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Abstract

Let G be a group which admits the structure of an iterated semidirect product of finitely
generated free groups. We construct a finite, free resolution of the integers over the group
ring of G. This resolution is used to define representations of groups which act compatibly on
G, generalizing classical constructions of Magnus, Burau, and Gassner. Our construction also
yields algorithms for computing the homology of the Milnor fiber of a fiber-type hyperplane
arrangement, and more generally, the homology of the complement of such an arrangement with
coefficients in an arbitrary local system. ©) 1998 Elsevier Science B.V.

AMS classification: Primary 20F36, 20J0S; secondary 32825, 32855, 52B30, 55N25, 57M05

0. Introduction

Let G = Fy, >+ -->aF,,>aFy be a group which admits the structure of an iterated
semidirect product of finitely generated free groups. For any such group, we construct
an explicit finite, free resolution Co(G) — Z over the group ring of G (Theorem 2.10).
Topologically, this resolution may be viewed as the equivariant chain complex of the
universal cover of an Eilenberg-MacLane space of type K(G,1). The boundary maps
of the chain complex Co(G) are computed recursively by means of Fox derivatives
from the various actions of Fy, on Fy, p < ¢, dictated by the semidirect product
structure of G. Independent of these actions, each term, Ci(G), of Co(G) is a free
ZG-module of rank Y dp, dp, - - - dj, (the sum being over all 1 < p; < --- < pg < /).
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Perhaps the most famous groups of this type are Artin’s pure braid groups. The
pure braid group on £ strings may be realized as Py = Fy_; ><--->a [, > Fy [4].
A natural generalization also belongs to this class of groups. The fundamental group
of the complement of any (affine) fiber-type hyperplane arrangement admits the
structure of an iterated semidirect product of free groups [18, 25, 43]. Examples include
Brieskorn’s generalized pure braid groups, PB(W'), where W is a Coxeter group of type
As, By, Ga, or I(p), see [8]. Groups of the form P,, = ker(P, — P,) also admit
this structure. These latter groups arise in the studies of representations of braid groups,
generalized hypergeometric functions, and the Knizhnik—Zamolodchikov equations, see
e.g. [29, 2, 47].

Much is known about many groups of this type. Amol’d [3] and Cohen [14] com-
puted the cohomology of the pure braid group P, = PB(A,.;), and showed that the
Poincaré polynomial factors into linear terms. The lower central series of P, was found
by Kohno [27]. These two results combine to yield the “LCS formula” relating the Betti
numbers, b;, the exponents, d, = g, and the ranks of the lower central series quotients,
¢k, of P/Z

£—1 £—1
> b=ty =[]0 —dgty = [J(1 - )%
j=0 q=1

k>1

These results were subsequently generalized to the group of an arbitrary fiber-type
arrangement by Falk and Randell [18, 19] and Jambu [25]. See [30] for analogous
results on the pure braid group of a Riemann surface, and see [8, 41, 42, 48] for
further results on the cohomology and factorization of the Poincaré polynomial of an
arrangement. We obtain a further generalization here. The LCS formula holds for any
iterated semidirect product of free groups G for which the split extensions arising
in the semidirect product structure give rise to [A-automorphisms of the free groups
comprising G (Theorem 3.5).

The aforementioned results on the homology of an iterated semidirect product of free
groups, G, apply only in the constant coefficient case (that is, homology with coeffi-
cients in a trivial G-module). A desire to compute the homology of G with coefficients
in an arbitrary G-module led to the construction of this paper. Let
v: G — Aut(V) be a representation of G, and denote by V' = K the corresponding
ZG-module. Then the homology of G with coefficients in ¥ is equal to the homology
of the chain complex C,(G)®¢ V (see [9]). In this manner, we obtain an algorithm for
computing the homology of G with arbitrary coeflicients. In particular, we can use this
construction to compute the homology of the complement of a fiber-type arrangement
with coefficients in any local system. This type of problem has been the focus of a
great deal of recent activity. In [16], Esnault et al. present an algorithm for computing
the cohomology of the complement of an (arbitrary) arrangement with coefficients in
certain complex local systems (see also [47]). Refinements of the results of [16] may
be found in [20, 46, 51). Note, however, that none of these results hold for arbitrary
local systems. See [24, 28, 45, 10] for other results along similar lines.
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The construction of the chain complex C.(G) has certain functorial properties that
allow us to define representations of groups acting compatibly on an iterated semidirect
product of free groups G. The resulting representations generalize the classical Magnus
representations [36, 5]. Given a compatible automorphism iy € Aut™(G), we explicitly
construct the chain equivalence ¥, : Co(G) — Co(G) by means of “higher-order” Fox
Jacobians of . Let I" be a group which acts on G by compatible automorphisms. Such
an action @ : I' — Aut™(G) gives rise to a map P, from I' to the the group of chain
automorphisms of Co(G). However, this map need not be a homomorphism. The failure
is measured precisely by the chain rule for higher-order Jacobians (Proposition 4.8).
This problem can be overcome by following Magnus’ original idea in the case G =
F,. Let 7: G — K be a @-invariant homomorphism. Then extension of scalars via
the map induced by t on group rings yields the desired homomorphism &} : I' —
Autzx(ZK @76 Ci(G)), for each k > 1 (Theorem 4.11).

In the case where I' = B, is the full braid group, acting on G = P, , in a natural
fashion, certain choices of homomorphisms t: P, , — Z yield representations over the
ring A = Z7Z that generalize the classical Burau representations. Other homomorphisms
T: P, — Z" yield representations of B, that depend on m parameters. We also obtain
generalized Gassner representations of P, from the natural action of P, on P, ..

Linear representations of braid groups have been much studied over the years, starting
with the pioneering work of Burau, Magnus, and Gassner (see [5]), and more recently
by Jones [26], Kohno [29], Lawrence [31], Moody [40], Liidde and Toppan [35], Long
and Paton [34], Birman et al. [6], and others. The abiding interest in the subject owes a
great deal to the strong relationship it has with the theory of knots and links in S3, see
{5, 26]. The representations of B, we obtain here are powerful enough to detect braids
in the kernel of the Burau representation, which is now known to be unfaithful for
£ > 6, see [40, 34, 6]. Unlike the representations considered in [26, 31], our generalized
Burau representations do not factor through the Hecke algebra in general. Analogous
behavior is exhibited by the representations constructed in [29, 35, 6] by other means.
Varchenko informs us that he has also obtained representations of a similar nature,
see [49].

Braid groups are also important in the study of plane algebraic curves and hyperplane
arrangements. To a plane algebraic curve of degree d, Moishezon [39] associates a
certain “braid monodromy” homomorphism, 6 : F; — By, that depends on a choice
of generic linear projection C2 — C. For an arbitrary hyperplane arrangement, there is
an analogous “pure braid monodromy,” see [12] and the references therein. Given a
representation g : B; — GL(N,R), Libgober [33] shows that the R-module HO(FS;RQ'OB)
is an invariant of the curve. In particular, using the reduced Burau representation,
he recovers the Alexander polynomial (up to a factor). We expect that using the
generalized Burau and Gassner representations defined here will lead to invariants of
plane curves and arrangements that cannot be explained solely in terms of the homology
of the maximal abelian cover of the complement.

We present several other applications of our construction. For example, using it,
we obtain algorithms for computing the integral homology of the Milnor fiber of an
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arbitrary fiber-type hyperplane arrangement, as well as the homology eigenspaces of
the algebraic monodromy. We exhibit the results of some of these computations in Sec-
tion 7. The chain complexes arising in these instances are more manageable than those
generated by Aleksandrov [1] and Dimca [15] for the same purposes. The complexes
(of differential forms) found in these works are generally infinitely generated. Also
the (rank one) complex local systems arising in the computation of the eigenspaces of
the monodromy are often among those excluded by the conditions placed on the local
system in [16].

The homology of the complement of an arrangement with coefficients in a rank one
complex local system is intimately related to the study of generalized hypergeometric
functions [2, 50]. In light of the work of Schechtman and Varchenko [47], affine
“discriminantal” arrangements obtained from the braid arrangements are of particular
interest. The fundamental groups of these discriminantal arrangements are of the form
G = P, ,, and may therefore be realized as iterated semidirect products of free groups.
In Section 6, we prove a vanishing theorem pertaining to these groups which generalizes
a result of Kohno [29]. We show that if v: P, , — Aut{V) is a complex representation
(of arbitrary rank) that is “quasi-generic” through rank g, then Hi(P,, V) = 0 for
0 <i < min{g,n — ¢ — 1} (Theorem 6.10). Results of this form have implications in
the study of the Knizhnik—Zamolodchikov equations, see [47, 16].

Conventions. Unless otherwise specified, we will regard all modules over the group
ring ZG of a group G as left modules. Elements of the free module (ZG)" are viewed
as row vectors, and ZG-linear maps (ZG)" — (ZG)" are viewed as n X m matrices
which act on the right (so that the matrix of Bo 4 is 4 - B). We will write [4]* for
the map 69’1‘A (or, the block-diagonal kn x km matrix with diagonal blocks 4), 4T for
the transpose of 4, and I, for the n x n identity matrix.

If U and V are two ZG-modules, U ®¢g V denotes the ZG-module equal to U ®
¥ modulo the diagonal G-action. If ¢ : G — H is a homomorphism, $:2G —ZH
denotes its extension to group rings, given by @(3n,g) = 3 ny,¢(g). (We will abuse
notation and also write ¢ : (ZG)' — (ZH)" for the map ®] ¢~>.) For a ZG-module ¥
there is a ZH-module ZH ®z5 V obtained by extension of scalars. This is achieved
by imposing on ZH the structure of a right ZG-module via 5-r = sJ)(r), and setting
s (s"®@m) = ss’ @ m. An excellent reference for all this is Brown’s book [9].

1. Semidirect products of free groups

In this section, we introduce the class of groups under consideration (iterated semi-
direct products of finitely generated free groups), give some topological and geometric
interpretations, and provide some examples.

1.1. Let G; and G; be two groups, and let « be an action of G; on Gy, i.e. a homo-
morphism « : G; — Aut(G,) from G; to the group of right automorphisms of G,. The
semidirect product of G, and G, with respect to a, G, >, G, is the set Gy x Gy,
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endowed with the group operation (g2,41) - (92,97) = (g} )(92)93. 9147)- The group
G = (3>, G fits into a split exact sequence

1—>G2£>G4£’—G1—>1,
B}

where 1:(g2) = (92, 1), u{g1) = (1,4:1), and n(g>,91) = g). Identifying the groups G;
with their images in G under 1, we see that G is generated by G, and G, and the
following relations hold in G: gl"1 g2g1 = a{g1)(g2), for every g, € Gy; g2 € G,.

This construction can of course be iterated. Assume we are given groups Gy,..., Gy,
and, for each i < j, homomorphisms cxj. : G; — Aut(G;) satisfying the compatibility
conditions a};(gi)_lor,’;(gj)a;;(gi) = Ot,’;(oz};(g,-)(gj)), for each { < j < k. Then, we define
the iterated semidirect product of Gi,...,G, with respect to the actions ocj- to be the

group
G =Gr>y, Gy >0+ - >y, G2 >, Gy,

where, for each 1 < g </, the partial iteration, G? = G, >y, G971, is defined by the
homomorphism o, : G9! — Aut(G,), whose restriction to G,, 1 < p < ¢, is af.

In this paper, we study in detail groups G which may be realized as iterated semi-
direct products of finitely generated free groups. Such groups can be written as G =
><1;:IGq, where G, = Fj, = (x1,4,...,%4,,4) is free on d; generators. It follows readily
that the group G has presentation

G= <xi,q (1<i<d,1<q<?) | x;;}xi,qxj.p = O‘]q"p(xi,q) (P <9, (L.1)

where aé’” = oy(x;,p) € Aut(fg,). Conversely, any group G with presentation as above
admits the structure of an iterated semidirect product of free groups in an obvious
fashion.

Example 1.2. The principal motivation for our analysis of iterated semidirect products
of free groups are Artin’s (pure) braid groups. Let

By =(0: (1 <i < ()| 004100 = 01100141 (1<i < -1),
06, = a;0; (|i ~ j| > 1))

denote the braid group on ¢ strings, and P, the subgroup of braids with trivial per-
mutation of the strings, see Artin (4], and the books by Birman [5] and Hansen [23].
The pure braid group, Py = Fs_j ><,,_, - - >, F, admits the structure of an iterated
semidirect product of free groups. The monodromy homomorphisms «, : B, — Aut(F,),
2 < g <¢—1 are given by the restriction to F; of the Artin representation, a, : B, —
Aut(F,), defined by

—1 g . .
XiXiy1X; lfj =1,

ag(o:)(x;) = S X ifj=i+1,
X; otherwise,
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where F, = (xi,...,x,). The iterated semidirect product structure is in evidence in the
familiar presentation of the pure braid group found in the above references. The group
P; has generators

2 —1 -1 . .
Ai,j:aj—l"'6i+lai H_l"‘O'j_l, 1Sl<]§/,

and defining relations

A;; ifi<r<s<jorr<s<i<j,
-1 : . .
A—lA A — Ar,in,jAr,j lf r<s=it< ]’
7,5 i, j4rs < —1 4-1 : — 7 ;
Ar,jAs,in,jAs,jAr,j ifr=i<s<j,

(4., 45, Ai 4, j 4517 ifr<i<s <.

1.3. Let us give a topological interpretation of iterated semidirect products of (finitely
generated) free groups. Associated to a group G = ></_,F;, there is a standard CW-
complex X = Xg, with fundamental group isomorphic to G. This complex is defined
inductively as a tower of fibrations,

X=x/2x-1 0. B x2 P2yl

such that each projection p, : X7 — X9~ admits a section, and has fiber K, = Vst

The complex X is constructed as follows: Take X! = Kj,. Inductively assume that
the space X9~! with m;(X9~') = G9! has been constructed. Let &o(K) denote the
group of based homotopy classes of based self-homotopy equivalences of a space
(K, ). If K is a K(=m, 1) space, the evaluation map ev : &(K) — Aut(m (K, yp)),
defined by ev(f) = f4, is an isomorphism. Applying this observation to K = K,
we see that the homomorphism o, : G971 — Aut(f;,) factors through 1, : Gl —
&o(Ka,). Now let 7 : X9' — X7! be the universal cover of X9~!, and identify
G9! as the group of deck transformations. Consider the diagonal action of GY~! on
X9 x Kg,. defined by g- (%, y) = (g%, 74(g9)(»)), and let X7 denote the orbit space of
this action. By construction, the map p, : X7 — X77! given by py([%, y]) = n(X) is
a fibration, with fiber K,,. Moreover, a canonical section s, : X' 9-1 — X9 is given by
5¢(x) = [X, yo]. (This is well defined, as [X, yo] = [gX, 74(9)(y0)] = [gX, yo].) Finally,
m(X7) = Fy, >, G9! = GY, and this finishes the inductive construction of X = X

Notice that the CW-complex X defined above is a K(G,1) space. This follows
from the long exact sequence in homotopy for a fibration and induction. Since Xg
is £-dimensional by construction, the group G is of type FL, and its cohomological
dimension is /, see [9].

1.4. A more geometric interpretation of the group G is when the above tower of (Serre)
fibrations can be replaced (up to homotopy) by a tower of locally trivial bundles,

Ty—
M=M oM B B MY
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such that the fiber £, of n, : M7 —» M 9-1 js a surface with a number of punctures. In
this case, the homomorphism o : Gl - Aut(f;,) can be realized by the monodromy
of the bundle, u, : M9~! — Homeo(Z,).

Perhaps the simplest situation is where each fiber has genus 0, ie. 2, = C\
{d, points}. This is the case, for example, when M is the complement of a fiber-
type arrangement of complex hyperplanes. In this instance, each map m, : M4 — M9™!
is, by definition, the restriction of a linear projection C? — C7~'. This notion was intro-
duced by Falk and Randell in [18], where they prove the LCS formula for G = m;(M),
the group of a central fiber-type arrangement. This result was subsequently extended
to arbitrary fiber-type arrangements by Jambu [25]. The exponents {d,,...,d,} arising
in the iterated semidirect product structure on G from the iterated bundle structure on
M (i.e. the exponents of the fiber-type arrangement itself) are, via the LCS formula,
determined by the Betti numbers of G. In the case of the braid arrangement, o, =
{H;; = ker(z; — z;)}, whose complement, M(2/;) = C’'\UH, j» is the configuration
space of the set of £ (ordered) points in C, the fiber-type structure was first discov-
ered by Fadell and Neuwirth [17]. The resulting decomposition of P, = m;(M(2)) is
precisely the one exhibited in Example 1.2.

1.5. We conclude this section with a few remarks concerning the non-uniqueness of
semidirect product structures of groups. First, note that if o, : G; — Aut(G,) are
homomorphisms that differ by an inner automorphism y of Gy (i.e. a(g) = v - f(g),
Vg € Gy), then the semidirect products G, >z, G; and G, >3 G; are isomorphic.
Thus, the isomorphism class of the group G = G, >«, G| depends only on the homo-
morphism & : G; — Out(G;). Second, let us point out that there is no well-defined
notion of exponents of a group in general. That is, for a group G that can be written
as G = ><1f:1F,'1,, the “exponents” {di,...,d,} depend on the particular iterated semi-
direct product structure on G. (On the other hand, the number of exponents, £, depends
only on G, since cd(G) = £.) We illustrate these phenomena with two examples that
are relevant to our general discussion.

Example 1.6. The pure braid group on 3 strings, P;. It follows from Example 1.2 that
Py = F, >, Fy, where F| = (41,2), F» = (41.3,42,3), and a3(4,,2) is conjugation by
Aj.34, 3. Thus, P; is isomorphic to the direct product Fy x F.

There is another realization of P; as a semidirect product of free groups: P; =
F4>q,F), corresponding to the Milnor fibration of the braid arrangement in C3 (see Sec-
tion 7). A computation shows that Fy = (4, ), F4 = (t;,5, 13, 14), where t; = AI;AL:;,
Hh = AI;AZ,% 3 = A1‘3AI;, iy = A2’3A1_’;, and the action u : F; — Aut(F4) is
given by

t — t1[4t2_1,
1
I — Ligtly
A1,2 . 3
=1,

t4 — b
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Example 1.7. The pure braid group on 4 strings, Ps. As discussed in Example 1.2,
this group may be realized as P4 = F3 ><,, F; ><,, F. Since the Coxeter groups Aj;
and D; are isomorphic, we have Py = PB(A3) = PB(Ds;). This latter group may be
realized as PB(D3) = Fs ><p, F3 >4, F.

The geometric reason for this decomposition is due to Brieskorn [8], who found a
(non-linear) bundle map from the complement of the D, arrangement to a hyperplane
complement homotopy equivalent to the compiement of the A,_; arrangement. This
map was studied by Falk and Randell [18], who noted that the Brieskorn bundle admits
a section, and that its fiber is a curve of genus 272(¢ — 3) 4+ 1 with 2°~! punctures.
It follows that PB(D;) & Fy ><j, P;, where k = 2/~!(¢/ — 2) + 1. The representa-
tion f,: P, — Aut(F;) was recently identified by Leibman and Markushevich [32].
For PB(D3), the action of P3, generated by {A4;.,413,423}, on Fs = (#1,...,15) is
given by

e h, t ', te 8 i,

ty — t2t4t5_1t3_1t2t1, th — b, I +— t;1t2t4,
A12: 4 e bty 'y, A e bht ', A3 { e,

ta— 17 it ta 8ty s, ty > ta,

ts — t7 st 8 s, ts vty 15t s, ts — 1.

(This is not how the representation f3 : P; — Aut(Fs) is written in [32]; their formula
for A4, 3 is not correct, but can be fixed by carefully following their algorithm.)

2. The resolution

In this section, we construct a finite, free ZG-resolution of the integers for ev-
ery group G which admits the structure of an iterated semidirect product of finitely
generated free groups. The basis for this construction is the non-commutative differ-
ential calculus for words in a free group developed by Fox in [21] (see [5] for an
exposition).

2.1. First consider a single free group F, = (x1,...,x,). Let K, = \/] S! be the stan-
dard K(F,,1), and let C. be the augmented chain complex of the universal cover
K,. Identifying Cy with ZF,, and C, with (ZF,)" (with basis {ej,...,e,} given by
the lifts of the 1-cells at the basepoint), the resolution 6‘. can be written
as

0— (ZF," 2 7F, 57 — 0,

where 4 = (x; —1 --- x, — 1)T and ¢ is the augmentation map, given by s(x;) = 1.
Further, consider an automorphism « : F,, — F,. The induced chain map o, : Co — C,
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can be written as:

(ZF,Y' -4 ZF,
jjmoa li (2.1)
(ZF,y -4 ZF,

where J(a) = (0a(x;)/0x;) is the n x n Jacobian matrix of Fox derivatives of a. Note
that «, is the composition of a ZF,-linear map (idzr,, resp. J(«)), with a non-linear
map (the extension & : ZF, — ZF,, resp. & : (ZF,)* — (ZF,)"). The commutativity of
diagram (2.1) is a consequence of the “fundamental formula of Fox calculus”.

If B: F, — F, is another automorphism, the fact that (foa)s = B © 2s is a conse-
quence of the following “chain rule of Fox Calculus™

Lemma 2.2. J(Bo ) = B(J(a))-J(B).
In particular, J(a~!) = &' (J(2)™").

2.3. Given F, = (xy,...,x,) and a € Aut(F,) as above, form the semidirect product,
Gy i= Fy >, F1 = (x;,t | t71x;t = afx;)), of Fi = (t) with F, determined by «. Let
R = ZG,, and define 4, : R — R by A(g) = ¢t - g. (Note that 4, is not R-linear with
respect to the left-module structure on R, unless G, is abelian.) Extension of scalars
yields the following commuting diagram:

R®ur, (ZF,Y —22, R @, TF,

J,;"®J(“)°& lif@d
id®4
R ®zF, (ZF,)' ——— R ®zF, ZF,

The map A; ® J(«) o &, together with the canonical isomorphism R ®zF, (ZF,)" = R",
define a map p(«): R" — R".

Lemma 2.4. The map p(a) belongs to Autg(R"), and its matrix is t - J(a).

Proof. First we must verify that p(a) is R-linear. For that, start by computing p(«) on
the basis vectors {ej,...,e,}:

(%)

Oa(x;) e
x]' 4

pla)e) =1)_ —
j=1

Clearly, p(a)(t* - e;) = t* - p(a)(e;). For an element w of F,, we have

" da(x;) "L Ba(x;)
p(a)(w-e)=t- OC(W)Z 5x-' e =t t~we ) —6x—’ e, =w- p(a)e),
Jj=1 g j=1 J
and R-linearity follows from the fact that ), and F, generate G, = F,,><, F. That the
matrix of p(a) is as asserted follows from (x).
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Finally, we must verify that p(a) has an inverse. Note that G, = G,-1, the isomor-
phism being given by x; — x; and ¢ — ¢!, Thus, ZG,— = R. It now follows from
Lemma 2.2 that p(a)o p(a™') =id. O

2.5. We now consider an iterated semidirect product G = Gy >, ... >, Gy >, G,
where G; = F;, = (x1,4,...,%4,,4). Recall that G? denotes the split extension G, >,
G, and «f : G, — Au(G,) denotes the restriction of o, to G,, | < p < g. Let
R = ZG denote the integral group ring of G. For each generator x,, (1 < p < ¢,1 <
r <d,) of G, we have a commuting diagram

A‘l
(ZG,)*—— ZG,

J"pod'r'P (iﬂ!’
q ¢ A q

(2Gy Y —-— 76,

where 4, = (x14—1 -+ x4,4—1)T, &;7 is the extension of the automorphism o7” :=
oaf(xr,p) : G — G, induced by conjugation by x,.,, and J;¥ = J(ag”) is the Jacobian

matrix of a;”. Let 4,, : R — R be left multiplication by x,,,. By Lemma 2.4, the map
PGPy = Anp ®JPP 0 877 R ®z6, (£Gy)" — R ®z6, (2G,)*,

defines an R-linear automorphism of R%, with matrix x, , - (00g P (xi,q)/ 0, q)-

Lemma 2.6. For each g, 1 < q < ¢, there is a (unique) representation p, : Gi—! -
Autp(R%) with the property that py(x) = iy ® J(04(x)) 0 &,(x) for every x € GI~1.

Proof. Specifying the automorphisms p,(x, ) for each 1 < r < d, defines a represen-
tation p,f 1 Gp Autg(R%) for each of the free groups G, = F, 1 < p < g < /7.
We are left with showing that these representations are compatible with the iterated
semidirect product structure on G, ie. pf(x;,)pd(xiq)pf(x;p) = Pl (x; ), for
p < q < s. This follows from the fact that A, o 4, = A;, and Lemma 2.2. [

2.7. The above representation extends to a representation p, : G — Autg(R%) via the
convention py(x,,p) = Iz, if p > q. We denote by g, : R — Endgr(R%) the extension
of p, to the group ring R. Replacing each entry x of an m x n matrix by f,(x) defines
a homomorphism Homg(R™,R") — Homg(R™,R") that we still denote by j,. By
restriction, we also get a homomorphism Pg + Autp(R") — Autg(R"™9).

2.8. We now construct a free resolution ¢ : C, — Z over the ring R = ZG. While this

is done in a purely algebraic fashion, the reader may find it useful to keep in mind the

topological underpinnings of the construction, as explained in 1.3 and Remark 2.11.
Let Co =R, and, for 1 <k </, let

G= P Rhbh

I<pr<--<pr <t
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The augmentation map, ¢ : Cy — Z, is the usual augmentation of the group ring, given
by &(g) = 1, for g € G. We define the boundary maps of the complex C, by specifying
their restrictions AP"P>P+ to the summands R%1%:"%:. This is done recursively as
follows: Define 4, : R* - Rby 4, =(x;,—1 -+ x4, — 1)T. For p; < p,, define
dp.p, : R®% — R%2 by A, , = —p,,(4p,). In general, for 1 < py < -+ < pp <4,

.....

Finally, define 4 : C; — Cy—; by

A= EB APV P

I<pi<..<p<f

In the context of the above construction, the fundamental formula of Fox calculus
has the following consequences.

Lemma 2.9. For x€ Gy and 1 <i < p; < -+ < pp < q </, we have
By By 00 B, () [AgIh h = [Ag}h -, 00 5, (x).

Proof. First consider the case £ = 0. Let « € Aut(G,) be the automorphism induced by
conjugation by x. Then the matrix of p,(x) is x-J() (see 2.5). Using the fundamental
formula of Fox calculus as in (2.1), we have

pg(x)-dg=x-J(a) - 4y =x-8(4;) = 44 - x.

In general, write 4 = j, o---o f, (x) and note that 4 is a square matrix of size
d=d, ---dp,,. For each entry a of 4, we have pg(a)- 44 = 44-a by (2.1) as above. It
then follows from some elementary matrix manipulations that §(4)-[4,]? = [4,)¢ - 4.

d

We now come to the main theorem of this section.

Theorem 2.10. Given a group G which admits the structure of an iterated semidirect
product of finitely generated free groups, the system of R-modules and homomor-
phisms {C,, 4} is a finite, free resolution of Z over R = ZG.

Proof. The proof is by induction on ¢ with the case £ = 1 clear.
Let G = ><1;=1Gp, where G, = Fy,, and consider the (normal) subgroup ¥ < G
given by ¥ = ><1i;=2 G,. By induction, the construction of 2.8 yields a free resolution

€:Ce(%9)—> Z over #=179.
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Let E’. = Co(¥%) ®¢ R, and let D, denote the chain complex of R-modules with
terms Dy = (Cx)*' and differentials 0p = —[02]'. That is, D, is the direct sum of
d; copies of C,, with the sign of the differential reversed. Note that C. and D, are
complexes of free R-modules, and that H.(%;R) = H*(E'.).

Define a map =, : D, — E‘. by setting the restriction of 5, to the summand
R4 % of Dy to be equal to

e R Gy _, Ry - 6k-

.....

In particular, =y : Dy — Co is given by Zp = 4 : : R — R. We claim that &, : D, —
C, is a chain map. To prove this assertion, it suffices to verify that

d .
Aprpi * [Ap,pe 2l 1y

for 1 < j <k (where dp, ---d,_, = 1 if j = 1). These equalities all follow easily from
Lemma 2.9. Furthermore, it is clear from the construction in 2.8 that Cq = Co(G) is
the mapping cone of the chain map Z,. Thus C, is a chain complex of free R-modules.

We now show that Co — Z is a resolution, i.e. that C. is acyclic. It is clear from
the construction that HO(C ) = 0. Since C, is the mapping cone of Z, : Dy — C., we
have a long exact sequence in homology

H(E.) ~
v = Hi((Co) — Hi(Dy) —— Hi(Co) — Hi(Ca) — -+

with connecting homomorphisms induced by the chain map =,. Now R is free as a
%-module and H.(9;R) = H,(C,), so

~._[Rsy ifi=0, o R ifi=0,
H,(C.)—{O i£i40, and therefore H,(D.)—{O if i £0,

Thus the long exact sequence above reduces to

d Ho(E,)
0 — H\{(Cy) = (Rg)"' —— Ry — Hy(C,) — 0,

and we have H;(C,) = 0 for { > 2. It remains to show that H(C,) = 0, i.e. that the
connecting homomorphism Hy(Z,) is injective.

Now HO((A,‘.) =Ry =7G R4 7 = Z[G/%) = ZF,, so Hy(D,) = (ZF;,)*'. Under this
identification we have Hy(Z,) = (x1; — 1 --- x4,1 — 1)T, where Fy, = (x11,...,%4,1)-
Hence Hy(Z,) is injective, and the proof is complete. [J

Remark 2.11. The chain complex Co.(G) is, by acyclic models, chain-equivalent to
C.(XG ), the equivariant chain complex of the universal cover of the K(G, 1) space Xg
constructed in 1.3. Note that Xg = ngli’gp, and that C,(G) and ®;=1 Ce(Xg,) are
isomorphic as graded groups. As in the case of a direct product (see Example 3.2),
the boundary of a k-chain is computed from the boundaries of 1-chains. However,
the boundary maps of C,(G) are not equal to those of ®i=1 Ce(Xg,) in general, but
rather, are “twisted” by the representations p,, according to the recursion formulas
in 2.8.
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For example, if G = F, >, F,, is the semidirect product of two free groups, the
boundary maps of Co(G) are determined by those of Co(F,) and C.(F,), and the
representation p : F,, — GL(n,ZG). Note that, in this instance, it is immediate that
Co(G) is the chain complex resulting from application of the Fox calculus to the
presentation G = (x;, ¥; | y;xi = x;0(x;)(y;)), where F,, = (x;) and F, = (y;). Thus
Co(G) is equal to the chain complex of the universal cover of the “presentation two-
complex,” X, associated to this presentation of the group G.

Remark 2.12. After completing this work, we became aware of a construction of
Brady [7]. Given a semidirect product G = G, ><, Gy, a free resolution of Gj, and a
free resolution of G, which admits an action of G; compatible with o, Brady describes
in [7] an algorithm for producing a free resolution of G. Carrying out this algorithm
inductively in our situation, and making use of the lemmas from 2.1-2.7, it is pos-
sible to show that the resulting resolution coincides with the one constructed in 2.8.
Although this argument is somewhat shorter than the one presented here, the explicit
construction and arguments presented above will be of further use in the remainder of
the paper.

3. Some consequences

In this section we derive some consequences of Theorem 2.10, and illustrate the
construction of the previous section by means of several examples.

3.1. Direct products
We first consider the simplest situation — that of a direct product.

Proposition 3.1. Let G and H be two iterated semidirect products of free groups,
and let Co(G) and C4(H) be the corresponding chain complexes. Then G x H is also
an iterated semidirect product of free groups, and Co(G X H) = Co(G) @ Co(H).

Proof. The iterated semidirect product structure on G x H is obtained in an obvious
fashion. The structure of Co(G x H) follows from the construction and standard facts
about tensor products of resolutions (see e.g. [9, p. 107]). O

This result has the following topological interpretation. Recall the K(G, 1) space X¢
defined in Section 1. It follows from the construction that Xg. gz ~ Xg x Xy. Passing
to equivariant chain complexes of universal covers recovers the above result.

Example 3.2. Let G= X;zl G,, where G, = Fj,. Then Co(G)= ®i=1 E’.(Gp), where

&P

E‘.(Gp) : (ZGp)dP A ZG, — Z — 0 is as in 2.1. Explicitly, C¢(G) is the direct sum
of C;,(G1)® --- ® C;,(Gy), over all indices i, € {0,1} such that i; +---+ i, = k, and
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the restriction of the differential 4 : Cx(G) — C;—;(G) to such a summand is given
by

4
Mer®-®c)=D (1)@ @1 @) R ® - By,

r=1

where 8, = AV if i, =1 and 8, = &) if i, = 0.

The simplest such instance is when all the exponents d; are equal to 1, in which case
we have G = Z7 = (x; | [x,x;] = 1). Then Co(Z7) is the usual free ZZ’-resolution of
Z. That is, X is the /-torus T% and C, = Co(Z) is the equivariant augmented chain
complex of the universal cover of T Specifically, Cy = R = ZZ/, C; = R’ may be

identified with a free R-module with basis {e;,...,e;}, and C, = R(;) = /\k C;. With
these identifications, the differential 4 : C; — C;_; may be expressed as

k
Mei Ao Ne) =) (—1Y 7', — 1)ew Ao A& A- Aey).

r=1
3.2. 14-products

An automorphism of a group G is said to be an I4-automorphism if it induces the
identity automorphism on the abelianization H,(G;Z) = G/G’. The IA-automorphisms
of G form a (normal) subgroup IA(G) of Aut(G). The groups IA(F,) have been much
studied; for example, it is known from the work of Nielsen and Magnus that the natural
map Aut(F,) — GL(n,Z) is surjective, and that its kernel, IA(F},), is finitcly generated
and torsion-free. Let us say that a group G is an IA-product of free groups if it can
be written as G = Gy >y, - - - >y, G2 >y, Gy, With G, = Fy,, and o : Gl — IA(#, ).

Proposition 3.3. Let G be an IA-product of free groups. Then the chain complex
Co(G) ®¢ Z has trivial boundary maps.

.....

upon applying the augmentation map ¢ : ZG — Z to every entry. This is accomplished
by an inductive argument. [

Let b;(G) = rank H;(G; Z) be the jth Betti number of G. The following generalize
the results of Kohno [27] and Falk and Randell [18].

Corollary 3.4 (Factorization). If G is an IA-product of free groups, then the homo-

logy groups of G are torsion free, and the Poincaré polynomial of G factors into
linear terms:

4 4
> (G =1 +dgt).
Jj=0 g=1
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This result may also be obtained using a spectral sequence argument as in [18].

Let ¢ = rank I'y(G)/I'v+1(G) denote the rank of the kth lower central series quotient
of G. Noting that the group theoretic results of [18] or [30] apply in our situation, we
obtain:

Theorem 3.5 (LCS Formula). If G is an 1A-product of free groups, then in Z[[t]] we
have

‘ ¢
D b(G) =ty =] —dpty = [J(1 - ™.
j=0 o

>1

3.3. An example

We conclude this section with a detailed example of the construction of the chain
complex from Section 2. Recall that B, denotes the group of braids on ¢ strings. Let
B} be the subgroup of braids that fix the endpoint of the last string. The group B}
is the semidirect product of B,_, with F,_;, determined by the Artin representation
og—1 1 Be_y — Aut(Fy_;) (see Example 1.2).

Example 3.6. Let G = B} = F; ><,, B;. This group admits the structure of an iterated
semidirect product of free groups, G = F3 ><,, ', >, Fi. To see this, first note that
B3 = (61,0, | 010201 = 02010,) admits a semidirect product structure By = F, >, Fy,
coming from the Milnor fibration of the discriminant singularity 23 in C3 (see 7.5). The
group F is generated by x;; = g1, the group F> is generated by x;; = 0105 l,xz,z =
oy 161, and the action p; : F; — Aut(F;) is given by

. ) X1,2 72 X2,
X1,1 1
X2,2 X1’2X2‘2.

Now let F3 = {x13,%2,3,%33). The Artin representation a3 : B3 — Aut(F;) is given
by

-1
X1,3 7 X1,3X2,3%) 3,
X1,1 7§ X2,3 74 X1,3,

X3,3 > X33,
-1 -1
X1,3 P> X1,3%3,3%) 3, X1,3 M X1,3X2,3% 3,
X1,2 1§ X2,3 & X3, X22 1§ X232 X33,
—1 —-1
X3,3 > X3 3X2,3X3,3, X3,3 F X3 3X1,3%3,3.

This establishes the iterated semidirect product structure on G = Bj. Carrying out
the procedure described in Section 2, we see that the chain complex C,(G) is given by

423 [ 0 43
A3 0 A 4
(4123 4235 [41) 0 42 4 4

R— RO ROR——— SRR OR*SR—R,
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where R = ZG, and

1 x1,3 - 1
X1,2 —
41 =(x, — 1), Az=( ), d3=1|x3-1],
)C2,2 — 1
X3,3 -1
1 —X1,1
A1z = . 21 )
X1,1X] 5 1 —x1%) 5
U4 (s — e —x1,1x13 0
A1,3 = —X1,1 1 O N
0 0 1- X1, 1
14+ (o3 — e 0 —X1,2%1,3
—X1,2 1 0
-1 .
y 0 —X1,2%3 3 1 “x1,2x3,3(x2,3 - 1)
2,3 - ’
T4 (o3 — Dxoa —x20%1,3 0
0 1 —X2,2
-1 —1
—x2,2x3,3 0 1 —x2,2x3,3(x1‘3 — 1)
and 4y,3 = , where
—A ~-L+ A4
-1 -1 -1
(T =xiadeax;, (1 —Xx13)x0X0%13 X1, 2%1,3%2,3
A= 0 xl,lezl 0
—-1_—1 —1_-—1 1 0
X1,1%1,2%2,3 x1,1%) % 3(x1,3 — 1)

Remark 3.7. This chain complex can be used to compute the homology of G with
various (twisted) coefficients. For example, the homology H. = H,(G; Z) with trivial
Z coefficients is given by Hy = Z,H, = 7>,H, = Z*,Hy = Z. Note that both aspects
of the LCS formula — the factorization of the Poincaré polynomial and the recursion
for the ranks of the LCS quotients — fail for this group. The former does not hold since
the Poincaré polynomial equals (1+¢)(1+¢+#%). The latter would imply that ¢ = —1.
Since the monodromy automorphisms o, and o3 defining G are not IA-automorphisms,
these facts do not contradict Theorem 3.5.

4. Generalized Magnus representations

Let G be a group that admits the structure of an iterated semidirect product of finitely
generated free groups. In this section, we use the construction of the chain complex
C+(G) to define representations of groups I which act compatibly on G.
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Definition 4.1. An automorphism iy € Aut(G) is said to be compatible with the iterated
semidirect product structure G = Gy ><,, - - - ><,, G2 >, G, if it satisfies the following
conditions:

(1) Vg € G,, we have y(g) € Gp; and
(2) Vg, € Gp, Vgq € Gy, p < ¢, We have ‘xtf('//(gp))('/’(gq)) = l»h(‘xtf(gp)(gq)) in Gg.

Given a compatible automorphism i of G, let 4, € Aut(G,) be the restriction of y
to G, (well defined by condition (1) above). Condition (2) can be restated as:

(2') Vx € G, p < g, we have af (Y,(x)) = Yy 0 & (x) o Y, ! in Aut(G,).
It is easily checked that the compatible automorphisms of G form a subgroup of
Aut(G), which we shall denote by Aut™(G). The compatibility conditions are quite

restrictive. For example, if G = X;zl G,, then Aut*(G)= X2=1 Aut(G,); in partic-
ular, Aut*(Z%) = (Z,Y.

4.2. Now assume G, = F, for each p, 1 < p </, and let Co = Co(G) be the
chain complex of free modules over R = ZG constructed in Section 2. Any automor-
phism {y : G — G gives rise to a chain equivalence ¥, : C, — C,. We shall explicitly
describe the chain map ¥, in the case where ¥ belongs to Aut™(G).

Let J(ys,) € Autzgp((ZGp)‘é’) be the Jacobian matrix of Fox derivatives of the au-
tomorphism yj, € Aut(G,). Let J,(¢) := idzr ®J(Y) € Autg(R%) be the automorphism
obtained from J(y;,) by extension of scalars. Define the higher-order Jacobians of
recursively as follows:

@) 1= D GOTH 51 o (03 R = R,

Now define the map ¥} : Cy — C; by specifying its restriction to the summand R%: %

of Cy to be the composition of the higher-order Jacobian Jp, ., (%) with the extension
J 1 R R

Vo= D ol

1<pi < <pst

(The map ¥y : Cy — Cp is just 1,/; :R — R) In order to prove that ¥, : Co — C, is a
chain map, we first need a lemma.

Lemma 4.3. For all x € G, and p < q, we have p,(Y,(x)) = J, ()~ - &(pq(x)) .
Jo(¥).

Proof. Recall from Lemma 2.4 that, if G, = F, >, F| = (x;,¢ | t7'x;t = a(x;)), and
R = ZGy, then p(a) is an R-linear map, with matrix ¢ -J(a). Furthermore, note that, if
A is an arbitrary matrix with entries in ZF,, then t=! - 4 - t = &(4).
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Using these observations, together with Lemma 2.2, and condition (2’) of Definition
4.1, we obtain:
Pe(Up(x)) = Yp(x) - J (L (Yp(x)))
= Yp(x) Sy 0 af(x) o Yy ")
= Yp(x) - ¥, o B (U W)) - T (W 0 ()
= (), 0 B (X) 0¥, (W) ™) - Ty 0 af(x)
= Yp(x) - al (Yo (W) 1) - T (WY 0 2P (x))
= Y (x) - ()™ S (W) T U(x) - T (Y 0 a2 (x))
=J, ()7 Y(x) YU (@ (x))) - J(W)
=Jy) ™" dpy(x)) - Jy(). O

Proposition 4.4. The map ¥, : Co — C, is a chain equivalence.

Proof. To show that ¥, : C, — C, is a chain map, we must show that ¥y_; 04 =
Ao Wy, for 1 <k < £. We accomplish this by induction on k, with the case £ =1
following from diagram 2.1.

By virtue of the direct sum decompositions of C, and ¥,, it is enough to show that
diagrams of the form

bt 2 ON pddd,
R %% — @i=1R [
Py L S

AP1--Pk

k .

) - dp el dy

R % — ®i=1 RdPl %
commute. Since

APoPE = (Apl---’Pk’ [Apz ..... Pk]dp] seees [Ap. ..... Pk]dp]vndp’_l gerey [Apk]dplmdp"_]) ’

this amounts to showing that

I ) - [4p,... m]dpl”%"] =9 ([Apl ,,,,, pk]dmmdm_l) I prybpie(Y)

for 1 < i < k. These equalities all follow from the definitions using induction, together
with Lemma 4.3.

To complete the proof, we must show that the chain map ¥, is, in fact, a chain
equivalence. This follows directly from the definitions. [

Example 4.5. The simplest example of this construction is in the case of a direct
product G = X',_, G,, where G, = F,. Using the decomposition Cx(G) = €D C;,(G1)
® - -®C;,(Gy) from Example 3.2, we can write the chain map induced by ¢ = X;z‘ /A
as ¥ = DY - @PY, where ¥\ =J ()oY, if i, = 1 and B =, if i, = 0.

iy ?
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Example 4.6. We further illustrate the construction using the notations and computa-
tions of Example 3.6. Recall the group G = B} = F3 ><,, F» >q,,, F;. Consider the
normal subgroup ¥ = F; >«,, Fy, where F;, = (x1,2,%22), F3 = (x1,3,%2,3,%2,3), and
define the automorphism Y € Aut™(%) to be conjugation by x;; € F;.

The chain complex Co(¥) is of the form

4
(423 [4517) ( Az )

RS RBOR— R,

where # = 7%, and the boundary maps are given by restricting the boundary maps
of Co(G). Carrying out the construction described in 4.2, the chain equivalence ¥, :
Ce(%) — Co(%) induced by ¥ can be written as

A° ROR — R

Loy (32 Yoy v

R — s B DR R

where J, = J(Y|g,), S5 =J(¥lp,), and 3 = [3] - p,(12) are given by

0 1
Jzzx_l'(12—41)=< _ _>,
M g _1‘1,21 x1,21

J=xil (b —A), Ja=ax) s — 41,23).

4.7. In order to proceed with the construction of generalized Magnus representations, we
need to see how the higher-order Jacobians behave under composition. The following
result can be viewed as a generalization of the chain rule of Fox calculus (Lemma 2.2).
Let G = ><,_ F3,, and consider ¢,§ € Aut™(G).

Proof. This is proved by induction on &, with the case £ = 1 following from
Lemma 2.2.

For the inductive step we need Lemma 4.3, which, we recall, states that for x €
G?7!, we have py(Y(x)) = J,(¥)! -t/;(pq(x)) - Jg(). It follows immediately that
(0 (Cmex)) = JgW) ™ - (F(C nxx)) - Jy(¥). If 4 is a d x d matrix with entries
in R, this implies that

5y (J0) = )] 5,0 - )]

Using the definition of higher-order Jacobians, the case £ = 1, the inductive hy-
pothesis, the fact that ﬁq is a homomorphism (see 2.7), and the above formula,
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we get

=[50 ) 5] By (Fh ) )

= (B @] 5 (B (9)
s G )

= ([ (@) 0 (5 G (#D) - s 0)] 7
RO SN ())

= VUpni(8) pp(¥). O

4.9. Now consider a group I' that acts compatibly on G. That is, we are given a
homomorphism @ : I' — Aut™(G). For each y € I', the construction of 4.2 yields a
chain map @(y), : Co(G) — Co(G). But these chain maps are not R-linear in general,
so a judicious extension of scalars is required in order to define a representation of
I'. The idea is suggested by the original approach followed by Magnus [36] (see [5,

p. 115]).

Definition 4.10. A homomorphism 7 : G — K is said to be @-invariant if 1(P(y)(g)) =
1(g) forallge Gand ye I

Let R =7G, S = ZK, 7: R — § the extension of t to group rings, and S ®z —
the extension of scalars functor defined by 7. Applying this functor, we obtain a chain
complex of free S-modules, S ®z Co(G). We are now ready to state the main theorem
of this section.

Theorem 4.11. Suppose G = ><1i,=1Gp is an iterated semidirect product of free groups,
& : I' — Aut™(G) is a compatible action of a group I’ on G, and 1 : G - K is a
®-invariant homomorphism. Given y € T, let ®L(y) = ids @P(y)e : S Qg Co(G) —
S ®r Co(G). Then, for each k, 1 <k </,
(1) the map Di(7): S ®r Cr(G) — S ®r Ck(G) is S-linear;
(ii) the map ®j(y) is a chain equivalence; and
(iii) the map ®f : I' — Auts(S ®z Ci(G)),y — Pi(y), is a homomorphism.

Proof. (i) For a fixed y € I', write = &(y) € Aut™(G), and let ¥, : Co — C, be
the chain map induced by ¥. Recall that ¥, : Co — Cp is identified with J :R - R
Recall also that ¥; : C; — C; is the composition of a certain R-linear map with the
non-linear map & : C, — Ci, which is a direct sum of copies of l;f :R — R. Thus, it
is enough to show that @] = idg ®1/7 :S®prR — S ®g R is an S-linear map. We will
show more, namely

ids QY = idsgyr - (xx)



D.C. Cohen, A.I Suciul Journal of Pure and Applied Algebra 126 (1998) 87-120 107

Let w: S ®r R —— S be the canonical isomorphism given by w(s ® r) = s#(r). The
P-invariance condition, 7 o Y = 7, yields

oA BY(s ® 7)) = (s ® Y(r)) = sT((r)) = st(r) = (s @ r),

proving the claim.
(ii) This follows from Proposition 4.4.
(iii) This follows from Proposition 4.8 and (xx). [J

In the special case where G = F, and I' < Aut(F,), representations such as the
above were introduced by Magnus [36] (see [5] for details). We therefore refer to the
homomorphisms @} : I' — Auts(S ®r Ci(G)) as generalized Magnus representations.
Since the maps @%(y) are chain maps, we also obtain homological Magnus representa-
tions d_i,rc : I — Auts Hi (S ®z Co(G)). However, note that these homology groups need
not be free S-modules in general. In such a situation, one may still be able to “reduce”
&; by restricting to a free, invariant submodule of § ®g C¢(G) — see e.g. Example 5.7.

Remark 4.12. There is an alternate way to interpret these representations. Recall that,
in forming the tensor product S ®g Co(G), we view S as a right R-module via s -r =
s7(r). Using the involution of the group ring R = ZG given by Z—ngg =Yg,
we can turn S into a left R-module by setting r - s = s7(), and form the tensor
product Co(G) ®¢ S. We then have a chain equivalence § ®g Co(G) — Co(G) ®¢ S
given by s ® ¢ — ¢ ® s, inducing an isomorphism between H.(S ®r Co(G)) and
He(Co(G) ®¢ §). Thus, we can view the generalized Magnus representations as &; :
I' — Autg(Cy(G) ®¢ ), respectively d_); : I’ — Autg Hi(G;S). When K is an abelian
group, the coefficients module § = ZK is determined by the representation £ : G —
Aut S, given by 7(g)(s) = 1(g—")s.

Example 4.13. The simplest example is where 7 : G — {1} is the trivial homomor-
phism. If I" acts compatibly on G, the resulting representations, ®; : I' — Aut(Cy(G)®¢
Z) and d-),: : I' — Aut Hi(G; Z), can be non-trivial, even when G = F,, see [5, p. 117].
However, if I' acts by [A-automorphisms of G, then obviously (1_52 is trivial.

Example 4.14. Let I" be a group that acts compatibly on G, and assume that the action
@ of I on G factors as @ : I' — Aut™(G) NIA(G) — Aut™(G). Then the abelianiza-
tion map ab : G - G/G’, and more generally, maps of the form z: G 2, G/G' » K
(where K is abelian) are @-invariant. See Section 5.2 and Example 5.7 for examples
of generalized Magnus representations obtained this way.

5. Representations of braid groups

We use the techniques developed above to define new linear representations of braid
groups. Detailed discussion of these representations is deferred to [13].



108 D.C. Cohen, A.L Suciul Journal of Pure and Applied Algebra 126 (1998) 87-120

5.1. Generalized Burau representations

For 1 < ¢ < n, let P, s = ker(P, — P,) denote the kernel of the homomorphism
from B, to P, defined by forgetting the last n — £ strands. Then P, , = ><1’1',;}F}, is
generated by {4;;} with ¢/ < j <nand 1 <i < j. (Note that P, = B,;.) The braid
group By acts on P, , in a natural fashion. On each free factor F, = Fy*F,_, of Py, it
acts by the Artin representation on F, (see Example 1.2), and acts trivially on F,_,. It
is readily checked that the action so defined, &, : B — Aut(P, ), is compatible with
the iterated semidirect product structure of P, ,. The semidirect product P, , ><g,, B,
is the group B~ of braids that fix the endpoints of the last n — £ strings.

Let Z = {¢), and identify the group ring, ZZ, with the ring of Laurent polynomials
int, A=2[t,t7']. Fix m, l <m < n-¢, and define a homomorphism 7 : P,, — Z
by 14rs) =t ifn—m+1 <s<nand 1(4,;) =1f¢/+1<s<n—m
Since ©(4,;) = t©(4,4) if s = ¢, the homomorphism 7 is invariant with respect to
the action &, , of B, on P,,. We thus obtain by Theorem 4.11 generalized Magnus
representations of the braid group,

B i = (Pen)i : Br — Autg (A ®zp,, Ce(Payr))
By sk Be — Auty Hy(A ®zp,, Co(Prs))

foreach k, 1 <k <n-—¢. ¢ =n-1, we have P,y = Fs, k = 1, and the
action @, .. = o, is the Artin representation. In this instance, it is easy to see that
B = ﬂ},1,1 : B — GL(¢, A) is the Burau representation, and ﬁ, : By, - GL(£ — 1,4)
is the reduced Burau representation (see [5, 26, 34]).

Example 5.1. In the case £ =3, n =5, m = 1, we have Hy(A ®zp,, Co(Ps3)) = AS.

. . . .=l
Thus, the above construction yields a generalized Burau representation f;,, : B3 —
GL(6, A). This representation is given by

0 0 —t—1 t 0 0
0 0 -1 0 0 0
1—1¢ -1 0 0 0 0
g1 — s
1 e a1 0 0 0 0
0 0 0 0 —t 0
0 0 0 0 —:t—-7F 1
1 —t-¢ 0 0 0 0
0 —t 0 0 0 0
oy o 0 0 0 0 —t 0
0 0 0 0 - £
0 0 —t7! -1 0 0
0 0 —1—¢! 1! 0 0



D.C. Cohen, A.I Suciul Journal of Pure and Applied Algebra 126 (1998) 87-120 109

The characteristic polynomial of each of these matrices is (A—1)*(A+1)(A+)(A2—£). It
follows that, unlike the Burau representation, this representation does not factor through
the Hecke algebra H(3,¢), see [26].

Remark 5.2. In [29], Kohno uses a vanishing theorem involving the groups P,/ to
construct representations of the braid group generalizing the (reduced) Burau represen-
tation. See Section 6 for a generalization of this vanishing theorem. Like the above
representations, those generated by Kohno do not, in general, factor through the Hecke
algebra. The construction of the generalized Magnus representations presented here
was, in part, motivated by Kohno’s work.

Remark 5.3. Our generalized Burau representations are powerful enough to detect
braids which belong to the kernel of the Burau representation. Answering a long-
standing question, Moody [40] showed that S, : B, — GL(Z, A) is not faithful for £ > 9.
This was sharpened to £ > 6 by Long and Paton [34] who found the following braid in
ker(Bs): & = [( 058, (02030405)°], where { = a; 0503 0402 03 303656403 oy o1,
A computation shows that the representation ﬂ622 B¢ — GL(30, A) detects the braid

& Bg2a() # I

5.4. The above construction may be applied in a more general context so as to yield
representations of the braid group with several parameters. Fix m, 1 <m < n—/¢, and
consider the free abelian group Z™ generated by {t;, | n —m+ 1 < s < n}. Identify
the group ring ZZ™ with the ring A, of Laurent polynomials in the variables {t}.
Let t : P,, — Z"™ be the homomorphism defined by ©(4,;) = ¢, if n —m+1 <
s < n and t(4,;) = 1 otherwise. As before, the homomorphism 7 is invariant with
respect to the action @, : B, — Aut™(P,,). Thus we obtain generalized Magnus
representations,

Mk = (Pen)i : Be — Auty, (Am ®zp,, Ci(Pns))

ﬁ’;l,n—(,k : By — Auty, Hi(Ap Qzp,, Ce(Pryr))

for each k, 1 < k < n — ¢, depending on m parameters. Clearly, n}, ar = /3}’ o and

nl’qr ﬂfqr

Example 5.5. In the case £ =3, n = 5, m = 2, we have Hy(A; ®zp,, Co(Ps3)) = AS.
We therefore obtain a representation ’7%,2,2 : By — GL(6, A3). This representation is
given below, where we denote the generators of Z? by s and ¢ (as opposed to 4 and t5)
to simplify notation.
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0 0 0 K —8 —S
0 1 0 14 st 0 -1
SR 0 0 0 —t 0 0
—st 0 -5 —t —s%t sf -5k |’
0 0 1 -1 1 t
0 0 s—+st —t—t 0 -5
—t—st st -—s+st 0 0 0
—t 0 —8 + st 0 0 0
- ? 0 —s + st 0 st O
s 0 —1 1 & 0
0 s 0 0 0
-1—-¢t 0 ~-1—-s5—t 0 —s 1

If one sets s equal to ¢ in the above representation (i.e. applies the map b4y A
defined by ¢(s) =1, ¢(¢) = t), the resultmg representation By — GL(6, A) is precisely
the one parameter representation ,83 2.2 - B3 = GL(6, 4) defined in Section 5.1.

Remark 5.6. Methods for “lifting” representations from By to B, are given by Liidde
and Toppan in [35], and by Birman et al. in [6]. Either of these techniques may be
used to generate braid group representations which depend on several parameters. For
instance, Liidde and Toppan obtain an m parameter representation v; of B, by succes-
sively lifting the trivial representation of Bs.». We have checked that the (reduced)
representation 73 is equivalent to 773 , ,. We conjecture that v}’ < ¢} and 7} 277, ,,
for all £ and m.

5.2. Generalized Gassner representations

For each n > £, the pure braid group P, acts on the group P, , = F,_1>d--->aF,
by restriction of the action @, ,. This (compatible) action is the “usual” one, discussed
in Example 1.2 (see also Section 6). The semidirect product P, ,><g, , Py is, of course,
the (entire) pure braid group P,.

Fix m, |l <m<n—¢ and let N = (5) — (",”). Consider the free abelian group
ZV generated by {t,, | | <r < s,n—m+1<s<n}, and let t: P,; — Z" be
the homomorphism defined by ©1(4,) =t if n—m+1 < s < nand ©1(4,5) =1
otherwise. Checking that 7 is invariant with respect to the action @,, of P, on P, .,
we obtain generalized Magnus representations of the pure braid group,

07 u—s ik = (Prn)i - Pr — Auty, (Ay ®zp,, C(Pnr)) ,
9—'/",,1_/,1( 1P — Auty, Hi(Ay ®zp,, Co(Prr))

for each k, 1 < k < n—¢. In the special case /£ = n — 1 (and thus m = 1), we have
N = ¢ and P, , = F,. In this instance, it is easy to see that 6, = 0}’1,] : P, — GL(¢,Ay)
is the Gassner representation. Note, however, that 6, : P, — Aut 4, Hi(Ay Qzr, Co(Fr))
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is not the reduced Gassner representation for £ > 2, as Hi(As Qzr, Co(Fy)) is not a
free module.

Example 5.7. Consider the case £/ =3, n=35, m=1. Denote the generators of 44®zp, ,
Ca(Ps;3) = (A4)'? by {ey,...,e1}, and write ¢, = . 5. The elements

ta(t: — Der + (1 — tita)er + (1 — 1)es, (1 —t3)ex + (12 — 1)es,
tts—Des+(1—t)er +(1 —n)(ts — Ve, ta(ts — 1)eg + (1 — tata)er + (13 — 1)es,
(1 —t)eg + (11 — 1)e, (1 — tzta)eg + (11 — 1)en + t3(t1 — Deyy,

generate a free, rank 6 submodule M of A4 ®zp,, C2(Ps;3). Checking that this sub-
module is invariant under the action of the representation 0;2’2 1 Py — GL(12, A4), we

obtain a subrepresentation é;,2,2 : Py — GL(6, A4), given by

ity 0 0 0 0 0
n—1 1 0 0 0 0
0 0 l-—fy+u6ty H(l-—1n) 0 0
Ay — ;
‘ 0 0 1 -ty 1y 0 0
0 0 0 0 hHity 0
0 0 0 0 Lty — 1) 1
3 1 -1ty 0 0 0 0
(1 — 1) 1 — 354+ titsty 0 0 0 0
Aps 0 0 ht3 0 O 0
' 0 0 ti(ttys — 1) 1 0 0 ’
0 0 0 0 1 -1
0 0 0 0 0 titzly
1 Lt —1) 0 0 0 0
0 hits 0 0 0 0
Ays o 0 0 1 /-1 0 0
: 0 0 0 sty 0 0
0 0 0 0 l—t+tnt 6{l-t6)
0 0 0 0 1 — tat4 b

If one sets all 4 equal to ¢ in the above representation (i.e. applies the map ¢ : A4 — A
defined by ¢(#;) = t), the resulting representation P; — GL(6, A) is merely the restric-
tion to P3 of the representation B;,z,z : B3 — GL(6, A) discussed in Example 5.1.

The submodule M 2 (A4)® considered above is not isomorphic to the homology
group Hy(A4 ®zp, , Co(Ps,3)), which is not a free As-module. This discrepancy disap-
pears if one works over the complex numbers. Let v:Z* — C* be a complex repre-
sentation, and M ®z« C, = C® the corresponding vector space. If the complex param-
eters v(t,) are sufficiently generic (simply all different from 1 in this instance), and
#(t,) := v(t,)~!, this vector space is isomorphic to H((A4 ®zps, Co(Ps3)) @74 C,) =
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Hy(Ps 3; C;) = C° (see 4.12 for the first isomorphism). Similar genericity conditions
are addressed in detail in Section 6.

Notice that the representation é;’“ decomposes into a sum of 3 rank 2 repre-
sentations of P;. More generally, one can find a free, rank #(£ — 1) submodule of
Ar41®@zp,,, , C2(Pry2,¢) which is invariant under the action of the representation 0},2,2 :

Ps — GL(£(£+1), Az+1). The resulting subrepresentation é;,“ decomposes into a sum
of £ rank / — 1 representations of P, for any Z, see [13].

6. A vanishing theorem

Let P, denote the pure braid group on ¢ strings. In this section, we carry out a
detailed analysis of the representations which dictate the structure of the boundary
maps of the free resolution Co(P,) of Z over the integral group ring R = ZP, given
by the construction of Section 2.

6.1. The boundary maps of the chain complex C,(P,) are comprised of homomor-

..........

—ﬁpk(Apl_,_,pk_,), where 1 < p; < pp < --- < pp <¢ — 1. Since
dp =1 pr1 =1 Ay — 1,

we have

Appe = (DDA p1) =1 o Ay p1) — DT,

where ¢ = f, o---op, is the composition of the representations ﬁpj, 2<j<k,
and / is the identity matrix of size p,--- px. Thus, to understand the chain complex
Co(P,), we must make sense of the iterated compositions of the representations ﬁpj.

We first consider a single representation p,. To simplify notation, we assume that
p=¢—1and r < s < ¢. This representation is (essentially) given by the Ja-
cobian matrix of Fox derivatives of the action of 4, on the free group F,_ | =
(41.¢,...,A7-1,¢) exhibited in Example 1.2. By Lemma 2.4, the matrix of p,_1(4,,)
is given by

A aA"Ir_,s114z',{3'4r.s
rs aAj,{ M
For our immediate purposes (see below), rather than using the “standard” presentation

of the pure braid group given in Example 1.2, it is useful to work with a different
generating set for the free group F,—;. Let

4 ifi<rori>s,
yi= Ar,{’As,/’ ifi= S,
Aredi A} ifr<i<s.

A computation yields:
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Lemma 6.2. The action of A, on the free group Fs_y = (y1,..., y¢—1) is given by

_ i ifi#r,
Ar,slyiAr,s = { i —1 f . f
VsYr¥s ifi=r.

Computing Fox derivatives, we obtain:

Proposition 6.3. With respect to the generating set {y\,...,ys—1} of Fs_1, the matrix
U = (ui;) of pe—i(4,s) is upper triangular with non-zero entries u,, = A, sAr,¢As.¢ =
Ar,sys, Uy s = (1- yr)A,,s, and Upf = Ar,s for k 7é r.

6.4. The above result may be viewed as a first step in an inductive description of
the matrix of g, o---o p,(4,;s). For example, with respect to the generating set
{A1,¢y...,A4¢—1,¢} of Fs_1, the matrix of §,_, 0p;_,(4,s) is, by Proposition 6.3, similar
to the matrix obtained by applying p,—; to the entries of the matrix

Ar,s : Ir—l 0 0
0 Un,s 0 :
0 0 Ar,s .

where U, is an (s —r+ 1) x (s —# + 1) upper triangular matrix with diagonal entries
Ay sAy kAs ks Arss. .. Ars. Thus, to understand the composition g,_; o p,_;(4,s), we
must understand not only ps_;(4,.s), but ps_1(4, sAr14sk) as well.

Let J = {j1,j2,....Jp}, Where 1 < jj < jo < -+ < j, < ¢, and consider the pure
braid 4, defined by

A4y = (Ajl‘j'z )(Ajr,jaAjzyh )(Ajl,j4Ajz,j4Aj3,j4) te (Ajlsjp o .AijlJp )-
If j, < ¢ —1, then 4; acts on the free group F,_; = (41,¢,...,4¢—1,¢) by conjugation.
We once again work with a different generating set of the free group F,—;. Let
Ai,/ lflfjl ori > jp7
Yi=1{ 4j,c - Aje ifi=j,2<k<p,
AjreAj M ie(djy e Ao e)™ i je <i < jiwr, 1<k<p-—1.

Lemma 6.5. The action of A; on the free group Fs_ = (y1,...,ys—1) is given by
i ifi#j, 1<k<p-1
AJ—lyiAJ:{yl U(‘l?é.]k’ = =p s

vipyy,  fi=ju1<k<p-l

Proof. If p = 2, the above is merely the reformulation of the defining relations of the
pure braid group P, considered in Lemma 6.2. Using induction on p and the defining
relations in the pure braid group, one checks that the action of 4; on F,_; is as
asserted. [

Computing Fox derivatives once again, we obtain:
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Proposition 6.6. With respect to the generating set {yi,...,ys—1} of Fs_\, the matrix
U = (ui;) of pr—1(4s) is upper triangular with non-zero entries u;, ; = Ay, and
uj.j, = (1 —yi )y for 1 <k<p-—1,and w; =A4; for i #jy, 1 <k < p-1

6.7. We now use these results to study the homology of the pure braid group (and re-
lated groups) with non-trivial coefficients. Recall that, for 1 < £ < n, P, , = ker(P, —
P,) denotes the kernel of the homomorphism given by 4, +— 1 if s <7 and 4,5 —
4,5 if s > /. We consider complex representations, v : P, , — GL(m,C), of these
groups. For J = {j1,...,j,} such that 4; = (4, ;,) - (4, 5s4pjs) (s, Ajporip)
is an element of P, s, write ¥(4,) = v,. Let V denote the (ZP, /)-module (resp. local
coefficient system on K(P, s, 1)) corresponding to v.

Definition 6.8. Fix g > 0. The representation v : P, , — GL(m,C) is said to be quasi-
generic through rank q if, for each J such that 2 < |J| < g +2 and 4; € Py, the

eigenvalues of the matrix v, are all different from 1.

Remark 6.9. If v is quasi-generic through rank g, repeated application of Propo-
sition 6.6 shows that the eigenvalues of the matrix of Vo ¢(4; ;) are all different from
1, where v : ZP, ; — End(C™) denotes the linear extension of v, ¢ =, o---0p,,
and m < g + 1. Thus, under these conditions, the endomorphism / — ¥ o ¢(4;;) is in
fact an isomorphism. This observation motivates the following, which generalizes the
vanishing theorem found in [29] (see also [46, 51]).

Theorem 6.10. If v: P, , — GL(m,C) is quasi-generic through rank gq, then the ho-
mology groups of P, with coefficients in V vanish for 0 <i < min{g,n — ¢ —1}.

Proof. The proof is by induction on the cohomological dimension, d = cd(Py /) =
n — £, of the group P, .

Ifd =n—-¢=1, we have P,, = F,_; and min{g,n — 7/ — 1} = 0. In this instance,
the hypothesis of the theorem merely states that the eigenvalues of the matrices v(4,,/)
are different from 1, and it follows easily that Hy(F,-1; V) = 0.

In the general case, write Co(n, £) = Co(P,,/)®p,, V, and denote the boundary maps
of this complex by d;(n, ). The restriction of the representation v to the subgroup
P41 of Py, gives rise to a (ZP, ¢11)-module which we continue to denote by V.
By induction, we have H;(Pns+1:V) =0 for 0 <i <min{g,n — ¢/ —2}.

As in the proof of Theorem 2.10, we exploit the fact that the complex Co(Pys)
may be realized as the mapping cone of Z, : [Ce(n, £ + 1)]Y — Ce(n, £ + 1), where
Ce(n, £ + 1) = Co(Ppnys+1) ®p,,,, V. Thus we have a short exact sequence of chain
complexes

0 — Co(m, £ +1) = Co(n, #) = [Car(n, £ + 1)) — 0.
It follows immediately from the corresponding long exact sequence in homology:

oo = [HPrps1; VY = Hi(Prps 3 V) = HiPo g3 V) — (HiiPres; VI —
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that H;(P,¢; V) = 0 for 0 < i < min{g,n — / — 2}. This completes the proof if
g<n—¢-2.

If g>n—7¢—1, since we have H{(P, ,; V) =10 for i <n—¢ —2 by the previous
paragraph, it remains to show that H,_,_1(P,/; V) = 0. For this, it suffices to show
that dimim é,_.(n, £) = dimker 6,_,_1(n, /). The boundary map J,_,(n, ¢) is of the
form

Onr(n, €)= (A7.p41,.0—1 [On—i—1(n, £ + D).

Arpiron1 = (1" (Fodp(diss))—T -+ Tod(dsen) =D,

where ¢ = p,_, o---0p,, is the composition of the representations §;, £/ + 1 < j <
n—1, and [ is the identity matrix of size m- (£ +1)---(n — 1). Thus 0,_,(n, /) has
a submatrix of the form

((—1)"“’(60 ¢(A1.r01) — 1) 0
* [Opro1(n, ¢ + D)1 )

and
dim im(0,—s(n, £)) 2 (¢ — 1) - dimim(8p—r—1(n, £+1)) + rank(¥ o $(Ay,s41) — 1)

Now the conditions on the representation v assure that vo¢(41,,41)—1 is an invertible
matrix, hence has rank m-(£+1)---(n—1). Since H(P,; V)=0fori <n—~-2, we
compute dimker é,_,_1(n, ¢) using an Euler characteristic argument. It then follows
easily that

(¢ ~ 1) - dimim(G,—¢—1(n, £ + 1)) + rank(V o ¢(dy,r1) — 1)
= dimker(dp——1(n,£)). O

Corollary 6.11. If g > n— ¢~ 1 and v : P,; — GL(m,C) is quasi-generic through
rank g, then the homology group H,_,(P, s, V) has rank m-(n—=2)1/(¢ =20 if £ > 2,
and is trivial if £ = 1.

Remark 6.12. Note thatif v: P, ; — GL(m,C) is a quasi-generic representation through
rank g of the (entire) pure braid group, and ¢ > n — 2, then all homology groups
Hi(Py,1; V) vanish. That is, the chain complex Co(n,1) = Co(P,) ®p, V' is acyclic.

Remark 6.13. The group P, , arises as the fundamental group of the complement of
a discriminantal arrangement of Schechtman and Varchenko. Denote this arrangement
by o, ¢, let M, ¢ be its complement, and note that M, , is a K(P, ¢, 1) space. In [47],
for certain rank one local coefficient systems V, cycles in H,_,(M, ;; V), together with
differential forms in the (de Rham) cohomology group H"~*(M, ;; ¥*) with coefficients
in the dual local system, are used to generate solutions of the Knizhnik—Zamolodchikov
equations in terms of generalized hypergeometric functions (see also [16, 31]). In the
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instances where the local coefficient systems constructed in [47] arise from represen-
tations which are quasi-generic through rank n — £ — 1, it follows from Corollary 6.11
that there are (n — 2)!/(¢£ — 2)! linearly independent solutions of the corresponding KZ
equations.

Remark 6.14. Let A, be real numbers, and consider the unitary, rank one represen-
tation v of P,, defined by v(4,;) = exp(2nid, ;). It is easy to see that v is quasi-
generic through rank gq if, for each J = {j1,...,jp} with2 < p < g+2 and 4; € Py,
we have 45 1=} o, <, A ¢ 2

This condition may be expressed in terms of (the lattice of) the discriminantal ar-
rangement ./, .. Note that sets J = {r,s} with 4; € P, , correspond to hyperplanes
H =H,; € oy, Write 1y = A, ;. In general, sets J = {ji,...,/»} as above correspond
to codimension p — 1 “dense edges” X = X; =, ;c; Hys of 4, (using the termi-
nology of [46]). Thus, as noted by the referee, the representation v is quasi-generic
through rank g if Ay := Y, 5y Ay ¢ Z for all dense edges X of 2/, , of codimension
less than ¢g + 2. -

Notice that replacing 4, with A, s+ m, , does not alter the representation v if m,; €
Z. Tt follows that we can assume that A; > 0 for all J (resp. Ay > 0 for all X), and
restate the above quasi-genericity condition accordingly (cf. [16, 20, 46, 51]).

7. Milnor fibrations

In this section, we discuss how the chain complex constructed in Section 2 and
the vanishing theorem of the previous section may be used in the study of Milnor
fibrations.

7.1. Let o/ be a central fiber-type arrangement in C’ with complement M = M(/)
and exponents {1 = dy,ds,...,d;} (see [18, 43]). Then the fundamental group G of M
may be realized as an iterated semidirect product of free groups, G = Fy, > -->aFy,,
and M is an Eilenberg-MacLane space of type K(G,1). Let Q = O(&/) be a defining
polynomial of 7. Then, since & is central, O is homogeneous of degree n =y d, =
|«/| and we have a (global) Milnor fibration Q : M — C*, with fiber F = o~ (1),
and monodromy A: F — F given by multiplication by ¢ = exp(2ni/n) [38]. The Milnor
fiber F = F(<¢) has the homotopy type of an (£ — 1)-dimensional K(r, 1) space, where
n = m(F).

Since F, M, and C* are Eilenberg—MacLane spaces, the homotopy exact sequence
of the Milnor fibration reduces to | —» n — G 2 Z — 1. Therefore, by Shapiro’s
Lemma (see [9]), we have

H(F;Z) = Hd(m; Z) = H(G; LG ®z: £) = H(G; L2).

Thus the construction of Section 2 provides an algorithm for computing the integral
homology of the Milnor fiber of an arbitrary fiber-type arrangement. This algorithm also
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applies to certain non-linearly fibered arrangements, such as the Coxeter arrangements
of type D, mentioned in Example 1.7.

7.2. We have carried out this computation for the braid arrangements o, for £ < 5.
The results are tabulated below. For £ < 4, these explicit results have been obtained by
other means (see e.g. [11] and the references therein). To the best of our knowledge,
the results for /5 were previously unknown. Since there is no torsion in the homology
of these Milnor fibers, we list only the Betti numbers. We conjecture that the homology
of the Milnor fiber of the braid arrangement &/, is torsion free for any 7.

bo(F) b(F) by(F) b3(F)

g 1 4
Ay 1 7 18
A s i 9 28 80

For arbitrary ¢, we can compute the Euler characteristic of F(2). Indeed, the
Milnor fiber of .2/ is a cyclic (4)-sheeted cover of the complement of the projecti-
vized braid arrangement, M(/;), (see e.g. [43]). Since M(4;) is a K(P,2,1) space,
it follows from the LCS formula that y(M(sZ})) = (—1)/(¢£ — 2)!. Thus y(F(;)) =
(=1)£172.

7.3. The construction of Section 2 may also be used to compute the homology eigen-
spaces of the algebraic monodromy of the Milnor fibration. In [11], it is shown that, for
an arbitrary central arrangement o/, the &*-eigenspace of the monodromy is isomorphic
to H.(M(/*); Vi), the homology of the complement of the projectivization of &/ with
coefficients in a complex rank one local system V}. This local system is induced by
the representation vy : 7,(M(/*)) — C* which sends each meridian of =/* to &*.

We have computed the homology eigenspaces of the monodromy of the Milnor
fibration of the braid arrangement o7, for £ < 5. The characteristic polynomials, p;(¢),
of the maps induced in homology by the monodromy, &, : H{(F) — Hi(F), are given
below.

po(t)  pi(t) p2(t) ()
Ay 11—t (1=l -78)
Ay 1—t Q=0 -=-7) Q-=-Pa-2)Y1-6)
s 11—t (1 —1¢y (1 =001 —#) (1 = )81 — 2)(1 — 110)®

For arbitrary #, the zeta function of the monodromy is given by

Ut) = po(t)™" - pr(e) - pa() ™" - pa(t) - pra(t)t! = (1 — ) TEDE,

where n = (g), see [38].
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Remark 7.4. Since the complement of the projectivized braid arrangement M(7;") is a
K(Py2,1) space, Theorem 6.10 may be used to obtain partial results on the homology
eigenspaces of the monodromy of the Milnor fibration of the braid arrangement for
general 7. For instance, if n = (i) is not divisible by 2 or 3, then for 1 < k < n,
the rank one representation v, of m(M(/;)) = Py, is quasi-generic through rank 2.
it follows from Theorem 6.10 (see [11] for details) that H{F (o)) = H{AM(})) for
i<2.

For arbitrary ¢, if & is a primitive nth root of unity, then the representation vj
is quasi-generic through rank ¢ — 3. Thus the &-eigenspace of the monodromy is
“concentrated” in dimension # — 2, that is Hi{(M () ); Vi) =0 if i # ¢ - 2.

7.5. The approach outlined above also gives information on the Milnor fibration of the
discriminant singularity 9, in C’. (See [44] for another possible way to attack this
problem.) As noticed by Arnol’d, the complement, M(Z,), is the configuration space
of the set of # (unordered) points in C, and thus is a K(By,1)-space, see e.g. [23].
The Milnor fibration M(%,) — C* induces on x; the abelianization map ab : B, — Z,
see [22]. Hence, the Milnor fiber, F(2;), is a K(B}, 1)-space.

For arbitrary # we can compute the Euler characteristic of F(2,). Indeed, the usual
symmetric group covering M (/) — M(9,) restricts on Milnor fibers to an alternating
group covering F(.e/) — F(2/). Thus

(—1Y 212 _

WF@0) = - = (1.

However, computing the homology of F(Z,) is, in general, a substantially harder task.

The case £ = 3 is well known: 23 is the product of the cusp singularity with C.
Hence, n1(F(23)) = F, and the Milnor number, b,(F(Z5)), is 2.

The case £ = 4 is not as well known. In [36], Massey uses L& numbers to find upper
bounds for the Betti numbers of the Milnor fiber of 24, the product of the swallowtail
singularity with C. He finds 5,(F(24)) = b,(F(24)) < 5. Our approach gives the
exact answer. Let G := B} = n;(F(%4)). It is shown in [22] that G is a semidirect
pI‘OdUCt Gz > G]. The action of G1 = F2 = <x1‘1,x2,1> on G2 = F2 = <x1‘2,xZ,2> is
given by

—1.2 ~1.3

i1 X1,2 77 X1,2%p X7 2, [ X1,2 72 X1,2%5 2 X7 9,
LL: 2,1 ° 21 4

X2,2 / X1.25 X2,2 > X1,2X5 2 X1 2.

A computation reveals that H)(G)=272%, Hy)(G)=2?2. Thus b(F(Z4))=by(F(2;))=2.
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