH(My; Ly), each dlog D; denotes a 1-form on B(7) with a sim-
ple logarithmic pole along the irreducible component D; of the codimension one
divisor D(7") = B(T )\B(7), and the sum is over all such irreducible components.
Terao also computed the Gauss-Manin connection matrices €2; for arrangement
types 7 with exactly one dependent set.

All of the authors mentioned above use similar methods to calculate the
local system cohomology and determine the Gauss-Manin connection. The co-
homology H*(M; L) is calculated using a twisted de Rham complex of global
rational differential forms on CP’ with poles of arbitrary order on the divisor
defined by A,,. The cochain groups of this complex are infinite dimensional.
The first step is to resolve the singularities of this divisor and use Deligne’s
work [9] to impose conditions that allow reduction to the cochain complex of
forms with poles of order one. This complex has finite dimensional groups. In
Theorem 6.1, we state the 7 -nonresonance conditions (STV) of [21] which in-
sure that H9(M; £) = 0 for ¢ # ¢. Similar conditions are assumed in the works
cited previously. In these works, the Gauss-Manin connection is derived by dif-
ferentiating in the moduli space B(7) to find the global expression (1.1) di-
rectly. The calculations are difficult and require explicit knowledge of relations in
HY(M; L).
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In this paper, we apply different methods for both the determination of the
local system cohomology and the Gauss-Manin connection. We use stratified
Morse theory as in [3, 4] to construct a complex K°®(A), the cohomology of
which is naturally isomorphic to H*(M; £). This complex has finite dimensional
cochain groups, so we can delay imposition of nonresonance conditions until we
need them in Section 6. We compute the Gauss-Manin connection locally, one
endomorphism €2; at a time. A key idea is to extract information about arbitrary
arrangements by using information about general position arrangements. This
approach avoids explicit calculations in the group HY(M; L), and we are able
to construct Gauss-Manin connection matrices for arrangements of an arbitrary
combinatorial type 7 and all 7 -nonresonant weights. These methods also lead
to results valid for all (possibly resonant) weights, see [7].

The remainder of the introduction is devoted to a more detailed descrip-
tion of the structure and main results of the paper. In Section 2, we review the
stratified Morse theoretic constructions. Section 3 describes the moduli space of
arrangements of a given combinatorial type and several spaces and bundles used
later. Fixing a basepoint x € B(7'), the operation of parallel translation of fibers
over curves in B(7) in the vector bundle 74 : HY — B(7) provides a complex
representation

(1.2) Y5 m(B(T),x) — Autc(HY(My; L))

and an associated Gauss-Manin connection.

In Section 4, we compare the representation (1.2) with an analogous rep-
resentation of the fundamental group of the moduli space of a general position
arrangement. Let G denote the combinatorial type of a general position arrange-
ment of n hyperplanes in C*. Every /+1 element subarrangement of the projective
closure of a general position arrangement is independent, so dep(G) = (). Let B(G)
be the type G moduli space, y € B(G), B;,g the corresponding arrangement, with
complement E;’g =M (B;”K). To compare the representation (1.2) for type 7 with
the analog ‘Pg :m(BG),y) — AutC(Hq(E;f;[,y)), we introduce a space Y(7)
which contains B(7") and B(G) as disjoint subspaces. Let iz : B(G) — Y(7) and
jr : B(7) — Y(7) denote the natural inclusions. Given v € m(B(7),x), we
show that there is a compatible T" € m1(B(G),y), a loop for which the homology
classes [v] and [I'] satisfy (i7)«([I'D) = (j7)«([v]). For compatible loops, the
automorphisms P7-(y) and W¢(I') are related by

(1.3) 520 ‘I’g(l") ~ Wi(y) o5
Here 5% : Hq(M(B}’y”Z);Ey) — H1(M(Ay); Ly) is the map in local system coho-

mology induced by a certain chain map sy : K'(B;’*E) — K*(Ay), and ~ denotes
equality up to conjugacy.
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These compatible classes are studied further in Section 5. The moduli space
B(G) of general position arrangements is the complement of a divisor D(G) =
U; Dy in (CP%)". The components D; of this divisor are irreducible hypersurfaces
indexed by /+1 element subsets J of [rn+1]. For each such J, let I'; be a meridian
loop in B(G) about a generic point in D;. We prove that the homology group
H(B(G)) is generated by the classes [I;]. Note that I} is a loop in Y(7) for any
combinatorial type 7 since B(G) C Y(7). We say that the type 7 covers 7" if
B(7") has complex codimension one in the closure B(7). If v € (B(7),x) is a
simple loop in B(7") about a generic point in B(7"), we show that the homology
class [v] satisfies

(1.4) Goyh= > my-[I],

JEdep(T',T)

where dep(7’,7) = dep(7')\dep(7), and my is the order of vanishing of the
restriction of a defining polynomial for D; to B(7') along B(7").

If £ is a nontrivial rank one local system on the complement E™¢ of a general
position arrangement of n hyperplanes in C, then the cohomology H?(E™; L)
vanishes in all dimensions g except possibly g = £. For an arbitrary arrangement
A, a collection of weights A and the corresponding local system £ are called
nonresonant if the cohomology HY(M; £) vanishes in all dimensions ¢ except
possibly g = £. We review the (STV)-condition for 7 -nonresonance [21] and the
Bnbc basis for the nonvanishing group [12] in Section 6. We show that for 7 -
nonresonant weights A, the chain map s* : K* (B"*) — K*(A) induces a surjection
st HY(E™, L) — HY(M; £).

The vector bundle 7% : HY — B(7), with fiber (79)~!(x) = H?(My; Ly) at
x € B(7), supports a Gauss-Manin connection corresponding to the represen-
tation (1.2). We study this connection in Section 7 for 7 -nonresonant weights,
where only g = £ is relevant. Let v € 7(B(7),x) be represented by g : S! —
B(7). A connection matrix, Q7 (), for the induced connection on the pullback
of the vector bundle 7¢ : H* — B(7) along g is called a Gauss-Manin con-
nection matrix. Let I' € 7(B(G),y) be a loop whose homology class is given
by (1.4) above, [I'] = > Jedep(T? 1) MJ [I7]. Then v and T" are compatible, and
it follows from (1.3) that 5% o W§(I') ~ W5(7) o 5%. Since the homomorphism
Eﬁ : HZ(E”’E,Ey) — HYMy; Ly) is surjective for 7 -nonresonant weights, this
determines the Gauss-Manin connection matrix Q7 (7).

Aomoto and Kita [2] obtained explicit formulas for the Gauss-Manin con-
nection matrices g(I'y) in the case of general position arrangements, see also
[19]. We combine our results with these formulas to obtain the main result of
this paper. It is a combinatorial algorithm for calculating Gauss-Manin connec-
tion matrices for an arbitrary combinatorial type 7, and 7 -nonresonant weights,
in terms of those for the type G of general position arrangements. Let 7 be a
combinatorial type which covers the type 7'. Let v € m(B(7), x) a simple loop
in B(7) about a generic point in B(7"). We agree to write Q7(7”) in place of
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Q7 (7) in this situation. Similarly, we write Qg(J) in place of Qg(I7). Fix 7-
nonresonant (and hence G-nonresonant) weights \. For x € B(7) and y € B(G),
the corresponding local system cohomology groups of the fibers, H9(My; L) and
Hq(E;’e;Ey), depend only on the combinatorial types 7 and G and vanish for
g # 0. So we write H‘(My; L) = HY7) and HZ(E;’Z;EY) = HYG). This no-
tation makes it clear that the Gauss-Manin connection matrix Q7(7’) depends
only on the combinatorial types involved. The matrix Q7(7") is obtained by the
combinatorial formula recorded below.

THEOREM. Let T be a combinatorial type which covers the type T'. Let \ be a
collection of T -nonresonant weights, and let P(T) be the matrix of the surjection
HYG) — HYT) in the respective nbe bases. Then a Gauss-Manin connection
matrix Q7 (T") is determined by the matrix equation

PD)-Qr(Th=( Y m-QgW)) - P(T).
JEdep(7T',T)

[lustrations of the algorithm provided by this result are given in Section 8.

2. Preliminary results. In this section, we record a number of results con-
cerning a fixed arrangement. We use notation and results from [18, 19].

Let A = {H,,...,H,} be an arrangement of n ordered hyperplanes in C’.
Assume that the first £ hyperplanes of A are linearly independent, so A is essen-
tial. Choose coordinates uy, ..., uy for C¢, and for each hyperplane H; of A, let
o = aj(uy, . .., up) be a linear polynomial such that H; is defined by the vanishing
of oj. Then Q(A) = H;Z:l aj(uy, ..., ug) is a defining polynomial for A, and the
complement M is given by M = C*\ Ui Hj = CAQ(A)~1(0).

Choose coordinates uj,...,u, for C", and consider the arrangement 5" in
C" defined by Q(B") = Hle aj(uy, ..., up) H;l:f+l u;j. Since the first £ hyperplanes
of A are linearly independent, B" is an arrangement of n linearly independent
hyperplanes in C", a Boolean arrangement, and the complement E" = M(B") =
(C*)" is the complex n-torus. Define s : C¢ — C” by

@21 sQurs. . ug) = s ug o (U, ), o (U 1)
Then s : M — E”, and we have the following.

PROPOSITION 2.1. Let A be an essential arrangement of n hyperplanes in C*.
Then the complement M of A is an affine section of the complex n-torus E".

Let A(A) be the Orlik-Solomon algebra of A, generated by one dimensional
classes a;, 1 <j < n. It is the quotient of the exterior algebra generated by these
classes by a homogeneous ideal, hence a finite dimensional graded C-algebra.
There is an isomorphism of graded algebras H*(M;C) ~ A(A). In particular,
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dimA(A) = b,(A) where b,(A) = dim HY(M; C) denotes the gth Betti number
of M with trivial local coefficients C.

This construction is realized topologically by the map s : M — E”" defined
above. The cohomology H*(E"; C) is an exterior algebra, generated by classes a;
dual to meridian loops ; about the hyperplanes of B" (respectively .4), and one
can show that the map s induces a surjection

A(B") ~ H*(E";C) > H*(M;C) ~ A(A)

in (de Rham) cohomology.

Let B™* be a general position arrangement of n hyperplanes in C’, a generic
¢-dimensional section of the Boolean arrangement B" in C". The Orlik-Solomon
algebra A(B™Y) is the rank ¢ truncation of the exterior algebra A("). We have
AY(BMY) = AY(BY) for g < ¢ and AY(B™) = 0 for ¢ > ¢. The complement of the
arrangement A in C’ has the homotopy type of an (-dimensional complex, so
the cohomology of the complement vanishes in higher dimensions, H4(M;C) =
A1(A) =0 for g > ¢. These facts yield the following result.

PROPOSITION 2.2. The map s : M — E” induces a surjection s* : A(B"') —

A(A).

A collection of weights A = (A\f,...,\,) € C" gives rise to compatible
rank one local systems on the complements E”, E™, and M of the arrangements
B", B*, and A as follows. Associated to )\, there is a rank one representation
p : m(E") — C* given by ~; — exp( — 27i);) for any meridian loop ~; about
the jth hyperplane of B", and a corresponding rank one local system £ on E”.
Let s : M — E” and o : E*' — E” be the maps from Proposition 2.1 realizing
M and E™! as sections of E”. Via these maps, there are induced local systems
on M and E™! corresponding to representations of 71(M) and 7;(E™%) defined as
above. For brevity, we also use £ to denote these local systems.

One can use stratified Morse theory to construct a cochain complex K*(A),
the cohomology of which is naturally isomorphic to the local system coho-
mology H*(M; L), see [3, 4]. Briefly, let ) = 7! ¢ 7* ¢ F' c ... C
Ft = C! be a flag in C’ which is transverse to the arrangement A, and let
M? = F4 N M for each ¢g. Let K¢ = K9(A) = HI(M?,M9~1; L), and let AY :
HIMI, M9~ £) — HIY(M?*!, M?; L) be the boundary homomorphism of the
triple (M1, M7, M?—1).

THEOREM 2.3 [3].

(1) For each q, 0 < q < {, we have H(M4,M4~1: L) = 0 if i # g, and
dimc HI(M?,M9~1; ) = by(A) is equal to the qth Betti number of M with trivial
local coefficients C.

(2) The system of complex vector spaces and linear maps (K*®, A®),
Aefl
N

A0 Al _
KO_>K1_>K2_>‘.'_>KZ 1 KZ,
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is a complex (A oA? = 0). The cohomology of this complex is naturally isomorphic
to H*(M; L), the cohomology of M with coefficients in L.

3. Moduli spaces. We now consider families of arrangements with a given
combinatorial type. Fix a pair (¢,n) with n > ¢ > 1. We consider (multi-)
arrangements of n ordered hyperplanes in C’. We assume that the arrangement
A contains ¢ linearly independent hyperplanes and that these are the first £ in the
linear order. Let uj, .. .,up be the coordinates of C*. Choose linear polynomials
o = X0+ Zé] x;juj (i=1,...,n) which define the hyperplanes of .4. Note that
the matrix (x;;), 1 <1i,j < £ is invertible by assumption.

We embed the arrangement in projective space and add the hyperplane at
infinity as last in the ordering, H,.;. The moduli space of all arrangements com-
binatorially equivalent to .4 may be viewed as the set of matrices

X1,0 X1,1 0 X1
X20 X2,1 - X2p

3.1 X=|: : :
Xn0 Xn,l ccc Xpg
1 0 .-+ 0

whose rows are elements of CP’, and whose (£ + 1) x (£ + 1) minors satisfy
certain dependency conditions, see [19, Prop. 9.2.2]. Given an £ + 1 element
subset [ of [n+1] :={1,...,n,n+1}, let A; = A;(x) denote the determinant of the
submatrix of x with rows specified by /. Corresponding to each such x, we have
an arrangement Ay, with hyperplanes defined by the first n rows of the matrix
equation x - G = 0, where U = (lu; --- up)', that is combinatorially equivalent
to A. Let My = M(Ay) be the complement of Ay.

Let 7 denote the combinatorial type of the arrangement A, and let B(7)
denote a smooth, connected component of the moduli space of all arrangements
of type 7. Let

M(T) = {(x,u) € (CPY)" x C’ | x € B(T) and u € M},

and define w7 : M(7) — B(7) by w7 (x,U) = X. A result of Randell [20] implies
that 77 : M(7) — B(7) is a bundle, with fiber w}l(x) = My, the complement of
the arrangement defined by x € B(7).

We now construct a number of spaces and bundles related to the moduli
space B(7). For any combinatorial type 7, let ind(7") denote the set of all £+ 1
element subsets I = {iy,...,ig41} of [n+ 1] for which A; # 0 in type 7. If 7 is
realizable, ind(7) is the set of all subsets I for which {H;,,...,H,,,, } is linearly
independent in the projective closure of an arrangement A of type 7. Similarly,
let dep(7’) be the set of all £+ 1 element subsets J of [n+ 1] for which A; =0 in
type 7.
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Given a type 7, let
Y(T) = {x € (CP"" | Ai(x) #0 for I € ind(7)}.
Then the moduli space B(7") may be realized as
B(T)={xe Y(T) | Ay(x)=0 for J € dep(7)}.

Note that if G is the type of a general position arrangement, then dep(G) = 0,
so B(G) = Y(G). For any type 7, the moduli space B(G) of all general position
arrangements may be realized as

B(G) ={x € Y(7)| Asx) #0 for J € dep(7)}.

If T # G, then B(7) and B(G) are disjoint subspaces of Y(7). Let iz : B(G) —
Y(7T) and j7 : B(7) — Y(7) denote the natural inclusions.

Let Ip = {l,...,¢4,n+ 1}, and define 7y by ind(Zp) = {lp}. Then B(7)
is the moduli space of all multi-arrangements with {Hj,...,Hy, H,} linearly
independent. Given x € B(7)), let By denote the Boolean arrangement of n
hyperplanes in C" with defining polynomial Q(B}) given by

Y4 n
OBy = [ [ @io +xiur + ...+ x0up) [ wi,

i=1 i=0+1

where uy, ..., U, Upyq, . . ., Uy are the coordinates for C". Let E = C"\Q(B!)~'(0)
be the complement of the arrangement 5. Note that E} = (C*)" is a complex
n-torus. Define

E(7o) = {(x,u) € (CP)" x C" | x € Y(Tp) and u € E"}.

PROPOSITION 3.1. The natural map pz, : E(70) — Y(7o) defined by p(x,U) =
X is a fiber bundle projection, with fiber the complex n-torus p;bl (x) = EL.

Proof. This may be established using the Thom Isotopy Lemma by modi-
fying the argument given by Randell [20]. O

For each type 7 for which Iy € ind(7), let k+ : Y(7) — Y(7Zy) denote
the natural inclusion. Recall that j7 : B(7) — Y(7) denotes the inclusion of the
moduli space of 7 in Y(7). By pulling back the above bundle along the inclusion
maps k71 : Y(T) — Y(7y) and k7 o jr : B(7) — Y(Zy), we obtain bundles over
Y(7T) and B(7), with fiber the complex n-torus.

Denote these bundles by

pr:E(T)—=Y(T) and p&:E(T)— B(7T)
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respectively. The total spaces of these bundles may be realized as

E(7) = {(x,u) € (CPY)" x C" | x € Y(T) and u € E"} and
E'(T) = {(x,u) € (CPY)" x C" | x € B(T) and u € E"}.

The bundle p’ : E'(7) — B(7') and the moduli space bundle 77 : M(T) —
B(7) are related as follows.

PrOPOSITION 3.2. There is a bundle map S : M(T) — E'(T) covering the
identity map of B(7).

Proof. Let x € B(7). Corresponding to x, we have an arrangement Ay of
type 7 in C’, and a Boolean arrangement 7 in C". These arrangements have
defining polynomials

)4 n
O(Ay) = [[ @io+xiiur +- - +x0u0) J] (io +xiqus + - -+ +x;0u0) and

i=1 i=0+1

)4 n
OBy = [[ @io+xigus +- - +xpoup) T wis

i=1 i=0+1
where uy, ..., uy are coordinates for Ct and uy, . . .,u, are coordinates for C". Tt
follows that the map Ct = C", (uyy...,up) — (U,... U, Cpsts ..., 0), defined

in (2.1) restricts to a map s, : My — EI of the complement of Ay to the
complement of B, see Proposition 2.1. Defining S : M(7) — E'(7) by S(x,u) =
(X, s, (U)) yields the desired bundle map. O

4. Representations. Let .4 be an essential arrangement of n hyperplanes
in C* of combinatorial type 7, and let B(7) be a smooth, connected component
of the corresponding moduli space. For each x € B(7), a collection of complex
weights A = (A1,...,\,;) determines a rank one local system Ly on the com-
plement My of the arrangement Ay, with monodromy exp ( — 27i);) about the
hyperplane H; € Ay.

Since the fiber bundle 7w : M(7) — B(7) is locally trivial, there is an as-
sociated vector bundle 77 : HY — B(7), with fiber (79)~'(x) = H4(My; Ly) at
x € B(7) for each g, 0 < g < /. The transition functions of this vector bun-
dle are locally constant. Fixing a basepoint x € B(7), the operation of parallel
translation of fibers over curves in B(7) in the vector bundle 77 : H? — B(7)
provides a complex representation

4.1 Y. m(B(7T),x) — Autc(HY(My; Ly)).

Write V¢ = W7 to indicate the dependence of this representation on the type 7.
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By Theorem 2.3, the local system cohomology of My may be computed using
the Morse theoretic complex K*®(.Ay). The fundmental group of B(7') acts by chain
automorphisms on this complex, see [6, Cor. 3.2], yielding a representation

4.2) D° : 7 (B(T),x) — Autc(K*(Ay)).

As above, write ®* = @5 to indicate the dependence of this representation on
the combinatorial type 7.

THEOREM 4.1 [6]. The representation ‘PqT s m(B(7),x) — Autc(H1(My; Ly))
is induced by the representation ®% : m(B(T),x) — Autc(K*(Ay)).

The constructions of the previous section provide additional representations
of the fundamental group of B(7). Recall that I = {1,...,¢,n+ 1}, and assume
Iy € ind(7). Then there is a bundle p/- : E'(7) — B(7), with fiber E}, the
complement of the Boolean arrangement B} in C". Recall also that the weights
A give rise to a local system on E}, which we also denote by Ly since it is
compatible with the local system on M. As above, the fundamental group of
B(7) acts by chain automorphisms on the cochain complex K*(BY) associated
with this arrangement, yielding a representation

(4.3) % : 7 (B(T),x) — Autc(K*(BY)).

By Proposition 3.2, there is a bundle map s : M(7)) — E'(7), which restricts
to sy : My — Ef on fibers. The map sx induces a chain map s§ : K*(B}) —
K*(Ay), see [4, Prop. 2.11], which is compatible with the representations ®%
and dND'T of (4.2) and (4.3) in the following sense.

PROPOSITION 4.2. For each v € m(B(7T),X), there is a commutative diagram

X
K*(By) —— K*(Ay)
ﬁ}m P'T(v)
X
K*(By) —— K*(Ay).
Remark 4.3. Recall that G denotes the combinatorial type of a general posi-
tion arrangement of n hyperplanes in C’. If y € B(G) is a point in the moduli

space of all such arrangements, let Bg’é denote the corresponding arrangement.
The above discussion, when applied to the arrangement B;l’g, yields the following
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commutative diagram

K*(By) —— K*(ByY)

(44) |#5m |#sm

K*(BY) —— K*(By")

where I" € m1(B(G),y) and oy K*(By) — K‘(Bg’é) is the chain map induced by
the bundle map o : M(G) — E’(G) of Proposition 3.2 in this particular case.

The complement E;’Z =M (Bg’é ) of the general position arrangement B;”Z may
be realized as a generic {-dimensional section of the complement EY = M(BY)
of the Boolean arrangement 3y, and the map oy : E;’f — Ej as the inclusion of
this generic section. In the notation established in the construction of the Morse
theoretic complex K*® preceding Theorem 2.3, we have Eg’g =F‘n EY. From this
construction, it is clear that the complex K‘(B;”é) is the rank ¢ truncation of the
complex K '(B’;):

nes ) KUBY) if g </, _Jid : K9(BY) — K4UBy) if g <4,
Kq(By)‘{o U oifgse "3‘{0 ' T

See [3, §7] and [4, Ex. 2.7] for explicit constructions of these complexes.
The following is a consequence of the above discussion.

PRrOPOSITION 4.4. The representations ®g : m(B(G),y) — Aut(c(K°(B§”€))
and @E; T (B(G),y) — AutdK’(B?)) satisfy <I)‘é = @‘é forqg < /.

Now recall the bundle pr : E(7) — Y(7), with fiber E} = M(B}), and the
inclusion map j7 : B(7) — Y(7) from Section 3. As discussed above, an element
~v € m(B(7),x) induces a chain automorphism &D'T(y) of the cochain complex
K*(B!). Let g : S' — B(T) be a loop representing . Then jrog: S! — Y(7) is
a loop representing an element, say £ € m(Y(7),x), and £ also induces a chain
automorphism of the complex K*®(I3;), which we denote by Z°(7).

LEMMA 4.5. The chain automorphisms &)'7(7) and E°*(7y) of the complex K*(BY)
coincide, ®5(y) = E°(7).

Proof.  Let g*(py) denote the pullback of the bundle p/ : E'(T) — B(7)
along the map g : S' — B(7), and let (j7 o g)*(p7) be the pullback of ps :
E(T) — Y(T) along jr o g : S' — Y(T). The chain automorphisms ®%(y) and
Z°*(y) are induced by the monodromies of the bundles g*(p) and (j7 o g)*(p7)
respectively. Checking that these two bundles are identical, we conclude that the
two monodromies are the same. The result follows. O
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For any combinatorial type 7, there is an inclusion iz : B(G) — Y(7) of
the moduli space B(G) = Y(G) of all general position arrangements in the space
Y(7). More generally, if S and 7 are types satisfying ind(7") C ind(S), there is
an inclusion is7 : Y(S) — Y(7).

PROPOSITION 4.6. IfS and T are combinatorial types withind(7) C ind(S), the
map (is 1)« : HH(Y(S)) — H(Y(T)) induced by the inclusionis 1 : Y(S) — Y(T)

is surjective.

Proof. 1t suffices to consider the case where ind(S) = ind(7)U{J} for some
J={j1,..,jer1} C [n+1] with J ¢ ind(7). Let 7; be the type with ind(7Z)) = {J},
and let U = Y(T) and V = Y(7;) = (CPY"\{A; = 0}. Then UNV = Y(S), and
ULV = (CPY\ Uiy ({Ar, =0} N {A =0}), where ind(T) = {11, ..., i} Since
{Ar, =0} N {A; = 0} is of complex codimension two in (CP%" for each g, the
inclusion of UUV in ((CIP’Z)” induces an isomorphism H{(U U V) = H; ((CIP’K)”).
Thus H{(U U V) = 0. With these observations, the Mayer-Vietoris sequence in
homology is of the form

- = Hy(UUV) — Hi(Y(S) — Hi(Y(T)) & Hi(Y(T))) — Hi(UUV) =0.

Since the map H(Y(S)) — H\(Y(T)) @ H\(Y(1))) is given by ((is,1)«, (is.7;)+),
the result follows. O

COROLLARY 4.7. For any combinatorial type T, the inclusion it : B(G) —
Y(7T) induces a surjection (i1), : H/(B(G)) — H{(Y(T)).

The above results provide a means for comparing the representations
@Y : T (B(T),x) — Autc(K*(Ay) and @ : m(B(G),y) — Autc(K*(By"),

corresponding to an arbitrary arrangement of n hyperplanes in C* and a general
position arrangement of n hyperplanes in C*.

THEOREM 4.8. Let T be a combinatorial type with Iy € ind(7). Let Ax be an
arrangement of type T, corresponding to a point x € B(7T). Let B’yl’e be a general
position arrangement, corresponding to a point'’y € B(G). Then for any element
v € w1 (B(T),x), there is an element I" € w1 (B(G),y) so that the diagram

K* (B — s K*(Ay)
l%(r) lq"f(”
K (Bt —— K*(Ay)

commutes up to conjugacy.
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Proof Let g : S!' — B(T) be a loop representing v € m(B(7),x). Then
jrog:S' — B(T) — Y(T) is a loop representing ¢ € 71(Y(7),x). Using
Proposition 4.2 and Lemma 4.5, we have the commutative diagram

KB — kB S KAy
l?(v) ﬁ;(w) j@%m

K (Bl — K*(Bl) —— K*(Ay)

where Z°(y) is the chain automorphism induced by &.

Denote the homology class of & in H;(Y(7)) by [£]. By Corollary 4.7, the
inclusion it : B(G) — Y(7) induces a surjection (i7). : H{(B(G)) — H(Y(7)).
Let y € B(G) be a basepoint (the point x € B(7) is not in B(G) if 7 # G). Let
I' € m1(B(G),y) be an element whose homology class [I'] satisfies (i7).([I']) =
[£]. Then the chain automorphisms induced by (i7)#(I") € m(Y(7),y) and & €
m(Y(7),x) are conjugate, so we have the commutative diagram

~ id 5%
K*(By) —— K*(BY) —— K*(B) —— K*(Ay)
l(iff)#(r)' ls'm ﬁ;w l‘D'TW)

K*(BY) —— K*(Bl) ——— K*(BI) —— K*(Ay).

Recall that B(G) = Y(G). Over B(G) and Y(7'), we have bundles pg : E(G) —
B(G) and p7 : E(T) — Y(7), each with fiber E;, the complement of the Boolean
arrangement By. Let G : S!' — B(G) be a loop representing I" € 7(B(G),y). It
is then readily checked that the pullbacks G*(pg) and (i o G)*(p7) of the two
bundles above are identical. Consequently, the chain automorphisms &)é(F) and
(i7)#(T)® of K* (B;) induced by I" and (i7)4(I") are equal. This fact, together with
(4.4), yields the commutative diagram

oy id ~
K*(Byt) —— KBy —— KB —— K*(BY) —— K*(Ay)
lcb;m léﬁgm l(if)#m' F’T(v) l@f(v)
oy id ~ 5%
K* (Bl —— K*(Bl) —— K*(Bl) —— K*(B}) —— K*(Ay).
Since oy = id : K9(B) = K4(B",y) and @g(I) = @) for ¢ < ¢ by Re-

mark 4.3 and Proposition 4.4, and Kq(B;’g) = K9(Ay) = 0 for g > ¢, this com-
pletes the proof. O
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Given v € m(B(7),x), we say that I' € 71(B(G),y) is compatible with ~
if their homology classes satisfy (i7).([T']) = (j7)«([7]). The results established
above show that for every v there exists a compatible I'. A key tool in this
paper is the relationship between the automorphism ®%-(y) € AutcK*(Ay) for an
arbitrary arrangement and the automorphism (Dé(l") S Aut(cK’(B;”Z) for a general
position arrangement provided by Theorem 4.8 for compatible v and I'. This
relationship extends to cohomology. By Theorem 4.1, the representation W% :
m(B(7),x) — Autc(HY(My; Lx)) in cohomology is induced by the representation
@5 : m(B(7),x) — Autc(K*(Ay)). Let 5% : H”(E;'z;ﬁy) — H9(My; Ly) denote
the map in cohomology induced by s3 : K'(B;”E) — K*(Ay). If T € 71 (B(G),y) is
compatible with v € 71(B(7), x), then Theorem 4.8 implies that, up to conjugacy,
we have 5% o ‘I’g(l“) = W2 (v) o5 for each g, 0 < g < ¢. We will pursue the
implications of this relationship for Gauss-Manin connections in Section 7.

5. Compatible classes. For the type G of general position arrangements,
the closure of the moduli space is B(G) = (CPY". Recall that points in (CPY" are
given by matrices x of the form (3.1), and that A;(x) denotes the determinant of
the submatrix of x with rows specified by /+1 element subsets J = {ji, ..., je+1 } Of
[n+1]={1,...,n+1}. The divisor D(G) = B(G)\B(G) is given by D(G) = |, Dy,
whose components, D; = {x € (CPY" | Aj(x) = 0}, are irreducible hypersurfaces
indexed by J.

Choose a basepoint y € B(G), and for each ¢+ 1 element subset J of [n+ 1],
let z; be a generic point in D;. Let Iy be a meridian loop based at y in B(G) about
the point z; € D;. Note that y € Y(7) and that I} is a (possibly null-homotopic)
loop in Y(7) for any combinatorial type 7.

PRrOPOSITION 5.1. Forany combinatorial type T, the homology group Hi(Y(T))
is generated by the classes {[I] | J € ind(7)}.

Proof.  Given 7, let Z = Uiz Dys so that Y(7) = (CPY)"\Z. Denote by
Y7 the singular set of Z, and let X = (CP)"\2Z and D = Z\XZ. Consider the
corresponding Gysin sequence in homology with integer coefficients, as discussed
in [10, p. 46]. This sequence is of the form

0 ix 0
-+ — Hy_1(D) = H(X\D) = Hi(X) — Hy—2(D) — Hy—1(X\D) — - - -
where i : X\D — X denotes the inclusion.
Since the complex codimension of XZ is at least two in (CP%", the inclusion

of X in ((C]P’Z)” induces an isomorphism H{(X) ~ H| ((C]P’Z)”) and thus H{(X) = 0.
So for small &, the above sequence is of the form

-+ — Hy(X) — Ho(D) 5 H\(X\D) — H(X) = 0.

The connected components of D = Z\XZ are in one-to-one correspondence with
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the irreducible components D; of Z. Hence, Hy(D) is free abelian, of rank equal
to the cardinality of ind(7). A basis for Hy(D) is given by the classes [z;],
J € ind(7), where z; € Dy is the generic point in D; chosen above. Thus the
classes 0([z,;]) generate H(X\D) = H(Y(7)).

Finally, let T be a tubular neighborhood of D, and let p : 9T — D denote the
projection from the boundary of 7 to D. Then the map 6 : Hy(D) — H;(X\D) is
given by 0([z]) = [p_l(z)]. Since [ p_l(z 7)] clearly coincides with [I;] up to sign
for each J, this completes the proof. O

COROLLARY 5.2. The homology group H\(B(G)) is generated by the classes
[I7], where J ranges over all £ + 1 element subsets of [n + 1].

For a combinatorial type 7, recall that dep(7) denotes the set of all £+ 1
element subsets J = {ji,...,jepr1} of [n+ 1] for which the determinant A;(x)
vanishes for x € B(7). If 7 is realizable, dep(7) is the set of all J for which
{Hj,,...,H},,} is linearly dependent in the projective closure of an arrangement
A of type 7. Impose a partial order on combinatorial types as follows: 7 >
7' <= dep(7) C dep(7’). Note that the combinatorial type G of general
position arrangements is the maximal element with respect to this partial order.

Write 7 > 7' if dep(7) € dep(7’). In this case we define the relative
dependence set dep(7’,7) = dep(7")\dep(7). If 7 > T', we say that 7 covers
7' and 7' is a degeneration of T if there is no combinatorial type 7" with
T>T"'>T.

LeEmMMA 5.3. The moduli space B(T ") has complex codimension one in the clo-
sure B(T) of the moduli space B(T) if and only if T covers T

Proof. If B(7") is codimension one in B(7), then clearly 7 covers 7.
Conversely, if 7 covers 7', then B(7") C B(7) is defined by the vanishing of
Ay for any J € dep(7”, 7). O

Recall that j7 : B(7) — Y(7) denotes the natural inclusion.

THEOREM 5.4. Let T be a combinatorial type which covers the type T'. Let X'
be a point in B(T"), and v € m(B(7T),x) a simple loop in B(T) about x'. Then the
homology class [v] satisfies

(5.1) Ursyh= >, my -,

Jedep(T',T)
where my is the order of vanishing of the restriction of Ay to B(T) along B(T").

Proof. By Proposition 5.1, the classes {[Iy] | J € ind(7)} generate
H{(Y(T)). So the image of [v] € H{(B(7)) in H;(Y(7)) is of the form (j7)«([])
= my - [I7], where the sum is over all J € ind(7), and m; € Z.
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To determine the coefficients my, let f = 0 be a local defining equation for
B(7”) in B(7) near x. By hypothesis, the winding number of f about ~ is one:
L fda_

2mi )y f

For each J € ind(7), let By be a disk with OB; = v, By N B(7') = x/, and
B;\{x'} C B(T). Suppose also that F; : (CPY" — C defines the divisor D; =
{A; = 0} locally near x, and let j; : B(T) — (CPY)" denote the inclusion of
the closure of B(7) in (CP’)". The coefficient m; is then given by the winding
number of F; o j, about :

1.

_ 1 / d(FJ OjT)
mjy=_—— = :
21 )y Fjojr

If J € ind(7") Nind(7), then F;(x’) # 0. So for such J, the restriction of F;
to the disk Bj is never zero. Consequently, we have fw d(Fy ojT)/F 'y ojT =0,
and thus my; = 0 if J € ind(7").

If J € dep(7’,7), then the restriction, F; o jr, of F; to B(7) defines a
hypersurface which contains B(7”’). So near x, we have F; o j; = ¢f™, where
c € C*, and m € Z~ is the order of vanishing of F; o j; along B(7"). Hence
for J € dep(7’,T), the coefficient

m ILd(FJOJ'T)_1/7d(0fm)=m[y6;{:m

“2mi)y Frojy 2ml)y o  2mi

is as asserted. O

Recall that we say I' € m1(B(G),y) is compatible with v € 7(B(7), x) if the
homology classes [I'] and [v] satisfy (i7)«([I']) = (j7)«([YD.

COROLLARY 5.5. If T covers T' and v € m(B(7),x) is a simple loop in B(T)
about x' € B(T"), then any loop T € 7 (B(G),y) whose homology class satisfies
the condition [I'] = Y ;my - [I;] given by (5.1) is compatible with .

6. Nonresonant weights. If £ is a nontrivial rank one local system on the
complement E™* of a general position arrangement B¢ in C*, then the cohomol-
ogy HY(E™*; £) vanishes in all dimensions ¢ except possibly ¢ = £. See [3, §7] for
a proof of this fact using the complex K*(B™). For an arbitrary arrangement A,
a collection of weights A and the corresponding local system L are called nonres-
onant if the cohomology HY(M; £) vanishes in all dimensions g except possibly
g = £. We now recall a combinatorial condition due to Schechtman, Terao, and
Varchenko [21] which insures nonresonance. An edge of an arrangement A is a
nonempty intersection of hyperplanes in .A. An edge is called dense if the subar-
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rangement of hyperplanes containing it is irreducible: the hyperplanes cannot be
partitioned into nonempty sets so that, after a change of coordinates, hyperplanes
in different sets are in different coordinates. This is a combinatorially determined
property, see [21]. For each edge X, define \x = ZXQHJ, Aj. Let Asg = AU Hpy
be the projective closure of A, the union of A and the hyperplane at infinity in
CP', see [19]. Set Ape1 = — Y1) .

THEOREM 6.1 [21]. Let M be the complement of an essential arrangement A
in C* of combinatorial type T If L is a rank one local system on M whose weights
A\ satisfy the condition

(STV) Ax ¢ Z>o for every dense edge X of A,

then HI(M; £) = 0 for g # £ and dim H(M; £) = |x(M)
characteristic of M.

, where x(M) is the Euler

Thus the (STV)-condition implies nonresonance. In this paper, we call local
systems £ whose weights A satisfy the (STV)-condition 7 -nonresonant.

Remark 6.2. The hyperplanes are among the dense edges for any arrange-
ment, and are the only dense edges for a general position arrangement. Conse-
quently, if A is 7 -nonresonant, then A is G-nonresonant.

Any collection of weights A\ determines an element a) = Z}’zl Ajaj € Al(A)in
the Orlik-Solomon algebra of A. Since ay A ay = 0, multiplication by a) defines
a differential on A(A). The resulting complex (A®(A),a) /) may be identified
with a subcomplex of the twisted de Rham complex of M with coefficients in
L. Theorem 6.1 above may be established by showing that, for 7 -nonresonant
weights A, there is an isomorphism H*(M; L) ~ H*(A*(A), axAN) [11, 21], and
that H1(A*(A),ay/\) = 0 for g # ¢ and dim H*(A*(A), ayA) = |x(M)|, see [25].

For 7 -nonresonant weights, one can exhibit an explicit basis, the (nbc
basis of [12], for the single nonvanishing cohomology group H‘(M;L) ~
HY(A*(A), a\N). Recall that the hyperplanes of A = {H, 7=y are ordered. A circuit
is an inclusion-minimal dependent set of hyperplanes in .4, and a broken circuit
is a set S for which there exists H < min (S) so that SU{H} is a circuit. A frame
is a maximal independent set, and an nbec frame is a frame which contains no
broken circuit. Since A C C is essential, every frame has cardinality £. An nbc
frame B = (H;,,...,H;,) is a Bnbc frame provided that for each k, 1 < k < /,
there exists H € A such that H < Hj, and (B\{H;, }) U {H} is a frame.

Let Snbc(A) be the set of all Snbc frames of A. Given B = (Hj,,...,H;,) in
fAnbe(A), define ((B) € AY(A) by ((B) = AL_ax(X,), where X, = (i, Hj, and
ax(X) = ZXCHi \ia;. Denote the cohomology class of ((B) in HY(A*(A), axA) by
the same symbol.

THEOREM 6.3 [12]. Let M be the complement of an essential arrangement A
in Ct of combinatorial type T. If L is a rank one local system on M corresponding
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to T -nonresonant weights X, then the set {((B) | B € nbc(A)} is a basis for the
only nontrivial local system cohomology group HY(M; £) ~ HY(A*(A), a\N).

Example 6.4. If B! is a general position arrangement of n hyperplanes in C,
then Snbe(B™) = {(Hj,,....,H},) | 2 < ji1 <--- < j; < n}. For G-nonresonant
weights ), it follows that the Snbc basis for HYE™; L) consists of monomials
nr = )\jl-'-)\jgaT, where T = {jl,...,jg}, 2 <j1 < oo <je <m, and ar =
aj, /\---/\aje.

THEOREM 6.5. For T -nonresonant weights \, the map s : M — E" induces a
surjection s* : HY(E™¢, £) — HY(M; L).

Proof. The map s : M — E” induces a surjection s* : A(B"!) — A(A)
by Proposition 2.2. This is a chain map s* : (A*(B"%),axA\) — (A°(A), a\N),
as is readily checked. So there is an induced map § : HY A (B, a\N) —
HY(A*(A), a\N) in cohomology.

By Remark 6.2, if A is 7-nonresonant, then X is G-nonresonant. For such
weights, we have isomorphisms HYE™: L) ~ HYA*(B™Y), ayN) and HY(M; £) ~
HY(A*(A), a\N). Furthermore, the elements of the Snbe basis for H/(A*(A), ay\)
are linear combinations of the monomials 77, which form the Onbc basis for
HY(A*(B™Y), a\N) as noted in Example 6.4. This fact, together with the surjectivity
of the map s* : A(B"!) — A(A) completes the proof. O

This leads to the following consequence of Theorem 4.8.

COROLLARY 6.6. Let \ be a collection of T-nonresonant weights. If v €
m(B(7),x) and T' € w(B(G),y) are compatible, then the conjugacy class of
the automorphism LI‘g—(’y) e Autc(HY(My; Ly)) is determined by lI’é(l“) S
Autc(HY(E}*: Ly)) and the surjection 5 : HY(Ey*; Ly) — H (My;: Ly).

7. Gauss-Manin connections. The vector bundle 7?7 : H? — B(7), with
fiber (79)~!1(x) = HY(My; Ly) at x € B(T), supports a Gauss-Manin connec-
tion corresponding to the representation ‘PqT :m(B(7),x) — Autc(HY(My; Ly)).
We now study this connection using results of the previous section. In light
of Corollary 6.6, for an arrangement A of combinatorial type 7, we focus on
T -nonresonant weights and the case g = /.

Over a manifold, there is a well-known equivalence between local systems
and complex vector bundles equipped with flat connections, see [9, 17]. Let
V — X be such a bundle, with connection V. The latter is a C-linear map
V : E0(V) — £(V), where £7(V) denotes the complex p-forms on X with values
in V, which satisfies V( fo) = odf + fV (o) for a function f and o € £%(V). The
connection extends to a map V : E/(V) — EP*I(V) for p > 0, and is flat if the
curvature V o V vanishes. Call two connections V and V' on V isomorphic if
V' is obtained from V by a gauge transformation, V' = g o V o g~! for some
g : X — Hom(V, V).
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The aforementioned equivalence is given by (V,V) — VV, where VV is
the local system, or locally constant sheaf, of horizontal sections {o € £°(V) |
V(o) = 0}. There is also a well-known equivalence between local systems on
X and finite dimensional complex representations of the fundamental group of
X. Note that isomorphic connections give rise to the same representation. Under
these equivalences, the local system on X = B(7") induced by the representation
‘PqT corresponds to a flat connection on the vector bundle 77 : H? — B(7), the
Gauss-Manin connection.

For 7 -nonresonant weights, the Snbc basis of Theorem 6.3 provides a basis
for each fiber HY(My; Ly), independent of x. Thus the vector bundle ot H —
B(7) is trivial, see [12, 23]. Let v € m(B(7),x), and let g : S! — B(7) be
a representative loop. Pulling back the trivial bundle 7¢ : HY — B(7) and the
Gauss-Manin connection V, we obtain a flat connection g*(V) on the trivial vector
bundle over the circle corresponding to the representation of 7((S', 1) = (¢) = Z
given by ( — ‘Pfir('y). Specifying the flat connection g*(V) amounts to choosing a
logarithm of ‘{’fT(fy). The connection g*(V) is determined by a connection 1-form
dz/z ® Qr(v), where the connection matrix Q7 () corresponding to ~y satisfies
‘PéT(fy) = exp ( — 2wiQ7(7)). If v and 4 are conjugate in 71(B(7),x), then the
resulting connection matrices are conjugate, and the corresponding connections
on the trivial vector bundle over the circle are isomorphic. In this sense, the
connection matrix Q7(7) is determined by the homology class [v] of 7.

THEOREM 7.1. Let A be a collection of T-nonresonant weights. If v €
m(B(7),x) and T' € w(B(G),y) are compatible, then there is a commutative
diagram

£

HK(E;’Z; ﬁy) —>sx HZ(MX§ Ly)

lﬂgm lszm)
14

LiEn/L. S 4 .
H (Ey ’Ey) — H (MXa ﬁX)

Thus a Gauss-Manin connection matrix Q7 (7y) is determined by a Gauss-Manin
connection matrix Qg (') and the surjection 5 : HK(E;’Z; Ly) — H (My; Ly).

Proof. Choose a connection matrix Qg(I") so that ‘Pé(l“) = exp (—27iQg(I)).
Since 5% : HE(E;’E;Ey) — HYMy; Ly) is surjective by Theorem 6.5, the en-
domorphism Qg(I') : HZ(E;’K;ﬁy) — HZ(E;’Z;LY) induces an endomorphism
HYMy; Ly) — HY(My; Ly), which we denote by Q7 (7). We assert that Q7 () is
a connection matrix for lPZT('y). For this, by the above discussion, it suffices to
show that exp ( — 27i€27(y)) is conjugate to ‘PKT(V).

By construction, we have Eﬁ 0 QM) =Q7(y)o Eﬁ. From this it follows that
Eﬁoexp (—27iQg (")) = exp (—27riQ7-(’y))o§£. By Theorem 4.8 and Corollary 6.6,



588 DANIEL C. COHEN AND PETER ORLIK

up to conjugacy, we have 5,{ o lI’é(l“) = lI’ZT(fy) o Eﬁ. Hence, exp ( — 27iQ7 (7)) is
conjugate to ‘PZT('y). O

Next we need formulas of Aomoto and Kita [2], see also [19], for the Gauss-
Manin connection matrices in the case of general position arrangements. Let y €
B(G), and let B;”K be the corresponding arrangement of type G, a general position
arrangement of n hyperplanes in C*, with complement E;’E. A system of weights
A =(A1,..., Ay is G-nonresonant if \; ¢ Zxq for each j, 1 <j < n+ 1. Recall
that \y1 = — J'-’zl Aj. For such weights, the Snbc basis for the cohomology
group HE(E;’E ; Ly) with coefficients in the corresponding local system consists of
the monomials 7; = A;, - - - \j,ar, where I = {iy,...,i;},2<i <...<ig<mn,
and a; = a;, \ --- N\ a;,, see Example 6.4.

To state the results of Aomoto and Kita on the Gauss-Manin connection
for general position arrangements, we require some notation. We use the for-
mulation of [19, §10.3]. For J = {ji,...,jm}, write \; = >jes N> and let
Jy = {jtsedprevorjm} foreach p, 1 < p < m If LI C [n], |I| = |I'| = ¢,
and [INI'|=0—1,let e(l,I')=(— 1)P*?, where K=1UI', I =K, and I' = K.

THEOREM 7.2 [2]. For G-nonresonant weights A\, the Gauss-Manin connection
on the (trivial) vector bundle w* : H — B(G) has connection 1-form

> dlogD; ® Qg(I)),
JC[n+1]

where the sum is over all subsets J of [n + 1] of cardinality { + 1 and dlogD;
denotes a 1-form on (CPY)Y" with a simple logarithmic pole along the divisor D;. The
connection matrices Qg(I7y), acting on the fnbe basis {n; | 2 < i} < ... < iy < n}
of HE(E?e ; Ly), are given by the following formulas.

(W IfIN{l,n+1} =0, then

Sty e, IpApg,ms, T C,
0 otherwise.

Qg(T))(nr) = {
Q) IfT =T U{n+1}, where J' = {j1,....je}, 2 <j1 < -+ < j¢ < n, then

- (Zje[n]\l )\j) mif1=1,
QgD = § —e, ) Aoy I IINT | =0—1,
0 otherwise.

Q) IfIn{l,n+1} = {1}, then

el )‘j) M — 2 jnr=—1 €L Anmpme i1 = T4,
otherwise.

QgD = {(g
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@ IfT=J"U{l,n+1}, whereJ" ={jo,...,je}, 2 <jo < -+ <j¢ <n, then

)\ Y g €Ly ifJ" C 1,
QT y) = {0 N+ Apang 2oinr=ing € 1ny ({t i

We combine these formulas with Theorem 5.4, Theorem 6.5, and Theorem
7.1 to obtain the main result of this paper. It is a combinatorial algorithm for
calculating Gauss-Manin connection matrices for an arbitrary combinatorial type
T, and 7 -nonresonant weights, in terms of those for the type G of general position
arrangements. Let 7 be a combinatorial type which covers the type 7’. Let x’
be a point in B(7”), and v € 7(B(7),x) a simple loop in B(7) about x’. We
agree to write Q7(7") in place of Q7(v) in this situation. Similarly, we write
Qg(J) in place of Qg(I7}). Fix 7T -nonresonant (and hence G-nonresonant) weights
A. Forx € B(7) and y € B(G), by Theorems 6.1 and 6.3, the corresponding local
system cohomology groups of the fibers, H4(My; L) and H‘I(E”’Z;Ey), depend
only on the combinatorial types 7 and G and vanish for g # ¢. So we write
HY(My; Ly) = HYT) and HZ(E;’Z; Ly) = HY(G). Denote the Snbe bases of these
local system cohomology groups by Snbe(7) and Snbe(G) respectively. This
notation makes it clear that a Gauss-Manin connection matrix depends only on
the types involved and it is obtained by a combinatorial formula.

THEOREM 7.3. LetT be a combinatorial type which covers the type T'. Let X be
a collection of T -nonresonant weights, and let P(T) be the matrix of the surjection
HYG) — HYT) in the respective fnbc bases. Then a Gauss-Manin connection
matrix Q7 (T") is determined by the matrix equation

PT)-Qr(T)=( Y m-QgW))-PT).
Jedep(T',7T)

Ilustrations of the algorithm provided by this result are presented in Section 8.

Remark 7.4. For an arbitrary combinatorial type 7, and 7 -nonresonant
weights A\, Terao [23] shows that the Gauss-Manin connection on the bundle
7t : H® — B(7) is determined by a connection 1-form Y dlogD; ® Q;, where
Q € EndcH!(My; Ly), each dlog D; denotes a 1-form on B(7) with a simple
logarithmic pole along the irreducible component D; of the codimension one di-
visor D(7) = B(7)\B(7), and the sum is over all such irreducible components.
Theorem 7.3 computes the Gauss-Manin connection matrices £2; here. Since our
work is local, our results are independent of Terao’s global theorem.

Remark 7.5. Note that there are two floating inputs in Theorem 7.3: the
(STV)-condition, which ensures nonresonance, and the Snbc basis, which makes
the surjections explicit. Should more relaxed conditions for nonresonance be
discovered, and suitable cohomology bases be constructed, where the surjection
may be made explicit, our methods will apply equally well in the new setting.
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For an arbitrary local system L of rank greater than one on the complement
of an arrangement of type 7, the results presented here need not apply, since such
a local system is not in general induced by a local system on the complement of a
Boolean arrangement. However, if £ is an abelian local system of arbitrary rank,
then £ is induced by a local system on the complement of a Boolean arrangement.
The methods of this paper may be applied in this generality in those instances
where £ is nonresonant and a higher rank analogue of Theorem 6.5 holds.

In both of the above situations, analogues of the Aomoto-Kita formulas for
G-nonresonant weights, recorded in Theorem 7.2, would be required to express
the Gauss-Manin connection matrices for type 7 in terms of those for type G
explicitly.

8. Examples.

8.1. Codimension one. The moduli space B(7) of a combinatorial type 7 of
essential arrangements of n hyperplanes in C’ is of codimension one in (CP*)"
if the cardinality of dep(7) is one, dep(7) = {K}, where K = {ki,...,kes1},
1 <k <...<kgy <n+1. For these types, the Gauss-Manin connection was
determined by Terao [23]. We now sketch how these results may be recovered
using the algorithm of Theorem 7.3.

There are two cases to consider: n+ 1 ¢ K and n+ 1 € K. By permuting
hyperplanes, we may assume that K = [/ + 1] ={1,..., ¢+ 1} if n+1 ¢ K, and
that K=[n— ¢+ 1,n+1]={n—»0+1,....,n+1} 1fn+l €EK.Ifn+1¢K, we
have Onbe(7) = fnbe(G)\{nr}, where F = [2,0+ 1] = {2,...,¢+ 1}, while if
n+1 € K, fnbe(7) = fnbe(G)\{n.}, where L = [n—{+1,n] = {n—{0+1,...,n}.
Denote the projection P(7) : H/(G) — HY(T) of Theorem 7.3 by Pr if n+1 ¢ K
and by Py, if n+ 1 € K. It is readily checked that these projections are given by

Pr(np) = if I #£F, Primp)=mn ifl#L,
Pr(ny) = ZZ S gy (— 1)* ifI=F, Pun)=0 ifl=L,

where Fjg_l =Fj_1 U{q} ={2,...,7,...,£+1,q} for (+2<gq<n.

As shown by Terao [23], the moduli space B(7) is smooth, and the irreducible
components of the divisor D(7") = B(7)\B(7T) correspond to the combinatorial
types 7’ which are covered by 7, and are characterized as follows:

(1) dep(7',T)={J}, where J C [n+ 1], |[J|=¢+1,and |[KNJ| < (-1

(2) dep(T", T)={K]! | g € [n+ 1]\K} for each p, | <p < (+1

(3) dep(7',7T)={K} | 1 <p < {l+1} for each g € [n+ 1]\K.

In types (2) and (3), Kf = K, U {g} = {ki,. .., kps. .., kes1,q} for 1 <p < L+1
and g € [n+ 1]\K. If £ =1, type (2) does not appear.

For each J € dep(7’,T), the order of vanishing of the restriction of A; to
B(7) along B(T") is equal to one, m; = 1, see [19, §10.4]. By Theorem 7.3, a
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1 2 3 1 2 3 4 12 3 1 23
4
4 4
A A Ay As

Figure 1. A codimension one arrangement and three degenerations.

corresponding Gauss-Manin connection matrix Q7(7") € Endc(HY(T)) satisfies

@.1) PT)-QrTh=( Y Q) PD),
JEdep(7',7T)

where P(T)=Prifn+1 ¢ Kand P(T)=P. if n+1 € K.

It is an exercise in linear algebra to recover Terao’s calculation of the connec-
tion matrix Q7 (7") from [23]. We give several small, explicit examples next, and
leave this elementary, albeit lengthy, exercise in the general case to the interested
reader.

Example 8.2. Let T be the combinatorial type of the arrangement A of 4 lines
in C? depicted in Figure 1. Here B(7) is codimension one in (CP?)* = B(G).

A collection of weights A is 7-nonresonant if \; (1 <j <5), Aj+X+ A3 ¢

ZZO. For such weights, ﬁan(T) = {?72,4, 773,4}, and ﬂnbc(g) = {772’3,772,4,?73,4}.
The projection P(7) : H*(G) — H*(T) has matrix

-3 A2

)\1 +/\2+/\3 )\1+>\2+>\3
P(T)= 1 0
0 1

The arrangements A; in Figure 1 represent types 7' = 7; corresponding to
irreducible components of the divisor D(7) = B(7)\B(7). The Gauss-Manin
connection matrices Q7(7;) are determined by Theorem 7.3 as follows.

00 -2

(1) dep(77,7) = {345}, m345 = 1,Q6(345)= |0 0O A2

00 —A—\
_(0 A2
= Q7 (7)) = (0 o )\2> )
A3 —X3 O
(2) dep(%,T) = {124, 125},111124 =mjir5 = 1,Qg(125): M =M O],
0 0 0
0 0 0
Qg(124)= M M++M N :>QT(7—2): A+ A ‘
0 0 0 o 0
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12 5 1 2
4
3 345
A A’

Figure 2. A Selberg arrangement and one degeneration.

(3) dep(73,7) = {124, 134,234}, myog = myzs = mp3s = 1

0 0 0 M =N X\
Qg(134)= 0 0 0 , Qo3 = - A —X,
*)\4 )\3 )\1 + )\3 + )\4 )\4 *)\3 )\2
_ AM+A+ A3+ M 0
:QT(%)‘< 0 >\1+>\2+>\3+>\4>'

8.3. A Selberg arrangement. We conclude with an example of type S for
which B(S) has higher codimension in B(G). Let S be the combinatorial type of
the Selberg arrangement A in C? with defining polynomial

O(A) = uyur(uy — D(uz — D(ur — up)
depicted in Figure 2. See [1, 22, 16] for detailed studies of the Gauss-Manin

connections arising in the context of Selberg arrangements.
A collection of weights A is S-nonresonant if

)\j (1<j<6), AMi+X+A6, A+ A3+ A5, Mo+ + s, )\3+)\4+>\6¢ZZO-

For such weights, fnbe(S) = {14,175}, fnbe(G) = {n;j | 2 <i < j <5}, and
the projection P(S) : H*(G) — H*(S) is given by

—T2.4 = M5 if {i,j} =1{2,3},

Nij if {i,j} ={2,4} or {2,5},
P(S)(nw) = (())\ A5—A2A5) — (A A3+ A3+ A5) lf {l’j} - {3,4}’

_15;24+2>\4j]2n);22’i>\]+§\3i)\5)3 4 e %f {l.’j.} - {3, 5}’

N if {i,j} ={4,5}.

The arrangement A" in Figure 2 represents one type S’ covered by S. Here
dep(S’,S) = {134, 145,234, 235,345,356,456}. Since lines 3, 4, and 5 coincide
in type S’, the order of vanishing of the restriction of Azys to B(S) along B(S’)
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is m345 = 2. For all other J € dep(S’, S), we have m; = 1. Theorem 7.3 yields

)\3+)\4+)\5 0

AN
Qs(S) = 0 A3+ A+ A
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