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Gauss—-Manin connections for arrangements, I'V. Nonresonant
eigenvalues

Daniel C. Cohen* and Peter Orlik

Abstract. An arrangement is a finite set of hyperplanes in a finite dimensional complex affine
space. A complex rank one local system on the arrangement complement is determined by
a set of complex weights for the hyperplanes. We study the Gauss—Manin connection for the
moduli space of arrangements of fixed combinatorial type in the cohomology of the complement
with coefficients in the local system determined by the weights. For nonresonant weights, we
solve the eigenvalue problem for the endomorphisms arising in the 1-form associated to the
Gauss—Manin connection.
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1. Introduction

Let 4 = {H),..., H,} be an arrangement of n ordered hyperplanes in C*, with
complement M = M (#4) = C\ U7=1 Hj. Assume that A contains £ linearly in-
dependent hyperplanes. A complex rank one local system on M is determined by a
collection of weights A = (A1,...,A,) € C". Associated to A, we have a repre-
sentation p: w1 (M) — C¥, given by y; +— exp(—2miA;) for any meridian loop y;
about the hyperplane H; of +, and an associated local system £ on M. For weights
which are nonresonant in the sense of Schechtman, Terao, and Varchenko [13], the
local system cohomology vanishes in all but one dimension, HY(M; £) = 0 for
q # (. Parallel translation of fibers over curves in the moduli space of all arrange-
ments combinatorially equivalent to 4 gives rise to a Gauss—Manin connection on
the vector bundle over this moduli space with fiber H £(M; .£). This connection arises
in a variety of applications, including the Aomoto—Gelfand theory of hypergeometric
integrals [2], [8], [12], and the representation theory of Lie algebras and quantum
groups [14], [16]. As such, it has been studied by a number of authors, including
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Aomoto [1], Schechtman and Varchenko [14], [16], Kaneko [10], and Kanarek [9].

Denote the combinatorial type of 4 by 7. The moduli space of all arrangements
of type 7 is determined by the set of dependent collections of subsets of hyperplanes
in the projective closure of 4 in CP’, see [15]. Let B(7) be a smooth, connected
component of this moduli space. There is a fiber bundle p: M(7) — B(7) whose
fibers, p~' (b) = My, are complements of arrangements Ay of type 7. Since B(77) is
connected, My, is diffeomorphic to M. The fiber bundle p: M(7) — B(7) is locally
trivial. Consequently, given a local system on the fiber, there is an associated flat
vector bundle H — B(7), with fiber H¢(My; £) at b € B(7). For nonresonant
weights, Terao [15] showed that the Gauss—Manin connection on this vector bundle
has connection 1-form

V=Z®7/®QX(T’, 7)), 1.1)

where ®4 is alogarithmic 1-form on the closure of B(7") with a simple pole along the
divisor corresponding to the codimension one degeneration 7' of 7, and Q, (7, 7)
is an endomorphism of H¢(M; .£). For general position arrangements, this Gauss—
Manin connection was found by Aomoto and Kita [2]. Terao [15] computed this
connection for a larger class of arrangements. In [4], we determined the “Gauss—
Manin endomorphisms” 2, (7, 7°) for all arrangements. The aim of this paper is to
solve the eigenvalue problem for these endomorphisms.

Identify the hyperplanes of 4 with their indices. An edge of 4 is a nonempty
intersection of hyperplanes in +. An edge is dense if the subarrangement of hy-
perplanes containing it is irreducible: the hyperplanes cannot be partitioned into
nonempty sets so that, after a change of coordinates, hyperplanes in different sets
are in different coordinates, see [13]. For an edge X, define Ax = )_ XCH; Aj. Let
Aco = AU H, 11 be the projective closure of 4, the union of # and the hyperplane at
infinity in CP!, see [12]. SetA, 41 = — Z =1 Aj. Schechtman, Terao, and Varchenko
[13], refining work of Esnault, Schechtman, and Viehweg [6], found conditions on
the weights which insure that the local system cohomology groups vanish except in
the top dimension. They proved that if M is the complement of an arrangement +4 in
C* of combinatorial type 7~ with £ linearly independent hyperplanes and £ is a rank
one local system on M whose weights A satisfy the condition

Ax ¢ Zxo for every dense edge X of A,

then H4(M; L) = 0 for ¢ # ¢ and dim H!M; £) = |x (M)|, where x (M) is the
Euler characteristic of M. These conditions depend only on the type 7, so we call
weights satisfying them 7 -nonresonant.

Throughout this paper, we assume that + contains £ linearly independent hyper-
planes, hence n > £, and that A is " -nonresonant. We consider only codimension
one degenerations of combinatorial types and refer to these as simply degenerations.
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Theorem. Let 7' be a degeneration of T, and let A be a collection of generic T -
nonresonant weights for the rank one local system L. Then the Gauss—Manin endo-
morphism Q. (T, T) is diagonalizable. The spectrum of Q.(7', T') is contained in
the set {0, s}, where Lg = ZjeS Aj for some S C {1,...,n+1}.

The set S is part of a pair (S, r), called the principal dependence of the degener-
ation 7’ of 7, see Theorem 3.2. It follows from our results in Sections 2, 4, and 5
that weights A which satisfy As # 0 are sufficiently generic. Our results also yield
an algorithm for determining the multiplicities of the eigenvalues, see Remark 5.3.

Let ¢ denote the combinatorial type of a general position arrangement of n hyper-
planes in C¢. The cohomology of the complement of an arrangement of type G is the
rank ¢ truncation, A®(4), of the exterior algebra on n generators ¢;, j € [n], where
[7] = {1,...,n}, corresponding to the hyperplanes. The Orlik—Solomon algebra
A®(A) =~ H*(M(A); C) is generated by one dimensional classes a;, j € [n]. Itis
the quotient of A®(4) by a homogeneous ideal, /°®(+4), hence it is a finite dimensional
graded C-algebra [11]. It is known that A®(+A) depends only on the combinatorial
type 7 of 4 so we may write A®(7).

Weights A yield an element a) = Z;’Zl Ajaj in Al(7), and multiplication by
ay gives A®(T) the structure of a cochain complex. The resulting cohomology
H*(T) = H*(A*(7), ay) is acombinatorial analog of H*(M (4); L£). If the weights
are 7 -nonresonant, then H®(M(A); L) =~ H*(A*(T), ax) and the only (possibly)
nonzero group H¢(7") has the Bnbc basis of Falk and Terao [7]. This basis provides
an explicit surjection t: H ‘f(g) — HY(T). Our results in [4] yield a commutative
diagram of endomorphisms for each degeneration 7' of 7:

HY§) —— H'(T)
?mr,wl J/QA(T’,T) (1.2)

HY§) —— H“(T)

The endomorphism QT T)of H £(9) is induced by an endomorphism w3 (T',T)
of A*($), see [5], (3.3), and Theorem 3.1.

Here is a brief outline of the paper. In Section 2, we recall the Aomoto complex
and the “formal Gauss—Manin connection matrices” of [5] which are essential in our
arguments. We recall the moduli space of combinatorially equivalent arrangements
in Section 3 and identify the principal dependence (S, r) of the degeneration 7’
of 7. Using the principal dependence, we construct a realizable type 7 (S, ) and an
endomorphism 2, (S, ) of H ﬁ(g). In Section 4, we determine the eigenstructure of
the endomorphism €2 (S, r). In Section 5, we show that ﬁl (77, 7) may be replaced
by Q1.(S, r) in (1.2) and thereby determine the eigenstructure of 2, (7, 7). We
conclude with several examples to illustrate the main result.
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2. General position

In this section, we record a number of constructions in the Orlik—Solomon complex
of a general position arrangement which will be used subsequently.

Let § = 4% be the combinatorial type of a general position arrangement of n
hyperplanes in C¢, where n > ¢. The Orlik-Solomon algebra A®(4) is the rank ¢
truncation of an exterior algebra on n generators. Let T = {iy,...,i;} C [n]. If
order matters, we call T a g-tuple and write T = (i1, ..., i4) and e7 = ¢;, IR
The algebra A®(4) is generated (as an algebra) by {e; | 1 < j < n}, and has (additive)
basis {er}, where ey = 1 if T = ¢, and T # { is an increasingly ordered tuple of
cardinality at most £.

Define amap 9: A9(§) — A971(§) by d(er) = > {_, (=D ey, where Ty =
(i1, ..., i, ooy ig)if T = (i1, ..., ig). Then d 0 d = 0, providing A®($) with the
structure of a chain complex

(A%9). ) : A% L AYG) «— - «— a9 L akg). @D

It is well known that the homology of this complex is concentrated in the top dimen-
sion, H;(A($), 9) = 0 for g # £. The dimension of the unique nontrivial homology
group is B(n, £) = dim He(A%($), ) = L_o(=D () = ("7").

Weights A = (Aq, ..., A,) € C" determine an element e;, = Z;‘Zl Ajejin Al(g,).
Since A®($) is a quotient of an exterior algebra, we have ejep = 0. Consequently,
multiplication by e) defines a cochain complex

(A*G),en): A9 DB Al — - — A9 D ANG). 2

If A # 0, it is well known that the cohomology of this complex is concentrated in
the top dimension, H7(A®(4), ex) = 0 for ¢ # ¢, and that dim H* (A%(4),ex) =
Bn, ). 5

The endomorphism wy (7, 7) of A*(§) which induces the map (7, T) :
He(g) — H@(g) of (1.2) is the specialization at A of a “formal Gauss—Manin
connection endomorphism” given in [5] and in (3.3). The latter is a linear com-
bination of endomorphisms w§ of the Aomoto complex (A% (4), ey) of , a univer-
sal complex for the cohomology H*(A®($), ex). The Aomoto complex has terms
A‘,’e(g) = A9(%) ® R, where R = C[y, ..., yy] is the polynomial ring, and the
boundary map is given by multiplication by ey = 27:1 yjej.

The endomorphisms w§ correspond to subsets S of [n + 1], the index set of the
projective closure of the general position arrangement in CP*, %00- The symmetric
group X,41 on n + 1 letters acts on A®($) by permuting the hyperplanes of G0,
and on R by permuting the variables y;, where y,41 = — ;’:1 yj. In the basis
{ej | 1 < j < n} for the Orlik—Solomon algebra, the action of 0 € X, is given by
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o(ej) =esiyifo(n+1) =n+ 1, and by

o(e) = —€o(n+1) ifo(i) =n+1,
l es(i) —Coint+1) Ho(@)#n+1,

if o(n + 1) # n + 1. Denote the induced action on the Aomoto complex by
bo: AR(§) = AR(9),

bo(eiy .. €, ® f(Y1,..., ) =0(ei)...0(,) Q f(Yo(l)s s Yomn))-

Lemma 2.1. For each 0 € X,41, the map ¢s is a cochain automorphism of the
Aomoto complex (A%($), ey).

IfT = (i1, ...,ip) C[nlisa p-tuple,then (j, T) = (j, i1, ...,ip) isthe (p+1)-

tuple which adds j with 1 < j < n to T as its first entry. For § = {s1,...,s} C
[ 4 1], let o5 denote the permutation (Sll 522 " S’j( ) Write S = T if S and T are equal
sets.

Definition 2.2. Let T be a p-tuple, S a g + 1 element subset of [n 4 1], and j € [n].
If § = So = [¢ + 11, define the endomorphism a)go: (A%(9), ey) — (A%(9), ey) by

yidegry if p=gandSo=(j,T),
“’go(eT) =y eyder ifp=g+1land Sy=T,
0 otherwise.

If S # So, define w§ = ¢, 0 @ © ¢y
One can check that this agrees with the case by case definition in [5, Def. 4.1].

Proposition 2.3 ([5, Prop. 4.2]). For every subset S of [n + 1], the map w5 is a
cochain homomorphism of the Aomoto complex (A%($), ey)).

For S =[s],1 <¢g <{¢,and 1 <r < min(g,s — 1), consider the sets "Vg(;r and
Wgo’r of elements in A%(g) given by

vg(;rz{eJeK||J|SV—I}U{77S0€J€K||J|=r_1}
and
WG = lesjex (if g = )} U{@epex | 171 = r + 1)U (nspesex | 1] = r),

where J C So, K C [2]\ So, and s = ;g yiei. Let BE = V" U W' 1f
S C[n+1]and S # S, define BE" = {¢os(v) | v € gsgf(;’}. Define V¢ and Wl
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analogously. Given weights A = (A1, ..., A,), let BL X)) = {vly,51, | v € 8L}
denote the specialization of JBg’r at A, a sets of vectors in A9(4). Define "Vg’r(k)
and "W;”(k) analogously. We will abuse notation and write ng = ) ;¢ A;e; when
working in the Orlik—Solomon algebra. Note that dns = Ag = ) ; es M

Lemma 2.4. [f As # O, the set of vectors £§’r(k) spans the vector space A1($).

Proof. Tt suffices to consider the case S = Sp.

First, we show that the set {de;y | |J| = r + 1} U {nsey | |J| = r — 1} spans
A" (43), where 43 is a general position arrangement of s hyperplanes (indexed by S)
in C°. For this arrangement, both the chain complex (A®($}), ) of (2.1) and the
cochain complex (A*(43), ex) = (A®(43), ns) of (2.2) are acyclic, and

dimim[9: Ar+1(9§) — A"(§)]1=B(s,r) = <s : 1>’

dimim{ns: A" (§3) — A"(§)] = (j) — Bls.r) = (j B 1)
Note that dim A”(§$) = () = (") + (21).

Suppose x € span{dey | |J| = r + 1} N span{nsey | |J| = r — 1}. Then
dx = 0,and x = ngy forsome y € A’_l(%). Sodx = d(nsy) = Asy —nsdy = 0.
Since As # 0, we can write y = c¢nsdy, where ¢ = 1/Ag. But this implies that
x = nsy = 0. Consequently, {de; | |J| =r + 1} U {nses | |J| = r — 1} spans
AT(G9)-

Using this, a straightforward exercise shows that the set of vectors £z’r(l) spans
the vector space A7(§) = A"(%). O

3. Principal dependence

Let 7 be the combinatorial type of the arrangement A of n hyperplanes in C* with
n > £ > 1. We consider the family of all arrangements of type 7. Recall that 4 is
ordered by the subscripts of its hyperplanes and we assume that +, and hence every
arrangement of type 7, contains £ linearly independent hyperplanes.

Choose coordinates # = (uy, . .., ug) on Ct. The hyperplanes of an arrangement
of type 7 are defined by linear polynomials o; = b; o + Zle bijuj i=1,...,n).
We embed the arrangement in projective space and add the hyperplane at infinity as
last in the ordering, H,;. The moduli space of all arrangements of type 7 may be
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viewed as the set of matrices

bio b1y - big
bro ba1 - bog
b= : : : @3.1)
bn,O bn,l te bn,@
1 0 ... 0

whose rows are elements of CP¢, and whose (£ + 1) x (£ + 1) minors satisfy certain
dependency conditions, see [12, Prop. 9.2.2].

Given S C [n + 1], let Ng(7) = Ng(b) denote the submatrix of (3.1) with
rows specified by S. Let rank Ng(7) be the size of the largest minor with nonzero
determinant. Define the multiplicity of S in 7 by

mg(7) = |S| —rank Ng(7). (3.2)

Call S dependent (in type 7) if mg(7) > 0. For such §, the linear polynomials
{aj | j € S}are dependent. Forg < n+1, let Dep(7), denote the dependent sets of
cardinality ¢, and let Dep(7") = o Dep(T)g. If T’ is acombinatorial type for which
Dep(7) C Dep(7), let Dep(7/, 7) = Dep(7') \ Dep(7). Terao [15] showed that
the combinatorial type 7 is determined by Dep(7 ).+ 1, but dependent sets of both
smaller and larger cardinality arise in our considerations, see Example 3.4.
Let
Dep(T); = {S € Dep(T)y | Njes Hj # 9}

and let Dep(7)* = U Dep(7)y. If S € Dep(7)*, then codim (ﬂjes ) < |S].
If 7 isa combmatorlal type for which Dep(7)* C Dep(7/)*, let Dep(7/, T)* =
Dep(77)*\ Dep(7)*. If | S| > £+ 2, then S € Dep(7) but § € Dep(7)* if and only
if every subset of S of cardinality £ 4 1 is dependent. It is convenient to work with
these smaller collections of dependent sets.

Define endomorphisms of A% (4) by
o' (M) = Y mg(T)oy and T . T)= >  msg(T) s (3.3)
SeDep(T) SeDep(T7,T)

These are cochain homomorphisms of the Aomoto complex by Proposition 2.3. Since
Dep(’J‘)Z = Dep(7)4 forg < £ + 1, we have

o*(T)= > ms(T)-0y and (T . T)= >  msg(T)- o}
SeDep(T)* SeDep(T7/,7)*
(3.4)

Theorem 3.1 ([5]) The endomorphism SNZX(T’ T) is induced by the specialization
(T, T) = (T, 7 T)y;es2; of the endomorphism (7', T).
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Denote the cardinality of S by s = |S|. For 1 <r < min(¢, s — 1), consider the
combinatorial type 7 (S, r) defined by

T € Dep(T(S,r))* < ITNS|>r+1.

This type is realized by a pencil of hyperplanes indexed by S with a common subspace
of codimension r, together with n — s hyperplanes in general position. Note that for
r = 1 the hyperplanes in S coincide, so 7 (S, r) is a multi-arrangement.

Theorem 3.2. Let T’ be a degeneration of a realizable combinatorial type T . For
each set S; € Dep(T', T)*, let r; be minimal so that Dep(T (S;, r;))* C Dep(T')*.
Given the collection {(S;, r;i)}, there is a unique pair (S, r) withr = min{r;}, S; C S
for every pair (S;, r;) where r; = r, and Dep(T (S, r))* C Dep(T')*.

Proof. Terao [15] classified the three codimension one degeneration types in the
moduli space of an arrangement whose only dependent set is the minimally dependent
set T of size g + 1.

I |SNT| <qg—1forall S € Dep(7’, T)*;
Il: {(m,Ty) | m & T} foreachfixedk, 1 <k <|T|;
II: {(m,Ty) |1 <k <|T|}foreach fixedm ¢ T.

If ¢ = 1, then Type II does not appear. Recall that T = (iy, ..., [T ig+1) if
T = (i1, ..., ig+1), and note that m € [n + 1] in cases II and III above.

It follows from our analysis of the corresponding types in general [5] that if a
Type II degeneration is present, then the value of r decreases and there is a unique set
of maximal cardinality with minimal . In the other types, r remains constant, but a
unique dependent set of 7~ increases in 7. O

Definition 3.3. Let 7’ be a degeneration of 7. We call the pair (S, r) which satisfies
the conditions of Theorem 3.2 the principal dependence of the degeneration.

Example 3.4. Let 7 be the combinatorial type of the arrangement o4 of 4 lines in C>
depicted in Figure 1. Here Dep(7)* = {123}.

1 2 3 1 2 3 4 12 3 1 2 3
4
4 4
A Al a"ez AS

Figure 1. A line arrangement and three degenerations.
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The combinatorial types 7; of the (multi)-arrangements +; shown in Figure 1
are degenerations of 7. For these degenerations, the collections {(S;, 7;)} and corre-
sponding principal dependencies (S, r) are given in the table below.

| {GSi. ) | (5.7)
71 || (345,2) (345,2)
75 || (12, 1), (124, 2), (125, 2) (12, 1)
75 || (124,2), (134,2), (234, 2), (1234,2) | (1234,2)

For the combinatorial type 7 (S, r), write w*(S,r) = o*(T(S,r)), see (3.4).
In Theorem 5.1 below, we show that the Gauss—Manin endomorphism 2; (7, 7°)
of (1.1) is induced by the specialization of ' (S, r) at T-nonresonant weights A,
a)f(S , ). First, we solve the eigenvalue problem for the latter endomorphism.

4. Diagonalization

The purpose of this section is to solve the eigenvalue problem for a)g (S, r), the
endomorphism of the Orlik—Solomon algebra obtained by specializing 9 (S, r) at
generic weights A = (A1, ..., A,). This allows calculation of the eigenstructure of
the induced endomorphism in cohomology, €2, (S, ), which is related to the Gauss—
Manin endomorphism in Theorem 5.1. First, we establish several technical results
concerning the endomorphism w?(S, r) of the Aomoto complex itself. Recall that
these endomorphisms are given explicitly by

W*(S,r)= Y mg(S,r)- ok,
K eDep(7(S,r))*

where mg (S, r) is the multiplicity of K in type 7 (S, r), see (3.2), and w% is given
in Definition 2.2. It follows from Proposition 2.3 that w®(S, r) is a chain map. Note
that w?(S,r) =0forqg < r.
Given (S, ), define
\Dg’r = Z o1(T, r).

TCS
|T|=r+1

Note that W5, = o"(S,r). For ¢ > r, the endomorphisms w?(S, r) satisfy the
following recursion.

Lemma 4.1. For g > r, we have

s—r—1

r+k—1
vl = Z( L >aﬂ(s,r+k).

k=0
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Proof. If T C [n]satisfies |T| = r+1,thenDep(7 (T, r))* ={K | K 2 T}, anditis
readily checked that mg (T, r) = 1 for each such K. Hence, w?(T, r) = Z,QT a)‘II(,

and we have

q _ q _ q

Vi, =) dek= ), @
TcS KDT [KNS|>r+1
|T|=r+1
_ q r+py ¢; . :
If [K N S| =r + p, then wy occurs (r+1) times in this sum, so
r+p
q _ q _ q
= ¥ =2 ¥ (1)
|[KNS|=r+1 p=1|KNS|=r+p

If K € Dep(7(S, j)* then |K N S| > j + 1,and mg (S, j) = |K N S| —j. It
follows that @ (S, j) = Y gns)j+1(K N S| = j)wk. Hence,

s—r—1

s—r—1
3 <r+i_l>a)q(S,r+k)= DS <F+Z_1>(i—k)w§(.

k=0 k=0 i>k+1|KNS|=r+i

Rewriting this last sum, we obtain

s—r—1 _ p—1 .
Z(”i 1)aﬂ(S,r+k)=Z ) Z(”j 1)@_,-)@;@.

k=0 p>1|KNS|=r+p j=0

A straightforward inductive argument shows that ijz_ol (" +-J’:_1)( p—Jj) = (rri’l’ ),
which completes the proof.

Given S, recall that ng = ) ;g vie; and ys = Y ;g yi = 97s.
Lemma 4.2. Let J C Sand L C [n]\ S. Then

0 iflI <r—1,
("TP)ysesex — (77 ns@epex if1J1=r + p, where p = 0.

r r—1

W (esex) = {

Proof. Given (J, L), it follows from Definition 2.2 that w‘}( (ejer) # 0 only for the
following K:

(J,L), (U Ln+1), (J,Le,n+1),

4.1
@, J,L), (J,L.n+1, G J,Lin+1), @G J,Li,n+1), @D

wherei ¢ (J, L).

If|J] <r—1,then |K NS| < r foreach of the above K,so 7T ¢ K forall T C S
with |T'| = r+1. It follows that w? (T, r)(eyer) = 0 for each such T'. Consequently,
\yg{r(e,eL) =0.
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Let T C S be a subset of cardinality r + 1, and note that ¥ =", %, so

‘llg’r = rcs \I-'%r, where the sum is over all 7 C § with |T| = r + 1. Given such
aT,if |T NJ| <r — 1, then none of the sets K recorded in (4.1) contains 7. It
follows that WY (ejer) =0if [T NJ| <r—1.

Suppose |J| =r. If |[JNT|=r,thenT = (i, J) forsomei € S\ J, and

q—r
Wi (eser) = winy(eser) + Y o1 Lt (eser)
k=1
q—r
= yid(eieser) + »_ (=) Hyieieser,
k=1

= yiejer — yie;d(eger) + (—1) yiejejder = yiejer — yiei(dey)er.

Therefore, using the identity y;e; = njdey;, we have

Wi (ejer) =Y Wi (eser) = Y (vieser — yiei(des)er)
TCS ieS\J

= (ys —ysegjer — (ns —ny)(0ey)er = ysejer, — ns(dey)ey.

Now, assume that |J| = r+ p forsome p > 1. Asabove, we have \IJ? L(ejer) =0
if | TNJ|#rr+1.If|TNJ|=r+1,then T C J and all of the sets K of (4.1)
contain 7'. In this instance, \If%r(e Jjer) = Y(ejer), where

q
V¥ =wu,L) +ou.La+1) + Z(w((J,L)k,n-i-l) + Z w(i,(l,L)k,n-‘rl))-
k=1 i¢(J.L)

Writing J = (T, J'), a calculation reveals that \I,7q-’r(€_]€L) = Y(ejer) = yreyjer.

f|TNJ|=r,then T\TNJ = {t} forsome ¢ € S\ J. For such T, of the
sets K from (4.1), only (¢, J, L), (¢, Jx, L,n+ 1) for jp ¢ T,and (¢, J, Ly, n + 1)
contain 7. This observation, and a calculation, yields

q=r=p
w7 (eser) = (w(z,J,L) + ) oenLatnyt Y w(z,J,Lk,n+1)>(€JeL)
g T k=1
r+p
= (w(z,J,L) + Zw(t,(J,L)k,n+1) - Z (g Lt (€jer)
k=1 jkET

k—1
=yieser — Y (=) yieieper.
jkeT
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Summing over all 7 C § with |T N J| = r, we obtain

> Wi (eser)
ITNJ |=r
,

= Z Z (y,ejeL—Z(—l)“f_ly,e,e,aieL)

teS\J ACir+p) i=1
|Al=r

r+p

r+p w1 fr+p—1
= — —~ ~1
( - )(ys yneseL = Yy Y (=1 ( p_1 Jyeener
1eS\J k=1
r+p r+p-—1
= ( )(ys —yneseL — Y ( )y,e,@ej)eL
r r—1
res\J
r+p r+p-—1 r+p-—1
=\, )ysese— - yrereL =\~ ns(dey)er.

Recall that \Il%r(ejeL) = yreyer for T C J. Summing over all T C J, we obtain

—1
Yorcy llf%r(eJeL) = (r+f )yseser. Therefore,

W (eser) = (Z ly%r)(ejeL) = (Z i+ Z ‘Ij%r)(ejeL)

TcS |T|=r |T|=r+1
r+p r+p—1
= ysejer — ns(dey)er
r r—1
if |[J|=r+p. g
LetA = (Aq, ..., A;) be acollection of weights, and consider the endomorphism

wi (S,r): A1(§) — A9($) of the Orlik—Solomon algebra obtained by specializing
w?(S,r) at . Given S, we abuse notation and write ng = cs Aiei. Recall the
spanning set B () = V&' (X) U Wi (1) of A9(§) from Lemma 2.4.

Theorem 4.3. Let A be a collection of weights satisfying s 7% 0. Then the special-
ization, a)z (S, r), of 1(S, r) at A is diagonalizable, with eigenvalues 0 and \g.
1. The 0-eigenspace is spanned by the set of vectors Vg’r (A) and has dimension

1 ([ o B W [

2. The Lg-eigenspace is spanned by the set of vectors ”Wg’r(k) and has dimension

min(g,s)

0 YV A [ (9

p=r+1
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Proof. By Lemma 2.4, the set of vectors £g’r(l) = Vg’r(k) U Wg’r(l) spans the
vector space Aq(gﬁ). So to establish this result, it suffices to show that these vec-
tors are eigenvectors of the endomorphism a)z (S, r), and that the dimensions of the
eigenspaces are as asserted. We will prove this by induction on g — r.

For ease of notation, we will suppress dependence on A in the proof, and, for in-
stance, write simply w? (S, r) = a)z (S, r)and \llzﬁr = \Ifg’r lyj>n;- Using Lemma 2.1,
it suffices to consider the case S C [n]. Let J C §, K C [n]\ S, and recall that

VI =A{ejex | |Vl <r —1}U{nsejex | |J| =r —1}
and

WE" = {esex (if g > 5)} U{(dep)ex | 1| =1+ 1} U {nsesex | |J] = r}.
Inthe case g —r = 0, wehave V" = {ejex | |J| < r—1}U{nse; | |J| =r—1},

'Wg’r ={dey | |J|=r+1},and 0" (S, 7r) = \Ifgyr. By Lemma 4.2, if [J| <r — 1,
then \Ijg’r(e‘]EK) = 0. If |J| =r — 1, then, using Lemma 4.2 again, we have

W5 (nser) =Y AW (eies) = Y hilhseie; — nsd(eies))
ieS ieS
= Asnses — Y hins(es — ejde;)
ieS
= Asnsey — Asnsey + nsnsdey = 0.
Thus, every element of E”(0) = span V" is a 0-eigenvector of o’ (S, r). A straight-

forward exercise reveals that dim E"(0) = Y ;o (})("2}) — (Sjl). If|J]=r+1,
then, using Lemma 4.2 again,

r+1 r+1
W, (Bey) =Y (=D (eg) =D (=D (hsey, — nsdey)
k=1 k=1

= Agdej — 7753261 = Agdey.

Thus, every element of E”(Ls) = span ”Wg’r is a Ag-eigenvector of w" (S, r). Note
that dim E" (Ag) = (Sjl). Since dim E" (0) + dim E" (Ag) = dim A’(g,f;), the above
calculations establish Theorem 4.3 in the case ¢ — r = 0.

If ¢ — r > 1, then by induction, for each k > 1, w9(S, r + k) is diagonalizable,

with eigenvalues 0 and Ag, and corresponding eigenspaces E’tK(0) = span "V§+k !

and E"tK(15) = span "W§+k ", In the determination of the eigenstructure of w9 (S, r),
we will use the recursion provided by Lemma 4.1 in the following form:

s—r—1

(S, =l — Y (r - ]Iz - l)a)q(S, r+ k). 4.2)

k=1
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First, consider the 0-eigenspace of the endomorphism w?(S, r). If |J| <r — 1,
then by (4.2), Lemma 4.2, and induction, we have

s—r—1

w1(S,r)(ejex) = ‘-Ifgm(ejel() - Z <r +]]z_ 1)a)q(S, r+k)ejex) =0.
k=1

If|J] =r —1, then (S, r + k)(nsejex) = 0 for k > 1 by Lemma 4.2. Using
(4.2) and Lemma 4.2, we have

S k-1
o (S.r)(nsesex) = Wi (nsejex) — Y ( §

>w" (S,r +k)(nseyexg)
k=1

=i (1sesex) =y Wi (eiesex)
ieS
= [rirseiesex — hinsd(eies)ex ]
i€eS
= Asnsesex — Y _ hinsesex + Y hinsei(de;)ek
ieS ieS

= Asnsejex — Asnsejex + nsns(dey)egx = 0.

Next, consider the Ag-eigenspace. If ¢ > s, we must show that egeg is an
eigenvector of w?(S, r) corresponding to the eigenvalue Ag for each K C [n]\ §
with |K| = g — s. By induction, we have w?(S, r + k)(esegx) = Asesex for each
k > 1. By Lemma 4.2, we have \P‘S]’r(eseK) = (i)ASeSeK - (i:i)nsaegeK. Since

nsdes = Ases, we have \I/g’r(eseK) = (S:l)ASeSeK. Hence, by (4.2), we have

s—r—1

r+k—1
(S, r)(esex) = Wi (esex) — » ( L )aﬂ(s,r+k)<ese1<>
k=1
s—1 S k-1
:( . )xsese,(— Z ( K )Xsesekz?xsesem

k=1
using the binomial identities
X”:(N+k>_<N+p+1>_<N+p+1> 43)
—\ k N p U N+1 ) '

withN=r—landp=s—71r—1.
If |J] = r + 1, we must show that w?(S,r)(dejex) = Asdejex. Suppose
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|J| =7+ p+ 1forsome p > 0. Then, by Lemma 4.2, we have

r+p+1

> =D (esex)
i=1

r+p+1
. r+p r+p-— 1
> =it [( )Ksejiel( - ( )ﬂs(aej,-)eKi|
P r r—1
r+p r+p—1
( ) )As(ameK - ( o )ns(3261)61<

1
r+
- ( ) p))»s(ae])eK.

By induction, we have

W, (desex)

Ks(aej)eK ifl <k< D,
(S, r+k)((d =
(S, 7+ ) ((9e))ex) {O otk es 1

So using the recursion (4.2) and the identities (4.3), we obtain

< k—1
(S, r)((0ey)ek) = (r —ir_ p>)‘5(3‘31)‘31< - Z (r ! k

k=1

)}»S(BEJ)EK

= As(dey)ek.

If |J| = r, we must show that w?(S, r)(nsejex) = Asnsejeg. Suppose |J| =
r 4+ p for some p > 0. Then, by Lemma 4.2, we have

Wi (sesex) =Y 1V (eiesex)

i€eS
r+p+1 r+
=) i [( b )KseieJeK - < p)ﬂSa(eieJ)eK:|
‘ r r—1
ie§
r+p+1 r+p
= ( ))»snsejeK - ( > hins(es — eides)ek
r r—1

ieS

r+p+1 r+p r+p
= - Asnsejex + nsns(dey)eg
r r—1 r—1
r+p
= - Asnsejex.

By induction, we have

Asnsegjex if1 <k <p,

1S, r+k =
@1 (S.r +)nsesex) {o ifp+l<k<s—r—1.
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So using the recursion (4.2) and the identities (4.3), we obtain w?(S, r)(nsejex) =
Asnsejeg as above.

Thus the vectors in the sets "Vg’r(k) and Wg’r(l) are eigenvectors of w?(S, r)
corresponding to the eigenvalues O and Ag as asserted. Since these vectors span
A4(4%) by Lemma 2.4, it remains to compute the dimensions of the eigenspaces
E?(0) = span 'V;”r and E9(Ls) = span "Wg’r corresponding to these eigenvalues.

If |J] = pand |J| 4+ |K| = ¢, then span{ejex | J C S, K C [n]\ S} has

If|J|=p+1land|J|— 1+ |K| = g, then span{(dej)ex | J C S, K C [n]\ S}
has dimension

dimim[9: AP*!(gS) > AP(g)] - <n _S) - (s ) l>(n . s)'
q-p p /NP

If|Jl=p—1land|J|+ 14 |K| = gq,thenspan{nsejex | J C S, K C [n]\ S} has
dimension

dimker[ns: AP(GS) — APF1(GS)]- <n —s) _ [(s) - (s = 1)} <n —S),
q-p P p/lNa—p

Using these calculations, it is readily checked that

= £()(22)-(5)(25)

and
min(g,s) s n—s s—1\/n—s
ameros = 32 ()G 2)+ ()6 0)
yoi \P/\a—p roJ\qg—r

The fact that dim £9(0) + dim E9(Lg) = dim A9 (92) = ( ) may be checked using
the binomial identities

U1 1 ) G0 N e My

withm =s, N =n—s,andk =¢ginthecaseq < s,andm = s, N =n — s, and
k=n—s—gqginthecaseq > s. O
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If n = £ and A # 0, the complex (A®($), ex) is acyclic. So assume that n > £.
Then, for A # 0, the cohomology of this complex is concentrated in dimension £, and
dim H%(§) = (”zl). Let p = pg: AY(§) — H'(9) denote the projection. Since
w; (S, r) is a chain map, the kernel of this projection, ker(p) C At (9), is an invariant
subspace for wf (S, r).

Lemmad4.4. Let T: V — V be an endomorphism of a finite dimensional (complex)
vector space, and V' an invariant subspace. If T is diagonalizable, then the in-
duced endomorphism T" on the quotient V"' = V / V' is also diagonalizable, and the
spectrum of T" is contained in the spectrum of T.

Proof. Let T’ denote the restriction of T to V', and letw : V — V" be the projection.
The vector space V admits a basis B = {vy, ..., g, Vktl, ..., Uy} for which B’ =
{v1, ..., vg} is a basis for the subspace V' and B” = {7 (viy1), ..., 7w (v,)} is a basis
for the quotient V”. The matrix of T relative to the basis B is

A x
A= (o A”)’

where A’ is the matrix of T’ relative to 8’ and A” is the matrix of the induced
endomorphism 7" relative to B”.

Let rq, ..., ry, be the distinct eigenvalues of T. Since T is diagonalizable, the
minimal polynomial p of T factors as p(t) = (t —r1) ... (t —ry). The polynomial p
annihilates the matrix A of 7', p(A) = 0. Using the block decomposition of A above,
it follows that p also annihilates the matrix A” of T”, p(A”) = 0. Consequently, the
minimal polynomial p” of 7" divides p. Hence, p" is of the form (t —r;)) ... (t —ry;),
T" is diagonalizable, and the eigenvalues of T” are among the eigenvaluesof 7. O

For an arrangement + of arbitrary combinatorial type 7, and 7 -nonresonant
weights A, we recall the Bnbc basis of [7] for the single nonvanishing cohomology
group HY(7) = H(M; £). Recall that the hyperplanes of A4 = {H i }7:1 are ordered.
A circuit is an inclusion-minimal dependent set of hyperplanes in +4, and a broken
circuit is a set T for which there exists H < min(7") so that 7 U {H} is a circuit.
A frame is a maximal independent set, and an nbc frame is a frame which contains
no broken circuit. Since + contains £ linearly independent hyperplanes, every frame
has cardinality €. The set of nbc frames is a basis for AY(T). An nbc frame B =
(Hj,, ..., Hj,) is a Bnbc frame provided that for each k, 1 < k < £, there exists
H € A such that H < Hj, and (B \ {H;}) U {H} is a frame. Note that these
constructions depend only on the combinatorial type 7 of +, and let Bnbc(77) be the

set of all fnbc frames of an arrangement of type 7.

Definition 4.5. Given B = (Hj,, ..., H;,) in fnbc(7), define £(B) € AY(T) by
&(B) = /\ﬁ)zlax(Xp), where X, = ﬂizp Hj, and a,(X) = ZXgH,- A;ja;. Denote
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the cohomology class of £(B) in HYT) = HY(A*(T), ay) by the same symbol. The
set {£(B) | B € Bnbc(T)} is the Snbe basis for HYT).

Theorem 4.6. Let S C [n + 1] be a subset of cardinality s, and fix r, 1 < r <
min(¢, s — 1). For §-nonresonant weights A satisfying ,s # 0, the endomorphism
Qu(S,r)of H* (9) induced by wf (S, r) is diagonalizable, with eigenvalues 0 and A .
The dimension of the \s-eigenspace is

minds) s\[n—s—1 s—1\/n—s—1

> o + o)
p=r+1 p p r r
and the dimension of the 0-eigenspace is
i(s)(n—s—l)_(s—l)(n—s—l)
o p L—0p r L—r

Proof. By Theorem 4.3 and Lemma 4.4, the endomorphism €2 (S, r) is diagonaliz-
able, with spectrum contained in {0, As}.

LetI ={I = (i1,...,ip) |1 <ii<ip<---<ipg<n}. Then{e; | I € I}is
the nbc basis of A‘(g) and {§; = A;, ... Aj,er | [ € I,1 ¢ I} is the Bnbc basis of
H*(4). The projection p: A*(§) — H'(4) is given by

iy -2 " LE ifl1¢1,

pler) = {—(Ml ---)w'z)_l Zj¢1 &gy iflel.

Using Lemma 2.1, we can assume that S C [2, n]. As powf(S, r) = Qx(S,r)op,
if v is an eigenvector of wf(S, r) and p(v) # 0, then p(v) is an eigenvector of
Q) (S,r). Let J C Sand K C [2,n]\ S. Note that 1 ¢ K. Then one can check that
the 0-eigenspace of 2, (S, r) is spanned by

{plejeg) | Il =r — 1} U{p(msesex) | V| =r — 1},
that the A g-eigenspace of €23 (S, r) is spanned by
{plesex) |if € = s} U{p(@epek) | [J| = r+ 1} U{pnsesex) | [J| = r},
and that the dimensions of these eigenspaces are as asserted. O

Example 4.7. Letn =5,¢ =2, S = {3, 4,5}, and r = 1. By Theorem 4.6, for §-
nonresonant weights satisfying A5 # 0, the endomorphism 2 (S, ) of H*(§) ~ C®
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is diagonalizable, the Ag-eigenspace is 5-dimensional, and the 0-eigenspace is 1-
dimensional (note that (5 ) = 0if p < ¢). Calculating as in the proof of Theorem 4.6,
we find that the A g-eigenspace has basis

p(A2A3A5(0e35)er) = Asér 3 — A3y s, p(—A3nz4s5e3) =&34+ &35,
p(A2rgAs5(0es5)er) = As&ra — Aaba s, p(Asn345e5) =835+ 845,
p(A3rghsoes 45) = Asé3 4 — Aaé3 5 + Azéa s,

and the 0-eigenspace has basis p(A1r2e12) =23+ 524+ &235.

5. Nonresonant eigenvalues

In this section, we prove that the Gauss—Manin endomorphism €2 (7', 7) of (1.1)
is diagonalizable and determine its eigenvalues. We accomplish this by showing that
the endomorphism £, (7', 7) in the commutative diagram (1.2) may be replaced by
the endomorphism €2, (S, r), whose eigenstructure was computed in Theorem 4.6.
For an arbitrary type 7, let 1*(7") be the corresponding Orlik—Solomon ideal, so
that A*(7) >~ A®*(%)/1°(7). The natural projection of A®*($) onto A*(J") is a chain
map 1: (A®($), ex) — (A*(T), ax) which, for T -nonresonant weights A, induces
the projection 7: H¢(§) — H'(7) upon passage to cohomology. If Pyt AYG) —
He(g) and p : AYT) > HY(T) are the projections, then t o Py = Py OT.

Theorem 5.1. If 7' is a degeneration of T with principal dependence (S, r), then
(T, T)ot =1 0Q0(S,r). In other words, the following diagram commutes:

HY(§) — HY(T)
QA(S,r)l iQX(T’,T)

HY(§) ——= HY(T)

Proof. As noted in the introduction, the Gauss—-Manin endomorphism Qu(T',T) of
HY(T) is induced by the endomorphism (77, 7) of Hf(g), see [4, Thm. 7.3]
and (1.2). In turn, 521(7/ , 7) is the map in cohomology induced by the cochain
endomorphism a)i(‘f/ , 7) of the complex (A®($), ex), see Theorem 3.1. The map
a);(T/ , 7) also induces a cochain endomorphism 5);(7’ ,T)of (A*(7), ay), and the
Gauss—Manin endomorphism 2, (7/, 7) may be realized as the map in cohomol-
ogy induced by the latter, see [5, Thm. 7.1]. In summary, we have the following
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commutative diagram.

AY(9) AYT)
Py
N
T
oy (T7) HY(§) HYT) (5.1)
(T, T) l&)ﬁ(?/’?)
AY(9) T AYT) 0(T.T)
Py
k
H'() z HY(T)

To establish the theorem, it suffices to show that the endomorphisms w3 (7 ', 7) and
wy (S, r) of A*(4) induce the same endomorphism of A®(77).

The Orlik—Solomon ideal 7°(7") gives rise to a subcomplex Ig(7) = I*(T)® R
of the Aomoto complex A% (4), with quotient A% (77), the Aomoto complex of type 7.
Since w;('T/ , 7)) and w;y (S, r) are specializations at A of the corresponding endo-
morphims of the Aomoto complex A%(4), it is enough to show that »* (7, 7°) and
w*(S, r) induce the same endomorphism of A% (7).

By Theorem 3.2, there are dependence pairs (S;, i), | <i <k, suchthatDep(7)*
contains Dep(7 (S;, r;))* and Dep(7')* = Uf:o Dep(T (S;, ri))*, where (So, ro) =
(S, r) is the pair of principal dependence. It follows that there are constants ¢; so that
0 (T') = 0*(S,r) + i ci - 0*(Si, ri).

If Dep(T(S;, r;))* C Dep(7)*, it follows from Theorem 4.3 that the image of
@*(Si,ri): A%($) — A%($) is contained in /(7). Consequently, the endomor-
phisms @*(7") and ®*(S, r) of the Aomoto complex A% (7") induced by w*(7’) and
w*(S, r) are equal.

Finally, 0*(7') = 0®*(7', T) + 0*(T7), see (3.3). It follows from the definitions
that the image of @*(7") is also contained in /(7). Hence, the endomorphisms
@*(T") and @*(T', T) of A%(7) induced by *(7') and w*(7', ) areequal. O

Theorem 4.6 and Theorem 5.1 yield the result stated in the introduction.

Theorem 5.2. Let T’ be a degeneration of T with principal dependence (S, r), and A
a collection of T -nonresonant weights satisfying bs 7% 0. Then the Gauss—Manin
endomorphism Q. (7', T') is diagonalizable, with spectrum contained in {0, Ag}.

Proof. By Theorem 4.6, the endomorphism ,.(S, r) of H* (4) is diagonalizable,
with eigenvalues 0 and Ag. By Theorem 5.1, we have (7', 7)ot = 7 0 Qx(S, r).
Checking that ker(t) C H ¢ (&) is an invariant subspace for €2, (S, r), the result
follows from Lemma 4.4. O
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Remark 5.3. The Gauss—Manin endomorphism 2, (7', 7) of H £(7) is determined
by the endomorphism €2) (S, r) of H[(g,) and the projection t: H‘f(g) — HYT)
via the equality Qy (77, T) ot = 70 Qx(S, r). Together with the explicit description
of the eigenstructure of €2, (S, r) provided by Theorems 4.3 and 4.6, this yields an
algorithm for finding the (geometric) multiplicities of the eigenvalues of €2 (7', 7).

The Gauss—Manin connection V. = ) O¢ ® Q. (7', 7) on the vector bun-
dle H — B(7) with fiber H(T) corresponds to a monodromy representation
v 7 (B(T)) — AutC(HZ(T)). For a degeneration 7/ of 7, let y7 € 71(B(7))
be a simple loop in B(7") around a generic point in B(7). Then the automorphism
W (y4) is conjugate to exp(—2n 177, T)), see for instance [3, Prop. 4.1]. The-
orem 5.2 yields:

Corollary 5.4. Let T/ be adegeneration of T with principal dependence (S, r), and A
a collection of T -nonresonant weights satisfying As # 0. Then the automorphism
W (y7) is diagonalizable, with spectrum contained in {1, exp(—2mwiAg)}.

We conclude with several examples which illustrate these results.

5.5. Codimension zero. Recall that § denotes the combinatorial type of a gen-
eral position arrangement of n hyperplanes in C%, and that n > ¢. Weights A =
(A1, ..., Ay) are G-nonresonant if A; # O for each j. If n = ¢, then H*() = 0, so
we assume that n > £. Then dim H*(§) = ("Zl) The moduli space B(4) has codi-
mension zero in (CPY)", and consists of all matrices b for which every ({+1) x (£+1)
minor is nonzero, see (3.1). For general position arrangements, the Gauss—Manin
connection was determined by Aomoto and Kita [2]. The corresponding connection
I-formis givenby V = ) O ® Q3(T, §), where the sum is over all £ + 1 element
subsets S of [n + 1], T = 7(S, £ + 1), and O is a logarithmic 1-form on (CP*)”
with a simple pole along the divisor defined by the vanishing of the (£ 4 1) x (£ + 1)
minor of b with rows indexed by S. Theorem 4.6 gives:

Proposition 5.6. Let S be an £ 4+ 1 element subset of [n], let T =T (S,€+ 1),
and A a collection of G-nonresonant weights satisfying As # 0. Then the Gauss—
Manin endomorphism Q2(T,$) is diagonalizable, with eigenvalues 0 and Ag.
The dimension of the \g-eigenspace is 1, and the dimension of the 0-eigenspace

is (";") - 1.

5.7. Codimension one. If 7 is a combinatorial type for which the cardinality of
Dep(7)¢+1 is 1, then the moduli space B(77) is of codimension one in (CPY)". Write
Dep(7)¢+1 = {K}. As shown by Terao [15], noted in the proof of Theorem 3.2,
and illustrated in Example 3.4, the combinatorial type 7~ admits three types of de-
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generation 7' = 7 (S, r). The principal dependencies of these degenerations are as
follows.

I (S,¢),where|S|=¢+1and |SNK| <€ —1;
I: (§,£—1),where § = K, foreachp,1 <p <{+1;
II: (S, ¢), where S = (m, K), foreachm € [n 4+ 1]\ K.

For the combinatorial type 7 and 7 -nonresonant weights A, the Gauss—Manin
connection was determined by Terao [15]. The corresponding connection 1-form
is given by V. = Y O ® Q(7',T), where 7’ ranges over the three types of
degeneration of 7 noted above. In [15], Terao also found the eigenvalues of the
endomorphism 2, (7, 7) and their algebraic multiplicities. If A satisfies g # 0
for each of the principal dependence sets S recorded above, Terao’s result concerning
the eigenstructure of the endomorphism 2, (7, 7) may be strengthened as follows.

Proposition 5.8. Let T be a combinatorial type of codimension one, let T' = T (S, r)
be a degeneration of T, and A a collection of T -nonresonant weights satisfying
As # 0. Then the Gauss—Manin endomorphism (T, T) is diagonalizable, with
eigenvalues 0 and Ag.

1. If T' is a degeneration of type 1, the dimension of the Ls-eigenspace is 1, and
the dimension of the 0-eigenspace is dim HY(7) — 1 = (”zl) -2

2. If T is a degeneration of type 11, the dimension of the L.g-eigenspace isn—£—1,
and the dimension of the 0-eigenspace is ("zl) —n+L.

3. If T’ is a degeneration of type 111, the dimension of the \s-eigenspace is £, and

n—

the dimension of the 0-eigenspace is ( ¢ 1) —¢—1

Proof. By Theorem 5.2, the endomorphism 2, (77, 7) is diagonalizable, with spec-
trum contained in {0, Ag}.

Without loss, assume that Dep(7),+1 = {K}, where K = [€ 4+ 1]. Then the nbc
basis of A¢(7") consists of monomials a;, where I C [n], |I| = ¢, and I # [2,0+1].
Write F = [2, £ + 1]. The projection 7 : At 4) — AYT) is given by

ar if I #F,

w(ey) =
(er) ajoarp iflI =F.

The Snbc basis for H‘](T) consists of monomials &;, where I C [2,n], |I| = ¢, and
I # F. The projection p = p, : AYT) — HY(T) is given by

iy - hi) & ifl1¢l1,
plan) =\ =iy - 2i) "1 Y00 8k iflel,l¢K,
—Ouichiy - hi) TN Yk [MgEn + 58,05 if1 el 1=K\ {p}
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If 7/ is a degeneration of type I with principal dependence (S, £), then [SN K| <
£ —1 and we can assume that SN K C [3, £+ 1]. By Theorem 4.3, the endomorphism
wf(S ,£) of Ae(g,) is diagonalizable, with eigenvalues 0 and Ag. The O-eigenspace is
spanned by {ejer | |J| < €—1}U{nsey | |J| = £€—1},where J C Sand L C [n]\S,
and the Ag-eigenspace is spanned by degs. By Theorem 5.1, the endomorphism
Qu(T7, T) of HY(T) satisfies Q3 (7', T)opomw = pow oa)f(S, £), see (5.1). Write
S = (s1, ..., S¢+1). Calculations with the projections 7 and p yield

pom@es)=(hy, ...As,,) " 0Es,
pom(eser)= i, ... xi,) '&s€L, where I=(J,L)and 1 ¢ L,

pom(nses)=hghs, (ks - hs ) (Es, £ &), where J=(52, ..., 8p, ... 5e41).
Checking that

{06)YUEs6L | J C S I =€ -1, LC2,n]\S}U{és, &5 [2=p=t+1}

forms a basis for H¢(7"), we conclude that the dimensions of the eigenspaces are as
asserted for a degeneration of type I.

If 77 is a degeneration of type II with principal dependence (S, £ — 1), we can
assume that § = K| = [2, £ 4+ 1]. By Theorem 4.3, the endomorphism wf(S, £—1)
of A*(§) is diagonalizable, with eigenvalues 0 and As. The 0-eigenspace is spanned
by {ejer | |J| < € —2}U{nsejeq | |J| = £ —2}, where J C S, L C [n]\ S,
g ¢ S, and the Ag-eigenspace is spanned by {es} U {(des)e; | ¢ ¢ S}. Note that
the Ag-eigenspace of wf(S ,£ — 1) has dimension n — £ + 1. Note also that the Ag-
eigenvectors dex = es — e1des and ep deg are annihilated by the projection p o 7.
On the other hand, it is readily checked that

{pom((des)eq) [ £+2<q <n} (5.2)

is a linearly independent set of (n — £ — 1) Ag-eigenvectors for 2, (7', 7) in H 5.
Additionally, one can check that the set

{pom(ejer) | J CS, V| =€—-2}U{pom(nseseq) | J C[3,£+1],|J|=£€-2}
(5.3)
where L C [n]\ S and ¢ ¢ S, is a linearly independent set of O-eigenvectors for
QA(7', ) in HY(T'). Checking that the dimension of the subspace spanned by the
vectors (5.3) is dim HY(T) — (n — £ — 1), since eigenvectors associated to distinct
eigenvalues are linearly independent, the vectors (5.2) and (5.3) form a basis for
HY(7). Hence, the dimensions of the eigenspaces are as asserted for a degeneration
of type II.
If 7/ is a degeneration of type III with principal dependence (S, £), we can assume
that § = K U {q} for some g € [£ + 2,n]. By Theorem 4.3, the endomorphism
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wf(S , £) of Aﬁ(g) is diagonalizable, with eigenvalues 0 and As. The 0-eigenspace is
spanned by {ejer | |J| <€ —1}U{nse; | |J| =€ —2},where J C S, L C [n]\ S,
and the Ag-eigenspace is spanned by {de; | J C S,|J| = £ + 1}. Note that the
As-eigenspace of wﬁ(S , £) has dimension £ 4 1. Note also that the A g-eigenvector
dek is annihilated by the projection p o . Recall that F' = [2, £ + 1]. Let S, denote
the subspace of HYT) spanned by {§; | I C F U {q}}, and let p,;: HYT) — Sy
be the natural projection. For J C F, |J| = £ — 1, a calculation reveals that p; o
pom(ngejeq) = As(Az ... MHAQ)_IEJ&I. Consequently, the set {p o (ngesey) |
J C F,|J| = £—1}is alinearly independent set of £ A g-eigenvectors for 2 (7', T)
in H*(7). Check that the set {p o w(ejer) | J C Si,|J| <€ —1,L C [n] \ S}isa
linearly independent set of dim H ETy—¢ 0-eigenvectors for Q3 (7', 7) in H EQT).
It follows that the dimensions of the eigenspaces are as asserted for a degeneration
of type III. O

5.9. Further examples. We present three examples of higher codimension.

Example 5.10. Let § be the combinatorial type of the Selberg arrangement 4 in
C? with defining polynomial Q(A) = ujus(u1 — 1)(ug — 1)(u; — u2) depicted in
Figure 2. See [1], [14], [10] for detailed studies of the Gauss—Manin connections
arising in the context of Selberg arrangements.

1 2 5 1 2
4
3 345
A A

Figure 2. A Selberg arrangement and one degeneration.

Here Dep(8)* = {126, 346, 135, 245}. Weights A are §-nonresonant if
A (1<j<6), Mi+A+2Ae, Al +A3+As, Ao+ Ag + A5, A3+ A4+ Ae & Z>o.
For 4-nonresonant weights, the Snbc basis for H2(5) is {24, E2,5}, where By ; =
(A2a2 + Agas + Asas)Ajaj, see Definition 4.5. Recall that A; = Zjej Aj. The
projection map 7: H?(4) — H?(4) is given by

—824— E25 if (i, j) = (2,3),
(A2,4824 +AE25)/A2as i (0, j) = (2,4),
(AsE824 +A25825)/A245  if (0, j) = (2,9),
0 if (i, j) = (3,4),
(—AsE24 —A35825)/A135 if (G, j) = (3,9),
(—A5824 +A4825)/A245 i (i, j) = (4,5).

(&) =
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The arrangement A’ in Figure 2 represents one degeneration type 8’ of 8. Here
Dep(4’, 8)* = {34, 35, 45, 134, 145, 234, 235, 345, 356, 456}. The sets 34, 35, 45,
and 345 have r = 1, and the others r = 2. The principal dependence is (S, r),
where S = 345 and r = 1. For $-nonresonant weights with Ag # 0, Q5 (4, 8) is
diagonalizable, with spectrum contained in {0, As} by Theorem 5.2. The projection
7 annihilates the 0-eigenspace of €2, (S, r), and restricts to a surjection E(,g) —
H?(8), where E(Ls) is the As-eigenspace of ) (S, r), see Example 4.7. It follows
that Q2 (8’, 4) has eigenvalues Ag, As. Note that O is not an eigenvalue of ) (§’, §)
in this instance.

Although the eigenvalues are determined by the principal dependence (S, r), the
same principal dependence may occur for degenerations of different types. Thus the
multiplicities of the eigenvalues depend on the combinatorial types as well.

Example 5.11. Consider the arrangement A of type 7~ obtained from the arrangement
4 in Example 5.10 by rotating line 1 by a (small) angle about the triple point 135,
see Figure 3. Here, lines 1 and 2 meet in affine space, so 126 is no longer dependent.
This change implies that dim A%(7") = 7 and dim H*(7") = 3.
2 5 2
1 1

4
yﬁ 3 345

A A/

Figure 3. A line arrangement and one degeneration.

Weights A are 7 -nonresonant if
Aj(1<j<6), Ay +A3+As, Ao+ Aq+ A5, A3+ Aq + Ag € Z>o.

For 7 -nonresonant weights, the Anbc basis for H2(7") is {E2,3, E2,4, 82,5}, where
823 = A2Azaz 3 and By j = (A2ap + Agasq + Asas)Arja; for j = 4, 5. The projection
map T: Hz(g) — HX(T) is given by

E23 if (i, j) = (2,3),
(A2,4824 +A4825)/A2as if (0, j) = (2,4),
(AsB24 +A25825)/A2as5 if (i, j) = (2,5),
0 if (7, j) = (3, 4),
(AsB23 —A3B25)/A135  if (4, j) = (3,5),
(—As5824 + A4E25)/A245 if (i, j) = (4,5).

t(i,j) =
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The combinatorial type 7 has a degeneration of type 7/ similar to 4’, represented

by the arrangement A’ in Figure 3. As in Example 5.10, the principal dependence
is (S, r), where S = 345 and r = 1. For T -nonresonant weights with Ag # 0, the
spectrum of €2, (7, 77) is contained in {0, Ag}. Calculations with the projection 7
and the eigenspace decomposition of the endomorphism ; (S, ) of H%(4) given in
Example 4.7 reveal that 2, (7, 7) has eigenvalues Ag, Ag, 0.

Example 5.12. The combinatorial type 4 in Example 5.10 is a degeneration of the
type 7 in Example 5.11. The principal dependence of this degeneration is (S, r),
where S = 126 and r = 2. For 7 -nonresonant weights with Ag #~ 0, the spectrum
of (4, 7)) is contained in {0, As}. A calculation shows that the eigenvalues are
As, 0, 0. Itis interesting to note that Ag = A1 2.6 = —A3.45.
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