GAUSS-MANIN CONNECTIONS FOR ARRANGEMENTS, IV
NONRESONANT EIGENVALUES

DANIEL C. COHENT AND PETER ORLIK*

ABSTRACT. An arrangement is a finite set of hyperplanes in a finite dimensional
complex affine space. A complex rank one local system on the arrangement comple-
ment is determined by a set of complex weights for the hyperplanes. We study the
Gauss-Manin connection for the moduli space of arrangements of fixed combinato-
rial type in the cohomology of the complement with coefficients in the local system
determined by the weights. For nonresonant weights, we solve the eigenvalue prob-
lem for the endomorphisms arising in the 1-form associated to the Gauss-Manin
connection.

1. INTRODUCTION

Let A = {Hy,...,H,} be an arrangement of n ordered hyperplanes in C*, with
complement M = M(A) = C*\ U}, H;. Assume that A contains ¢ linearly inde-
pendent hyperplanes. A complex rank one local system on M is determined by a
collection of weights A = (A1,...,\,) € C". Associated to A, we have a representa-
tion p : m (M) — C*, given by 7; — exp(—2mi);) for any meridian loop 7; about the
hyperplane H; of A, and an associated local system £ on M. For weights which are
nonresonant in the sense of Schechtman, Terao, and Varchenko [13], the local system
cohomology vanishes in all but one dimension, H?(M; L) = 0 for ¢ # ¢. Parallel
translation of fibers over curves in the moduli space of all arrangements combinatori-
ally equivalent to A gives rise to a Gauss-Manin connection on the vector bundle over
this moduli space with fiber H*(M; £). This connection arises in a variety of appli-
cations, including the Aomoto-Gelfand theory of hypergeometric integrals [2], 8, 12],
and the representation theory of Lie algebras and quantum groups [14], 16]. As such,
it has been studied by a number of authors, including Aomoto [I], Schechtman and
Varchenko [14], 16], Kaneko [10], and Kanarek [9].

Denote the combinatorial type of A by 7. The moduli space of all arrangements
of type 7 is determined by the set of dependent collections of subsets of hyperplanes
in the projective closure of A in CP‘, see [I5]. Let B(7) be a smooth, connected
component of this moduli space. There is a fiber bundle p : M(7) — B(7) whose
fibers, p~*(b) = My, are complements of arrangements Ay, of type 7. Since B(7) is
connected, My, is diffeomorphic to M. The fiber bundle p : M(7) — B(7) is locally
trivial. Consequently, given a local system on the fiber, there is an associated flat
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2 D. COHEN AND P. ORLIK

vector bundle H — B(7), with fiber H(My; L) at b € B(7). For nonresonant
weights, Terao [15] showed that the Gauss-Manin connection on this vector bundle
has connection 1-form

(1.1) V=) 0700\(T,7),

where ©7 is a logarithmic 1-form on the closure of B(7") with a simple pole along the
divisor corresponding to the codimension one degeneration 7" of 7, and Qx(7",7)
is an endomorphism of H‘(M;L). For general position arrangements, this Gauss-
Manin connection was found by Aomoto and Kita [2]. Terao [I5] computed this
connection for a larger class of arrangements. In [4], we determined the “Gauss-
Manin endomorphisms” Qx(7’,7) for all arrangements. The aim of this paper is to
solve the eigenvalue problem for these endomorphisms.

Identify the hyperplanes of A with their indices. An edge of A is a nonempty inter-
section of hyperplanes in A. An edge is dense if the subarrangement of hyperplanes
containing it is irreducible: the hyperplanes cannot be partitioned into nonempty sets
so that, after a change of coordinates, hyperplanes in different sets are in different
coordinates, see [I3]. For an edge X, define \x = ZXCHj Aj. Let Ao = AUH, 41 be

the projective closure of A, the union of A and the hyperplane at infinity in CP’, see
[12]. Set A1 = — > 7, Aj. Schechtman, Terao, and Varchenko [I3], refining work of
Esnault, Schechtman, and Viehweg [6], found conditions on the weights which insure
that the local system cohomology groups vanish except in the top dimension. They
proved that if M is the complement of an arrangement A in C’ of combinatorial type
T with ¢ linearly independent hyperplanes and L is a rank one local system on M
whose weights A satisfy the condition

Ax & Z>o for every dense edge X of A,

then H1(M; L) = 0 for ¢ # ¢ and dim HY(M; L) = |x(M)]|, where x(M) is the Euler
characteristic of M. These conditions depend only on the type 7, so we call weights
satisfying them 7 -nonresonant.

Throughout this paper, we assume that A contains ¢ linearly independent hyper-
planes, hence n > ¢, and that X is 7-nonresonant. We consider only codimension
one degenerations of combinatorial types and refer to these as simply degenerations.

Theorem. Let T’ be a degeneration of T, and let X be a collection of generic T -
nonresonant weights for the rank one local system L. Then the Gauss-Manin endo-
morphism Qx(7',7T) is diagonalizable. The spectrum of Qx(7',T) is contained in
the set {0, As}, where Ag =3 ;g Aj for some S C {1,...,n+ 1}.

The set S is part of a pair (S, 1), called the principal dependence of the degeneration
T' of T, see Theorem [3.2] Tt follows from our results in Sections [2, 4 and [5] that
weights A which satisfy A\g # 0 are sufficiently generic. Our results also yield an
algorithm for determining the multiplicities of the eigenvalues, see Remark

Let G denote the combinatorial type of a general position arrangement of n hy-
perplanes in C*. The cohomology of the complement of an arrangement of type G
is the rank ¢ truncation, A®*(G), of the exterior algebra on n generators e;, j € [n],
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where [n] = {1,...,n}, corresponding to the hyperplanes. The Orlik-Solomon alge-
bra A*(A) ~ H*(M(A);C) is generated by one dimensional classes a;, j € [n]. It is
the quotient of A*(G) by a homogeneous ideal, I*(.A), hence it is a finite dimensional
graded C-algebra [I1]. It is known that A®(.A) depends only on the combinatorial
type 7 of A so we may write A*(7).

Weights A yield an element ax = 377 Aja; in AY(T), and multiplication by ax
gives A*(7) the structure of a cochain complex. The resulting cohomology H*(7) =
H*(A*(T),ay) is a combinatorial analog of H*(M(A);L). If the weights are 7-
nonresonant, then H*(M(A); L) ~ H*(A*(T),ax) and the only (possibly) nonzero
group H*(7T) has the Snbc basis of Falk and Terao [7]. This basis provides an explicit
surjection 7 : HY(G) — HY(T). Our results in [4] yield a commutative diagram of
endomorphisms for each degeneration 7’ of 7

(12) QA(T,,T) lQA(T/?T)

The endomorphism Qx(7”,7) of H*(G) is induced by an endomorphism w$(7”,7) of
AY(G), see [5], (B.3), and Theorem [3.1]

Here is a brief outline of the paper. In Section [2, we recall the Aomoto complex
and the “formal Gauss-Manin connection matrices” of [5] which are essential in our
arguments. We recall the moduli space of combinatorially equivalent arrangements
in Section (3| and identify the principal dependence (S,r) of the degeneration 7' of
7. Using the principal dependence, we construct a realizable type 7 (S,7) and an
endomorphism Qx(S,7) of H(G). In Section 4] we determine the eigenstructure of
the endomorphism Q,(S,7). In Section , we show that Qx(7”,7) may be replaced
by Qx(S,7) in (1.2) and thereby determine the eigenstructure of Qx(7"',7). We
conclude with several examples to illustrate the main result.

2. GENERAL POSITION

In this section, we record a number of constructions in the Orlik-Solomon complex
of a general position arrangement which will be used subsequently.

Let G = G’ be the combinatorial type of a general position arrangement of n
hyperplanes in C¢, where n > ¢. The Orlik-Solomon algebra A®*(G) is the rank /¢
truncation of an exterior algebra on n generators. Let T = {iy,...,i,} C [n]. If
order matters, we call T" a g-tuple and write 7' = (i1,...,4,) and er = ¢;, - - - €i,- The
algebra A®(G) is generated (as an algebra) by {e; | 1 < j < n}, and has (additive)
basis {er}, where ep = 1 if T = ), and T # () is an increasingly ordered tuple of
cardinality at most /.

Define a map 0 : A9(G) — ATYG) by d(er) = di_,(—1)" ey, where T}, =
(il,...,ﬂ,...,iq) if T = (i1,...,%5). Then 0 00 = 0, providing A*(G) with the
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structure of a chain complex

(2.1) (4°(G),0) :  A%G) L AYG) — -+ — ATY(G) £ AL(G)

It is well known that the homology of this complex is concentrated in the top dimen-
sion, H,(A(G),0) = 0 for ¢ # ¢. The dimension of the unique nontrivial homology
group is B(n, £) = dim Hy(A*(G),9) = Sp_o(=1)*(2) = ("}1).

Weights A = (Ar,...,A,) € C" determine an element ex = >7_, Aje; in AYG).
Since A*(G) is a quotient of an exterior algebra, we have exey = 0. Consequently,
multiplication by ey defines a cochain complex

(2.2) (A%(G)ex) - AYG) 2 ANG) — - — ATHG) = AY(G)

If A # 0, it is well known that the cohomology of this complex is concentrated in the
top dimension, H(A®*(G),ex) = 0 for ¢ # ¢, and that dim H‘(A*(G), ex) = B(n, {).

The endomorphism wx(7”, T) of A*(G) which induces the map Qx(7",T): HY(G) —
HY(G) of is the specialization at A of a “formal Gauss-Manin connection en-
domorphism” given in [5] and in (3.3). The latter is a linear combination of endo-
morphisms w$ of the Aomoto complex (A%(G), ey) of G, a universal complex for the
cohomology H*(A*(G),ex). The Aomoto complex has terms A%L(G) = AY(G) ® R,
where R = C[yy,...,y,| is the polynomial ring, and the boundary map is given by
multiplication by ey, = > 7, y;e;.

The endomorphisms wg correspond to subsets S of [n + 1], the index set of the
projective closure of the general position arrangement in CP’, G... The symmetric
group ¥,+1 on n + 1 letters acts on A*(G) by permuting the hyperplanes of G,
and on R by permuting the variables y;, where y,41 = — 2?21 y;. In the basis
{e; | 1 < j < n} for the Orlik-Solomon algebra, the action of o € ¥, is given by
o(e;) = s if o(n+1) =n+ 1, and by

( ) —Co(n+1) if U(Z) =n+1,
ole;) = . .
Co(i) — €o(nt1) if 0(i) #n+1,

if o(n 4+ 1) # n+ 1. Denote the induced action on the Aomoto complex by ¢, :
AR(G) — AR(9),

¢a(€i1 R 02y f(y1> S 7yn)) = 0'(61‘1) te U(eip) & f(ya(l)a R 7y0(n))-

Lemma 2.1. For each 0 € ¥,.1, the map ¢, 1s a cochain automorphism of the
Aomoto complex (A%(G), ey).

If T = (i1,...,4,) C [n] is a p-tuple, then (j,T) = (j, 41, ...,1p) is the (p+ 1)-tuple
which adds j with 1 < j < n to T as its first entry. For S = {s1,...,s,} C [n+ 1],
let o5 denote the permutation (/) 2 ). Write S =T if S and T are equal sets.

S§1 S2 -+ Sk
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Definition 2.2. Let T be a p-tuple, S a q+ 1 element subset of [n+ 1], and j € [n].
If S = Sy = [q + 1], define the endomorphism wg, : (AR(G),ey) — (A%R(G),ey) by

yi0er if p=qand Sy = (5,T),
we, (er) = { eyOer ifp=q+1and Sy =T,

0 otherwise.

If S # Sy, define wg = ¢,  owg, © —1

os
One can check that this agrees with the case by case definition in [3, Def. 4.1].

Proposition 2.3 ([5, Prop. 4.2]). For every subset S of [n + 1], the map w§ is a
cochain homomorphism of the Aomoto complex (A%(G), ey)).

For Sy = [s], 1 < ¢ < ¢, and 1 <r < min(g,s — 1), consider the sets V§" and W
of elements in A%(G) given by

Vg«’or ={ejex | |J| <r— 1}U{nSOeJeK ||J|=r—1} and
WE = {esyex (if ¢ > ) H{@eex | 1] =+ 11 Jnsoesex | [T =1},

where J C Sy, K C [n]\ So, and ng = >, .qyiei. Let BE = V& UWE'. If
S C [n+1] and S # Sy, define BY" = {¢o5(v) | v € BE '} Define V§" and Wg'
analogously. Given weights A = (A\1,..., \,), let BE"(A) = {v|y,—, | v € BE"} denote
the specialization of BE" at A, a sets of vectors in A%(G). Define V&"(A) and W™ (X)

analogously. We will abuse notation and write ng = >, ¢ Aje; when working in the
Orlik-Solomon algebra. Note that Ong = Ag = >_._¢ Ai.

Lemma 2.4. If A\g # 0, the set of vectors BE"(X) spans the vector space AY(G).

i€S

Proof. Tt suffices to consider the case S = Sj.

First, we show that the set {de; | |J| =r+ 1} U{nses | |J| = r—1} spans A"(G?),
where G is a general position arrangement of s hyperplanes (indexed by S) in C*.
For this arrangement, both the chain complex (A*(G?),d) of and the cochain

complex (A®*(G?%),ex) = (A®*(G2),ns) of are acyclic, and

dimim[9 : A™(G3) — A"(G3)] = B(s,7) = ( N 1),

r

r—1

dimimpys : 4G2) - 46 = (1) = st = (077).

Note that dim A"(G2) = (°) = (°.1) + (°7}).

Suppose = € span{de; | |J| = r+ 1} N span{nge; | |J| = r —1}. Then dz = 0,
and x = ngy for some y € A™1(G?). So dxr = d(nsy) = Asy — nsdy = 0. Since
As # 0, we can write y = cngdy, where ¢ = 1/\g. But this implies that z = ngy = 0.
Consequently, {de; | |J| =r+ 1} U{nses | |J| =r — 1} spans A"(G?).

Using this, a straightforward exercise shows that the set of vectors BE"(A) spans
the vector space A9(G) = A4(G"). O
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3. PRINCIPAL DEPENDENCE

Let 7 be the combinatorial type of the arrangement A of n hyperplanes in C* with
n > ¢ > 1. We consider the family of all arrangements of type 7. Recall that A is
ordered by the subscripts of its hyperplanes and we assume that A, and hence every
arrangement of type 7, contains ¢ linearly independent hyperplanes.

Choose coordinates u = (uy,...,us) on C’. The hyperplanes of an arrangement
of type 7 are defined by linear polynomials o; = b; o + Z§=1 bijuj (1 =1,...,n).
We embed the arrangement in projective space and add the hyperplane at infinity as
last in the ordering, H,,.1. The moduli space of all arrangements of type 7 may be
viewed as the set of matrices

51,0 bl,l T bl,Z
bz,o 52,1 T bz,z

(3.1) b=1:+ &
bno bui <o+ buye

1 0 e 0

whose rows are elements of CP*, and whose (£ + 1) x (¢ + 1) minors satisfy certain
dependency conditions, see [12, Prop. 9.2.2].

Given S C [n+1], let Ng(7) = Ng(b) denote the submatrix of with rows spec-
ified by S. Let rank Ng(7") be the size of the largest minor with nonzero determinant.
Define the multiplicity of S in 7 by

(3.2) ms(7T) = |S| — rank Ng(7).

Call S dependent (in type 7) if mg(7) > 0. For such S, the linear polynomials
{o | j € S} are dependent. For ¢ < n+1, let Dep(7), denote the dependent sets of
cardinality ¢, and let Dep(7") = | . Dep(T),. If 7" is a combinatorial type for which
Dep(7) C Dep(7'), let Dep(7',7) = Dep(7’) \ Dep(7). Terao [15] showed that
the combinatorial type 7 is determined by Dep(7 ),.1, but dependent sets of both
smaller and larger cardinality arise in our considerations, see Example [3.4]

Let

Dep(T); = {S € Dep(T), | (| H; # 0}
jes
and let Dep(7)* = J,Dep(7);. If S € Dep(7)*, then codim((;cq H;) < |S].
If 77 is a combinatorial type for which Dep(7)* C Dep(7")*, let Dep(7',7)* =
Dep(7")* \ Dep(T)*. If |S| > ¢+ 2, then S € Dep(7) but S € Dep(7)* if and only
if every subset of S of cardinality ¢ + 1 is dependent. It is convenient to work with
these smaller collections of dependent sets.
Define endomorphisms of A%(G) by

(33) W (T)= Y  ms(T) -w§andw* (T, T)= mg(T") - we.
SeDep(7) SeDep(7',T)
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These are cochain homomorphisms of the Aomoto complex by Proposition 2.3 Since
Dep(7); = Dep(T), for ¢ < £+ 1, we have

(34)  W(T)= > mg(T)-wiandw* (T T)= > mg(T)-wl.

SeDep(7)* SeDep(7’,T)*

Theorem 3.1 ([f]). The endomorphism Qx(T',T) is induced by the specialization
wA(T",T) := (T, T)|y,», of the endomorphism w*(T",T).

Denote the cardinality of S by s = |S|. For 1 < r < min(¢,s — 1), consider the
combinatorial type 7 (S, r) defined by

T € Dep(7T(S,r)" <= |[TNnS|>r+1

This type is realized by a pencil of hyperplanes indexed by .S with a common subspace
of codimension r, together with n — s hyperplanes in general position. Note that for
r = 1 the hyperplanes in S coincide, so 7 (S, r) is a multi-arrangement.

Theorem 3.2. Let 7' be a degeneration of a realizable combinatorial type T. For
each set S; € Dep(T',T)*, let r; be minimal so that Dep(7 (S;,7;))* C Dep(7')*.
Given the collection {(S;,1;)}, there is a unique pair (S,r) with r = min{r;}, S; C S
for every pair (S;,r;) where r; = r, and Dep(7 (S,7))* C Dep(7")*.

Proof. Terao [15] classified the three codimension one degeneration types in the mod-
uli space of an arrangement whose only dependent set is the minimally dependent
set T" of size g + 1.

L|SNT|<q—1forall Se€Dep(7',7)%

II: {(m,T) | m ¢ T} for each fixed k, 1 <k <|T;

II: {(m,T) | 1 <k < |T|} for each fixed m & T
If ¢ = 1, then Type II does not appear. Recall that T, = (iy,... ks Jigr1) if
T = (i1,...,ig1), and note that m € [n + 1] in cases II and III above.

It follows from our analysis of the corresponding types in general [5] that if a Type
IT degeneration is present, then the value of r decreases and there is a unique set of
maximal cardinality with minimal r. In the other types, r remains constant, but a
unique dependent set of 7 increases in 7. O

Definition 3.3. Let 77 be a degeneration of T. We call the pair (S,r) which satisfies
the conditions of Theorem the principal dependence of the degeneration.

Example 3.4. Let 7 be the combinatorial type of the arrangement A of 4 lines in
C? depicted in Figure [1] Here Dep(7)* = {123}.

1 2 3 1 2 3 4

A K AR

FIGURE 1. A line arrangement and three degenerations
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The combinatorial types 7; of the (multi)-arrangements .4; shown in Figure 1| are
degenerations of 7. For these degenerations, the collections {(S;,r;)} and corre-
sponding principal dependencies (.S, r) are given in the table below.

| {CSira)} | (S,7)

Ty || (345,2) (345,2)
Ts || (124,2), (134,2), (234, 2), (1234, 2) (1234 2)

For the combinatorial type 7(S,r), write w*(S,r) = w*(7(5,r)), see QD In
Theorem 5.1] - below, we show that the Gauss-Manin endomorphism Q, (7”7, 7) of (1.1
is induced by the specialization of w®(S,7) at 7-nonresonant weights )\ wA(S, r).
First, we solve the eigenvalue problem for the latter endomorphism.

4. DIAGONALIZATION

The purpose of this section is to solve the eigenvalue problem for w$ (S, ), the en-
domorphism of the Orlik-Solomon algebra obtained by specializing w?(.S, r) at generic
weights A = (A1,...,A,). This allows calculation of the eigenstructure of the induced
endomorphism in cohomology, Qx(S,r), which is related to the Gauss-Manin endo-
morphism in Theorem [p.1] First, we establish several technical results concerning
the endomorphism w?(S,r) of the Aomoto complex itself. Recall that these endo-
morphisms are given explicitly by

w*(S,r) = Z mg(S,r) - wi,
KeDep(T(S,r))*
where mg (S, r) is the multiplicity of K in type 7(S,7), see (3.2)), and w} is given
in Definition [2.2] Tt follows from Proposition [2.3] that w*(S,r) is a chain map. Note
that w?(S,r) =0 for ¢ < r.
Given (S, 7), define
e, = Z wWI(T,r).

TCS
|T|=r+1

Note that W, = w"(S,r). For ¢ > r, the endomorphisms w?(S, r) satisfy the follow-
ing recursion.

Lemma 4.1. For g > r, we have

s—r—1
k—1
vs, = Z (T—i_k )wq(S,r—i—k).

k=0

Proof. If T' C [n] satisfies |T'| = r + 1, then Dep(7(T,r))* = {K | K 2 T}, and it
is readily checked that m(7T',r) =1 for each such K. Hence, w!(T,7) = 3 jop Wi,

and we have
Vio= > D whk= > ok

TCS KT |KNS|>r+1
|T|=r+1
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If |[K N S| =r+p, then w} occurs ("1*) times in this sum, so

+1

r+p
ol — q _ q
b= Y =X Y (1)
|[KNS|>r+1 p>1 |[KNS|=r+p
If K € Dep(7(S,5))*, then |[KNS| > j+1, and mg(S,j) = |[KNS|—j. It follows
that w?(S, j) = > kng)>j41 (1K N S| — j)wy. Hence,

s—r—1 s—r—1

Z(W;_ )qur+k DY (”’;—1)(@-_@@0;{

k=0 k=0 i>k+1|KNS|=r+i

Rewriting this last sum, we obtain

sil(wrl]z— )quTJrk D Z(r+g—1> it

k=0 p>1 |[KNS|=r+p j=0

A straightforward inductive argument shows that ] 0 (T+§ 1) (p—j)= (:ff), which

completes the proof. 0
Given S, recall that ng = >, cyie; and ys = > ..o ¥i = Ons.
Lemma 4.2. Let J C S and L C [n]\ S. Then
0 if [J] <r—1,

Ul (ejex) = 1
”" () ysesex — (7 ns(@es)ex if |9 = 1+ p, where p > 0.

Proof. Given (J, L), it follows from Definition that wi (eser) # 0 only for the
following K:

(J,L), (Jk,L,TL—I—l), (J,Lk,n+1),
(i,J,L), (J,L,n+1), (i,Js,L,n+1), (i,J,Ly,n+1),

where i ¢ (J, L).

If |J] <r—1, then |[K N S| < r for each of the above K, so T ¢ K forall T C S
with |T| = r + 1. It follows that w?(7',r)(eser) = 0 for each such 7. Consequently,
\If?gvr(eJeL) =0.

Let T C S be a subset of cardinality r + 1, and note that W, = >, wi, so
U, = rcs VT, where the sum is over all T C S with |T'| = r + 1. Given such a
T, if |[TNJ| <r—1, then none of the sets K recorded in contains 7. It follows
that U (ejer) =0if [TNJ]| <r—1.

Suppose |J| =r. If |[JNT| =r, then T = (i, J) for some i € S\ J, and

q—r
‘I’qTJ(@J@L) = wi,gn)(erer) + Z Wi, gLy n+1)(€7€L)
k=1

(4.1)

= yid(eieser) + Y (1) Fyieieser,

= yiegjer — yieia(eJGL) + <_1)ryiei€JaeL = yiegjer — yiei(aeJ)eL
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Therefore, using the identity y e; = ny0e;, we have

g, (eser) Z e (eser) Z (vieser — yiei(Oes)er)

TCS 1€S\J

= (ys - yJ)eJeL - (7]5 - ﬁJ)(aeJ)eL = ysegjer — Us(aeJ)eL

Now, assume that |J| = r + p for some p > 1. As above, we have ‘I/TT(eJeL) O
if |TOJ] #r,r+ 1. If|TNJ|=r+1, then T C J and all of the sets K of (

contain 7'. In this instance, W7, (eser) = ¥(eser), where

k=1 i¢(J,L)

Writing J = (T, J'), a calculation reveals that W7, (ejer) = (eser) = yreser.

If|TNJ|=r,then T\TNJ={t} for some t € S\ J. For such T, of the sets K
from (4.1)), only (¢, J, L), (t, Jx,L,n + 1) for j, ¢ T, and (¢,J, Lx,n + 1) contain T.
This observation, and a calculation, yields

q—r—p
‘PqTJ(eJeL) = < wt,JL) + Z W(t,Jp,Ln+1) T Z WtJLk,nJrl))(eJeL)
ik¢T
r+p
= <w(t,J,L) + Zw(t,(J,L)k,nJrl) - Z W(t,Jk,L,n+1))(ejeL)
k=1 k€T

k—1
:thJGL—E (—1) Y€€, €L-
JR€T

Summing over all 7' C S with |T'N J| = r, we obtain

Ui (ejer) = yeeser, — ) (1) yesey, er)
2 U 2. 2 | > ;

[TNJ|=r teS\J A‘C[Tﬂo i=1
r+p

_[(r+p r+p—1

( r )(ys yJ €JjEeL Z Z ( r—1 )yteteJkeL
teS\J k=1

r+p r+p—1

= ( . )(ys —ys)eseL— Y ( . )ytet(ﬁeJ)eL

teS\J

r+p r+p—1 r+p—1
” Ysejer — ’ yjejer — 1 775(3€J)6L
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Recall that \Il%7r(€J€L) = yreyer for T C J. Summing over all T C J, we obtain

Yores Vi, (esern) = (”’ )yJeJeL Therefore,

\I/%T eser) (Z\P >€J€L <Z\I/ + Z @%7T><€J6L)

|T|=r |T|=r+1
r+p r+p—1
= Yysejer — ns(Oey)er
r r—1
if |J| =7r+p. O
Let A = (A1, ..., A,) be a collection of weights, and consider the endomorphism

wi(S,r) + AYG) — AYG) of the Orlik-Solomon algebra obtained by specializing
wi(S,r) at X. Given S, we abuse notation and write ng = ) . s Aie;. Recall the
spanning set BL"(A) = VI (A) UWE"(A) of AY(G) from Lemma .
Theorem 4.3. Let X be a collection of weights satisfying As # 0. Then the special-
ization, wg(S,1), of wi(S,r) at X is diagonalizable, with eigenvalues 0 and As.

1. The 0-eigenspace is spanned by the set of vectors V&"(X) and has dimension
()G -6
—\p/\q—p rJ\a-r

2. The As-eigenspace is spanned by the set of vectors WE"(X) and has dimension

min(g,s)
s\ (n—s s—1\[(n—s
2 (p) (q—p> i ( r )(Q—T)

p=r+1
Proof. By Lemma [2.4] the set of vectors BL"(X) = V&"(A) [UWE"(A) spans the vec-
tor space A9(GY). So to establish this result, it suffices to show that these vec-
tors are eigenvectors of the endomorphism w$(S,7), and that the dimensions of the
eigenspaces are as asserted. We will prove this by induction on ¢ — r.

For ease of notation, we will suppress dependence on A in the proof, and, for

instance, write simply w?(S,r) = wi(S,r) and Vg, = Vg |, ..y, Using Lemma ,
it suffices to consider the case S C [n]. Let J C S, K C [n]\ S, and recall that

VE" = {eserc | 1] < v — 13 {nsesen [ 1J] =r =1} and

WE" = {esex (if ¢ > )} {@es)ex | 7] = r+ 1} Hnsesex | 7] =7}
In the case ¢ —r = 0, we have V" = {ejex | [J| <r— 1} U{nses | |J| =r — 1},
Wg" ={0e; | |J] =r+ 1}, and w"(S,r) = ¥y,. By Lemma , if |J| <r —1, then
s, (esex) = 0. If |J| = r — 1, then, using Lemma again, we have

Vs, (nses) Z A, (eies) Z Ai(Aseies —nsd(eies))
iesS €S

= Asnses — Y Ains(es — eidey)
ics
= Agnses — Asnsey + nsnsdey = 0.
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Thus, every element of E"(0) = span Vg is a 0-eigenvector of w”(S,7). A straight-
forward exercise reveals that dim E"(0) = 3", _, (5) ("=5) — (*."). If |J| = r+1, then,
using Lemma [£.2] again,

r+1 r+1
Vs, (Oey) = Z(—l)k_l‘l’g,r(eJk) = Z(—l)k_l(AseJk —ngdey,)
k=1 k=1
= \gOe; — ng0%ey = AgOe,

Thus, every element of E"(Ag) = spanWg" is a Ag-eigenvector of w"(S,r). Note
that dim E"(As) = (*.'). Since dim E"(0) + dim E"(\s) = dim A"(G!), the above
calculations establish Theorem in the case ¢ —r = 0.

If ¢ —r > 1, then by induction, for each k& > 1, w4(S,r + k) is diagonalizable,
with eigenvalues 0 and g, and corresponding eigenspaces E"*(0) = span VQM’T and
E™*(\g) = span W5 In the determination of the eigenstructure of wi(S, ), we

will use the recursion provided by Lemma [4.1]in the following form:

s—r—1
(4.2) STy =L~ Y (r i IZ -

k=1

)wq(S,r+k).

First, consider the 0-eigenspace of the endomorphism w?(S,r). If |J| < r—1, then
by (4.2)), Lemma , and induction, we have

s—r—1
r+k—1
wi(S,7)(esex) = Vg, (esex) — Z < P

k=1

)wq(s, r+ k)(esex) = 0.

If |J| = r — 1, then wi(S,r + k)(nsesex) = 0 for k > 1 by Lemma[£.2] Using (4.2)
and Lemma 4.2 we have

WI(S,r)(nsesex) = W, (nseser) = ) B

k=1

s—r—1
kE—1
(T+ >wq(S,r+k)(7yseJeK)

= W (nsesex) = > AV (eiesex)
ics
= Z P\i)\seieJeK - )\insa<€ieJ>eK]
ics
= Agnsesex — > Amsesex + Y Amsei(des)ex
€S €S
= Asnsesex — Asnsesex + nsns(des)ex = 0.

Next, consider the Ag-eigenspace. If ¢ > s, we must show that egex is an eigen-
vector of w?(S,r) corresponding to the eigenvalue A\g for each K C [n] \ S with
|K| = g — s. By induction, we have w?(S,r + k)(esex) = Asese for each k > 1. By
Lemma @, we have ‘I/qSJ(eseK) = (i) Ageser — (jj)nsaege;(. Since ngdes = Ages,
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we have WY (esex) = (*~")Asesex. Hence, by ({:2)), we have

WI(S,7) (eser) = W (eser) = (1)

k=1

s—r—1
(T +k- 1>wq(S, r+k)(esex)

s—r—1
s—1 r+k—1
= < . ))\SeseK - E < k )ASGSGK = \s€ser,

k=1

using the binomial identities

(43) i(N;k):<N+g+l):<N;ij{1)7

k=0

with N=r—landp=s—1r—1.
If |J| > r+ 1, we must show that w?(S,r)(dejex) = Agdejex. Suppose |J| =
r+p+ 1 for some p > 0. Then, by Lemma [£.2] we have

r+p+1

Ul (Oese) = Y (=1L (egex)

=1

r+p+1
[+ +p—1
— Z (_1)1 1 |i(7’ ) p))\SeJiGK — (T . fl )ns<a€]i)€K:|

=1

— (T +p) As(Oe)er — (T e 1)775(826J)6K

r r—1

= (T i p) As(Oey)ek.

r

By induction, we have

)\3<a€ )6 1f1§k§p7
wq(57r—|—k)((aej)eK)_{O J)eK ifpri<k<s—r—1

So using the recursion (4.2)) and the identities (4.3)), we obtain

WIS, 7)((Des)er) = (7“ jp) As(Oe e — (T i Z !

k=1

>)\s(3€J)€K

= /\S(aej)eK.
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If |J| > r, we must show that w?(S,r)(nsesex) = Asnsesex. Suppose |J| =r +p
for some p > 0. Then, by Lemma we have

qj(lS,r(ﬁSeJeK) = Z )\i\l’%m(eie‘]e[()

icS
r+p+1 r+
=> i [( P ))\Sez‘eJeK - ( p) nSa(eieJ)eK]
£ T r—1
€S
r+p+1 r+
= ( p ))\SnSeJeK— ( p) Z)\ing(eJ—eiﬁeJ)eK
r r—1 P
r+p+1 T+ r+
= P - b Asnsejer + b nsns(0eg)ex
T r—1 r—1
(r + p>
= AsNs€ ek .
r
By induction, we have
Asnsejer  if 1 <k <p,
908 k =
WIS, r + k)(nsesex) {O fptl<hk<s—r—1

So using the recursion and the identities (4.3), we obtain w?(S,r)(nsesex) =
Asnsejex as above.

Thus the vectors in the sets VI"(X) and W& (X) are eigenvectors of w(S,r)
corresponding to the eigenvalues 0 and Ag as asserted. Since these vectors span
A4(G%) by Lemma , it remains to compute the dimensions of the eigenspaces
E9(0) = span V&" and E9(\g) = span W™ corresponding to these eigenvalues.

If |J| = pand |J| + |K| = q, then span{ejex | J C S, K C [n|\ S} has dimension

() Go)

If |[J=p+1and |J|— 1+ |K|=gq, then span{(de,)ex | J C S, K C [n]\ S} has

dimension
dimind 477g2) — gp)- (170 = () (120,

q—p p q—p
If |J] =p—1and|J|+ 1+ |K| = g, then span{nsejex | J C S, K C [n]\ S} has
dimension

s e ()< [0)- )] 65)

Using these calculations, it is readily checked that

w05 ()20 )00

p=0

min((LS)
S n—=s s—1 n—=s
dim Fi()\g) = g + ( >( )
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The fact that dim E?(0) + dim E9(\g) = dim AY(G’) = (Z) may be checked using the
binomial identities

zk:m N\ [(m+N andzmj m N\ (m+N\ (m+N
S \p k—p) k o \P k+p) \m+r) \N-—k

with m = s, N =n —s, and k = ¢ in the case ¢ < s, and m = s, N = n — s, and
k=n—s— q in the case ¢ > s. O

If n = ¢ and A # 0, the complex (A*(G),ex) is acyclic. So assume that n > /.
Then, for A # 0, the cohomology of this complex is concentrated in dimension /¢,
and dim H*(G) = ("21). Let p = p, : AYG) — H*(G) denote the projection. Since
w$(S,r) is a chain map, the kernel of this projection, ker(p) C A%(G), is an invariant
subspace for wi (S, ).

Lemma 4.4. Let T : V — V be an endomorphism of a finite dimensional (complez)
vector space, and V' an invariant subspace. If T is diagonalizable, then the induced
endomorphism T" on the quotient V" =V /V" is also diagonalizable, and the spectrum
of T" is contained in the spectrum of T.

Proof. Let T" denote the restriction of 7' to V', and let 7w : V' — V" be the projection.
The vector space V' admits a basis B = {vy,..., 0, V1, ...,0,} for which B =
{vi,...,vx} is a basis for the subspace V' and B” = {m(vg11),...,7(v,)} is a basis
for the quotient V”. The matrix of T relative to the basis B is

A %
A= (0 A//) )

where A’ is the matrix of 7" relative to B’ and A” is the matrix of the induced
endomorphism 7" relative to B”.

Let ry,...,r, be the distinct eigenvalues of 7. Since T is diagonalizable, the
minimal polynomial p of T factors as p(t) = (t — ry)--- (t — 7). The polynomial p
annihilates the matrix A of T', p(A) = 0. Using the block decomposition of A above,
it follows that p also annihilates the matrix A” of 7", p(A”) = 0. Consequently, the
minimal polynomial p” of 7" divides p. Hence, p” is of the form (¢t —ry,)--- (t —1ry;),
T" is diagonalizable, and the eigenvalues of T” are among the eigenvalues of 7. [

For an arrangement A of arbitrary combinatorial type 7, and 7-nonresonant
weights A, we recall the fnbc basis of [7] for the single nonvanishing cohomology
group HY(T) = H'(M; £). Recall that the hyperplanes of A = {H;}7_, are ordered.
A circuit is an inclusion-minimal dependent set of hyperplanes in A, and a broken
circuit is a set T for which there exists H < min(7") so that T U {H} is a circuit.
A frame is a maximal independent set, and an nbc frame is a frame which con-
tains no broken circuit. Since A contains ¢ linearly independent hyperplanes, every
frame has cardinality . The set of nbc frames is a basis for A*(7). An nbc frame
B = (Hj,,...,H,,) is a fnbc frame provided that for each k, 1 < k < ¢, there exists
H € A such that H < Hj, and (B \ {H,,}) U{H} is a frame. Note that these
constructions depend only on the combinatorial type 7 of A, and let Snbc(7) be
the set of all fnbc frames of an arrangement of type 7.
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Definition 4.5. Given B = (H,,,..., H;,) in fnbc(7), define £(B) € AYT) by
§(B) = N_jax(X,), where X, = ﬂi:p Hj, and ax(X) = > xcpy Aiai. Denote the
cohomology class of £(B) in HY(T) = H*(A*(T),ax) by the same symbol. The set
{¢(B) | B € Bnbc(7)} is the Bnbc basis for HY(T).

Theorem 4.6. Let S C [n + 1] be a subset of cardinality s, and fix r, 1 < r <
min(¢,s — 1). For G-nonresonant weights X satisfying As # 0, the endomorphism
Qx(S,7) of HY(G) induced by w§(S,r) is diagonalizable, with eigenvalues 0 and \g.
The dimension of the \g-eigenspace is

min(bs) s\ [fn—s—1 s—1\/n—s—1
2 r—p )T (—r )
p=r+1 p p r r

and the dimension of the 0-eigenspace is

i(s) (n—s—l) B (5—1) (n—s—l)

= \p ¢—p r C—r

Proof. By Theorem[4.3and Lemmal4.4] the endomorphism Qx(S, r) is diagonalizable,
with spectrum contained in {0, Ag}.

Let I={1 = (i1,...,00) | 1 <iy <iy--- <ip <n}. Then {e; | I € I} is the nbc
basis of A“(G) and {& = \i, -+ Ner | I € 1,1 ¢ I} is the Snbc basis of HY(G). The
projection p : AYG) — H*(G) is given by

iy N, ! ifl1é¢l,
IO<€I> _ ( e)_1§1 : ¢
=iy X)) T e Sk L el

Using Lemma , we can assume that S C [2,n]. Since pow§(S,r) = Qx(S,7)0p,
if v is an eigenvector of w4 (S,7) and p(v) # 0, then p(v) is an eigenvector of Qx(S, 7).

Let J C S and K C [2,n]\ S. Note that 1 ¢ K. Then one can check that the
0-eigenspace of Qx(.S,r) is spanned by

{plesex) | 7] <=1} Hp(nsesex) [ 17| =r—1},
that the Ag-eigenspace of Qx(S, ) is spanned by

{p(esex) 1t €= s} {p(@es)ex) | 171 =+ 1} {p(nsesex) | 17] > 7},

and that the dimensions of these eigenspaces are as asserted. 0

Example 4.7. Let n = 5, ¢/ = 2, S = {3,4,5}, and » = 1. By Theorem for
G-nonresonant weights satisfying Ag # 0, the endomorphism Qx(S,7) of H*(G) ~
CS is diagonalizable, the \g-eigenspace is 5-dimensional, and the O-eigenspace is 1-
dimensional (note that (5 ) = 0if p < q). Calculating as in the proof of Theorem ,
we find that the Ag-eigenspace has basis
P()\Q)\3)\5(663,5)62) = >\5§2,3 - )\352,57 P(—A3773,4,5€3) = 53,4 + 53,5,
p(A2AsAs(0ess)es) = Aséou — Mbos, p(Asm3a,565) = &35 + Eus,
P(AsAgAs0€3.45) = As€3.4 — Mz 5 + A3éus,
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and the 0-eigenspace has basis p(AAze12) = &a3 + Eaa + E25.

5. NONRESONANT EIGENVALUES

In this section, we prove that the Gauss-Manin endomorphism Qx(7”,7) of
is diagonalizable and determine its eigenvalues. We accomplish this by showing that
the endomorphism Q25(7”,7) in the commutative diagram (1.2]) may be replaced by
the endomorphism (.S, ), whose eigenstructure was computed in Theorem

For an arbitrary type 7, let I*°(7") be the corresponding Orlik-Solomon ideal, so
that A*(7) ~ A*(G)/I°(7). The natural projection of A*(G) onto A®*(7) is a chain
map 7 : (A*(G),ex) — (A*(T), ax) which, for 7-nonresonant weights A, induces the
projection 7 : H(G) — H*(T) upon passage to cohomology. If p, : AY(G) — H*(G)
and p, : AYT) — H'(T) are the projections, then 70 p, = p, oT.

Theorem 5.1. If 7' is a degeneration of T with principal dependence (S,r), then
ONT",T)oT=70Qx(S,7). In other words, the following diagram commutes:

HY(G) —— HYT)
lm(s,r) lQA(T’,T)

HY(G) —— HYT)
Proof. As noted in the introduction, the Gauss-Manin endomorphism Qx(77,7) of
HYT) is induced by the endomorphism Qx(7",7) of HY(G), see [4, Thm. 7.3] and
(1.2)). In turn, Qx(7",7) is the map in cohomology induced by the cochain endomor-
phism w}(7”,7) of the complex (A*(G),ex), see Theorem 3.1 The map w}(7",7)
also induces a cochain endomorphism w}(7”,7) of (A*(7), ax), and the Gauss-Manin

endomorphism Q5(7’,7) may be realized as the map in cohomology induced by the
latter, see [5, Thm. 7.1]. In summary, we have the following commutative diagram.

A(9) R AN(T)
2 AT
(T, T) H'(G) — H'(T)
(5.1) OA(T',T)
AYG) T AT (T, T)
H'(9) i H'(T)
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To establish the theorem, it suffices to show that the endomorphisms w} (7", 7) and
w(S,7) of A*(G) induce the same endomorphism of A*(7).

The Orlik-Solomon ideal 1*(7") gives rise to a subcomplex I%(7) = I*(7)® R of the
Aomoto complex A%(G), with quotient A%(7), the Aomoto complex of type 7. Since
wx (7', T) and w3 (S, r) are specializations at A of the corresponding endomorphims of
the Aomoto complex A%(G), it is enough to show that w®(7’,7) and w*(S, ) induce
the same endomorphism of A% (7).

By Theorem [3.2] there are dependence pairs (S;,7;), 1 < i < k, such that Dep(7)*
contains Dep(7(S;,;))* and Dep(7')* = Uf:o Dep(7 (S;,r;))*, where (Sp,10) =
(S,r) is the pair of principal dependence. It follows that there are constants ¢;
so that w*(77) = w*(S,7) + S ¢; - w* (S, 7).

If Dep(7(S;,r:))* C Dep(7)*, it follows from Theorem that the image of
w*(S;, i) © AR(G) — A%R(G) is contained in Iy(7). Consequently, the endomor-
phisms w*(7”’) and @*(S,r) of the Aomoto complex A%(7) induced by w*(7") and
w*(S,r) are equal.

Finally, w*(7") = w*(T",T) + w*(T), see (3.3)). It follows from the definitions that
the image of w*(7) is also contained in I},(7). Hence, the endomorphisms w*(7")
and w*(7",T) of A%(7T) induced by w*(7’) and w*(7’,7) are equal. O

Theorem [£.6] and Theorem [5.1] yield the result stated in the introduction.

Theorem 5.2. Let 77 be a degeneration of T with principal dependence (S,1), and
A a collection of T -nonresonant weights satisfying As # 0. Then the Gauss-Manin
endomorphism Qx(7T",T) is diagonalizable, with spectrum contained in {0, As}.

Proof. By Theorem [4.6 the endomorphism Qx(S,7) of H(G) is diagonalizable, with
eigenvalues 0 and Ag. By Theorem|[5.1] we have Qx (7", 7)ot = 7005 (S, 7). Checking
that ker(r) C HY(G) is an invariant subspace for (S, 7), the result follows from
Lemma [4.4] O

Remark 5.3. The Gauss-Manin endomorphism Qx(77,7) of H*(T) is determined by
the endomorphism Qx (S, ) of HY(G) and the projection 7 : HY(G) — H*(T) via the
equality Qx(7",7) o1 = 7 0 Qx(S,r). Together with the explicit description of the
eigenstructure of Qx (5, ) provided by Theorems and , this yields an algorithm
for finding the (geometric) multiplicities of the eigenvalues of Qx(77,7).

The Gauss-Manin connection V =Y 07 ® Qx(7’,7) on the vector bundle H —
B(7) with fiber H(7) corresponds to a monodromy representation W : m(B(7)) —
Aute(HY(T)). For a degeneration 7' of T, let y7+ € m1(B(7)) be a simple loop in
B(7) around a generic point in B(7”). Then the automorphism W () is conjugate
to exp(—27riQ>\(T’, ’T)), see for instance [3, Prop. 4.1]. Theorem yields:

Corollary 5.4. Let T’ be a degeneration of T with principal dependence (S,r), and
A a collection of T -nonresonant weights satisfying As # 0. Then the automorphism
U(v7) is diagonalizable, with spectrum contained in {1,exp(—2miAg)}.

We conclude with several examples which illustrate these results.
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5.5. Codimension zero. Recall that G denotes the combinatorial type of a gen-
eral position arrangement of n hyperplanes in C%, and that n > ¢. Weights A =
(A1,...,A,) are G-nonresonant if \; # 0 for each j. If n = ¢, then H*(G) = 0, so we

assume that n > ¢. Then dim H(G) = (","). The moduli space B(G) has codimen-

sion zero in (CPY)", and consists of all matrices b for which every (¢ + 1) x (¢ 4 1)
minor is nonzero, see . For general position arrangements, the Gauss-Manin
connection was determined by Aomoto and Kita [2]. The corresponding connection
1-form is given by V = >~ 07 ® QA(7,G), where the sum is over all £ + 1 element
subsets S of [n+1], T = T(S, ¢+ 1), and O is a logarithmic 1-form on (CP*)" with
a simple pole along the divisor defined by the vanishing of the (£+ 1) x (¢4 1) minor
of b with rows indexed by S. Theorem gives:

Proposition 5.6. Let S be an { + 1 element subset of [n|, let T =T (S,0+ 1), and
A a collection of G-nonresonant weights satisfying As # 0. Then the Gauss-Manin
endomorphism Qx(7,G) is diagonalizable, with eigenvalues 0 and Ag. The dimension
of the Ag-eigenspace is 1, and the dimension of the 0-eigenspace is (”;1) —1.

5.7. Codimension one. If 7 is a combinatorial type for which the cardinality of
Dep(T g4y is 1, then the moduli space B(T) is of codimension one in (CP*)". Write
Dep(7T )41 = {K}. As shown by Terao [15], noted in the proof of Theorem [3.2]
and illustrated in Example [3.4] the combinatorial type 7" admits three types of de-
generation 7' = 7 (S,r). The principal dependencies of these degenerations are as
follows.

I: (S,¢), where |S|=(¢+1and [SNK|</{-1,;
II: (S, —1), where S = K, for each p, 1 <p < {+1;
III: (S, ¢), where S = (m, K), for each m € [n+ 1]\ K.

For the combinatorial type 7 and 7 -nonresonant weights A, the Gauss-Manin con-
nection was determined by Terao [15]. The corresponding connection 1-form is given
by V = > 07 ® Qx(7',7), where 7' ranges over the three types of degeneration
of T noted above. In [15], Terao also found the eigenvalues of the endomorphism
Qx(77,T) and their algebraic multiplicities. If X satisfies Ag # 0 for each of the prin-
cipal dependence sets S recorded above, Terao’s result concerning the eigenstructure
of the endomorphism Q(7’,7) may be strengthened as follows.

Proposition 5.8. Let T be a combinatorial type of codimension one, let T' = T (S,r)
be a degeneration of T, and A a collection of T -nonresonant weights satisfying
As # 0. Then the Gauss-Manin endomorphism Qx(T',T) is diagonalizable, with
eigenvalues 0 and Ag.

1. If 7' is a degeneration of type 1, the dimension of the Ag-eigenspace is 1, and
the dimension of the 0-eigenspace is diim HY(T) — 1 = (",') — 2.

2. IfT' is a degeneration of type 11, the dimension of the Ag-eigenspace is n—€—1,
and the dimension of the 0-eigenspace is ("21) —n+/.

3. If T is a degeneration of type 111, the dimension of the Ag-eigenspace is £, and

the dimension of the 0-eigenspace is (";1) —(—1.
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Proof. By Theorem the endomorphism Qx(7’,7) is diagonalizable, with spec-
trum contained in {0, Ag}.

Without loss, assume that Dep(7 )11 = {K}, where K = [¢ + 1]. Then the nbc
basis of A%(T) consists of monomials a;, where I C [n], |I| = ¢, and I # [2,¢ + 1].
Write F' = [2,/ + 1]. The projection 7 : AY(G) — A*(T) is given by

7T(6)— ar lfI%F,
v a10ap if I =F.

The Bnbc basis for H(7T) consists of monomials &7, where I C [2,n], |I| = ¢, and
I # F. The projection p = p, : AY(T) — H*(T) is given by

(N i) 7 if1¢1,
plar) = ¢ —(Ai X)) T 350 G, iflel,]¢ K,
—O A di) Y [A,gjgh + 5].5,35&1} if1el,l=K\{p}

If 77 is a degeneration of type I with principal dependence (S, £), then |[SNK| < (—1
and we can assume that SN K C [3,¢ + 1]. By Theorem [4.3| the endomorphism
W4 (S, 0) of AY(G) is diagonalizable, with eigenvalues 0 and Ag. The O-eigenspace
is spanned by {ejer | |J| < € — 1} U{nses | |J| = ¢ — 1}, where J C S and L C
[n]\ S, and the Ag-eigenspace is spanned by deg. By Theorem , the endomorphism
OA(T',T) of H(T) satisfies Qx(7",T)opom = powowi(S,{), see (5.1). Write

S =(s1,...,80+1). Calculations with the projections 7 and p yield
po ( ) = ()\81 ' 54+1> 18557
pomleser) = (N -+ N;,) '¢s€r, where I = (J,L) and 1 ¢ L,

pom(nses) = )\slx\sp()\ e Xepin ) (ésp + &g, ), where J = (S2,...,8p,...,84+1).

Checking that
{0 et | T S 11 <t—=1,L 20\ SH s, £6s, [2<p <0+ 13

forms a basis for H*(7), we conclude that the dimensions of the eigenspaces are as
asserted for a degeneration of type I.

If 77 is a degeneration of type II with principal dependence (S,¢ — 1), we can
assume that S = K; = [2,¢ + 1]. By Theorem , the endomorphism w4 (S, ¢ — 1)
of AY(G) is diagonalizable, with eigenvalues 0 and Ag. The O-eigenspace is spanned
by {eser | |[J| < € =2} U{nsese, | |J| =€ —2}, where J C S, L C [n]\ S, ¢ ¢S5,
and the Ag-eigenspace is spanned by {es} | J{(Oes)e, | ¢ ¢ S}. Note that the Ag-
eigenspace of w$ (S, ¢ — 1) has dimension n— £+ 1. Note also that the \g-eigenvectors
Jex = eg — e10eg and exOeg are annihilated by the projection p o w. On the other
hand, it is readily checked that

(5.2) {pom((Oes)ey) | £ +2<q<n}
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is a linearly independent set of (n — £ — 1) Ag-eigenvectors for Qx(7",7) in H(T).
Additionally, one can check that the set

(5.3) {pom(eser) | J C S, |J| < E—Q}U{pow(ngeJeq) | J C[3,0+41],|J|=0-2}

where L C [n]\ S and ¢ ¢ S, is a linearly independent set of O-eigenvectors for
QOx(T",T) in HY(T). Checking that the dimension of the subspace spanned by the
vectors is dim HY(7) — (n — ¢ — 1), since eigenvectors associated to distinct
eigenvalues are linearly independent, the vectors and form a basis for
HY(T). Hence, the dimensions of the eigenspaces are as asserted for a degeneration
of type II.

If 77 is a degeneration of type III with principal dependence (S, ¢), we can assume
that S = K (J{q} for some q € [¢{+2,n]. By Theorem [£.3 the endomorphism w§ (S, £)
of A(G) is diagonalizable, with eigenvalues 0 and \g. The O-eigenspace is spanned
by {eser | |J| < €—1}U{nses | |J| = ¢ — 2}, where J C S, L C [n]\ S, and the
As-eigenspace is spanned by {de; | J C S,|J| = £+ 1}. Note that the Ag-eigenspace
of w4 (S, ¢) has dimension £+ 1. Note also that the Ag-eigenvector ey is annihilated
by the projection p o m. Recall that F' = [2,¢ + 1]. Let S, denote the subspace of
HY(T) spanned by {& | I € FU{q}}, and let p, : H(T) — S, be the natural
projection. For J C F', |J| = ¢ — 1, a calculation reveals that p, o p o m(nxese,) =
As(Aa -+ Aep1Ag) 1€, Consequently, the set {pom(nkese,) | J C F,|J| =£—1}is
a linearly independent set of £ \g-eigenvectors for Q(7”,7) in HY(7T). Check that
the set {pom(eser) | J C Sy, |J| <€—1,L C [n]\ S} is a linearly independent set of
dim H(T) — ¢ 0-eigenvectors for Qx(7",7) in HY(T). It follows that the dimensions
of the eigenspaces are as asserted for a degeneration of type III. U

5.9. Further examples. We present three examples of higher codimension.

Example 5.10. Let S be the combinatorial type of the Selberg arrangement A in
C? with defining polynomial Q(A) = ujug(u; —1)(ug — 1)(u; — uz) depicted in Figure
See [1}, 14], T0] for detailed studies of the Gauss-Manin connections arising in the
context of Selberg arrangements.

12 5 1 2

4
3 345

A A

FIGURE 2. A Selberg arrangement and one degeneration

Here Dep(S)* = {126, 346, 135,245}. Weights A are S-nonresonant if
)\j (1 §]§6), M+ A+ X, AT FA3+ A5, Ao+ A0+ A5, A3+ A+ Xg ¢ZZO'

For S-nonresonant weights, the Snbc basis for H?*(S) is {Z24,Z25}, where Zy; =

(A2a2+Asas+Asa5)\ja;, see Definition . Recall that \; = Zjej A;. The projection
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map 7 : H*(G) — H*(S) is given by
(254 — Eas if (i, j
(M24Z24 + MZ25)/Aoas if (i,
(A5Z24 + A25Z25)/ Aoas if (i,
(2,7
(2,7
(2,7

0
(_)‘5 2,4_/\3,552,5)/)\1,3’5 if (2,7
(_

L(mAsZ24 + AaB25) [ Aoas i (4,5) =

The arrangement A’ in Figure [2| represents one degeneration type S’ of S. Here
Dep(S',S)* = {34,35,45, 134, 145, 234, 235, 345, 356,456}. The sets 34, 35, 45, and
345 have r = 1, and the others r = 2. The principal dependence is (S, 1), where S =
345 and r = 1. For S-nonresonant weights with Ag # 0, Qx(S’, S) is diagonalizable,
with spectrum contained in {0, A\g} by Theorem . The projection 7 annihilates
the O-eigenspace of Qx(S,r), and restricts to a surjection E(\g) — H?(S), where
E()g) is the Ag-eigenspace of Qx(S,7), see Example [4.7 It follows that Qx(S’,S)
has eigenvalues Ag, Ag. Note that 0 is not an eigenvalue of {25(S’,S) in this instance.

Although the eigenvalues are determined by the principal dependence (S,7), the
same principal dependence may occur for degenerations of different types. Thus the
multiplicities of the eigenvalues depend on the combinatorial types as well.

Example 5.11. Consider the arrangement A of type 7 obtained from the arrange-
ment A in Example by rotating line 1 by a (small) angle about the triple point
135, see Figure Here, lines 1 and 2 meet in affine space, so 126 is no longer
dependent. This change implies that dim A*(7) = 7 and dim H*(7) = 3.

2 5 2

1 4 1

%3 345
A A

FIGURE 3. A line arrangement and one degeneration

Weights A are 7 -nonresonant if
AN (1<7<6), Mi+A3+ A5, Ao+ A+ X5, Az + M+ X6 & Zso.

For 7-nonresonant weights, the fAnbc basis for H*(T) is {Za3,Z24,Z25}, where
5273 = )\2)\3(12’3 and Eg,j = ()\2@2 + )\4@4 + >\5a5))\jaj for ] = 4, 5. The projection map
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7: H*(G) — H*(T) is given by

EX if (4,5) = (2,3),

(M24Z24 + MZa5)/Aaus  if (4,7) = (2,4),

(€)= (AsZ24 + A25Z25) /Ao ?f (l,]) = (2,5),
’ 0 if (4,7) = (3,4),
(AsZ23 — A3Z25) /A5 if (4,75) = (3,5),

| (= AsZa4 + MZ2s)Dous if (i) = (4,5).

The combinatorial type 7 has a degeneration of type 7" similar to &', represented
by the arrangement A’ in Figure As in Example @l, the principal dependence
is (9,7), where S = 345 and r = 1. For 7-nonresonant weights with A\g # 0, the
spectrum of Qx(7’,7) is contained in {0, As}. Calculations with the projection 7
and the eigenspace decomposition of the endomorphism Qx(5,r) of H*(G) given in
Example reveal that Qx(7”,7) has eigenvalues \g, \g, 0.

Example 5.12. The combinatorial type S in Example [5.10]is a degeneration of the
type 7 in Example . The principal dependence of this degeneration is (S, r),
where S = 126 and r = 2. For 7-nonresonant weights with Ag # 0, the spectrum
of QA(S,7) is contained in {0, A\s}. A calculation shows that the eigenvalues are
As,0,0. It is interesting to note that Ag = A 26 = —A3.455.
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