o TOPOLOGY
ﬁ#@ AND ITS
' APPLICATIONS

ELSEVIER Topology and its Applications 118 (2002) 3-15
www.elsevier.com/locate/topol

Some cyclic covers of complements of arrangements

Daniel C. Cohe@*, Peter Orlik

@ Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803, USA
b Department of Mathematics, University of Wisconsin, Madison, WI 53706, USA

Received 3 January 1999; received in revised form 10 May 2000

Abstract

Motivated by the Milnor fiber of a central arrangement, we study the cohomology of a family
of cyclic covers of the complement of an arbitrary arrangement. We give an explicit proof of the
polynomial periodicity of the Betti numbers of the members of this family of cyclic cove2002
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1. Introduction

Let A be a hyperplane arrangement@, with complementM (A) = C¢\ Unea H-
The cohomology ofM (A) with coefficients in a local system arises in a number of
applications, both outside and inside arrangement theory. Included among the former
are the Aomoto—Gelfand theory of multivariable hypergeometric integrals [2,10], and
the representation theory of Lie algebras and quantum groups and solutions of the
Knizhnik—Zamolodchikov differential equation in conformal field theory [21]. This note
is motivated by one of the latter applications, the cohomology of the Milnor fiber of a
central arrangement.

Let C be a central arrangement of hyperplane€fr?, an arrangement for which each
hyperplaneH € C contains the origin. For each such hyperplanegjetbe a linear form
with kernelH. ThenQ = Q(C) =[] ¢ «n is a defining polynomial for the arrangement
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C, and is homogeneous of degree equal to the cardinaliy dhe complemend? (C) =
C*1\ 0~1(0) may be realized as the total space of the global Milnor fibration

FC)— M@C) S c*,

where F(C) = 0~1(1) is the Milnor fiber of Q, see [15]. We shall refer t&'(C) as the
Milnor fiber of C, and writeFF = F(C) when the arrangemedtis understood.

Suppose that the cardinality 6fis n and let(xo, x1, ..., x¢) be a choice of coordinates
on C*1. The geometric monodromy;: F — F of the Milnor fibration is given by
h(xo,...,x0) = (&nxo, ..., Enxe), Whereg, = exp(2ri/n). Sinceh has finite order, the
algebraic monodromy*: H9(F; C) — H4(F; C) is diagonalizable and the eigenvalues
of 1* belong to the set ofth roots of unity. Denote the cohomology eigenspacefdﬁy
H9(F; C); and writeb, (F)r = dim¢c HY(F; C);.

It is known [4] that these cohomology eigenspaces are isomorphic to the cohomology
of the complement of alecone of C with coefficients in certain complex rank one
local systems. See Section 2 for a summary of these results. We refer to Orlik and
Terao [17] as a general reference on arrangements, and to Dimca [8] for the relevant
singularity theory. Let4 be a decone of, an affine arrangement i6‘, and denote
the rank one local systems arising in the context of the Milnor fibeCpyl < k < n.
ThenH*(F(C); C); >~ H*(M (A); L) for eachk. Furthermore, the local systends are
rational in the sense of [3]. The results of this work, in the context of the Milnor fiber
problem, yield combinatorial bounds

dimg H9(Ac(A), an) < dime HY(F; C)x < rankg, H(Az, (A),an),

wherer =n/(k,n) andAg(A) is the Orlik—Solomon algebra of with coefficients in the
ring R equipped with appropriate differential. See Section 5 for details. The lower bounds
are well-known. The upper bounds are new.

The local systemf, is trivial, and thus corresponds to the constant coefficient
cohomology ofM (A). This is well understood in terms of the Orlik—Solomon algebra.
While pursuing the remaining cases, we were led to a family of cyclic coveig(of),
which includes the Milnor fibeF (C). In this note, we show how a number of known results
on the Milnor fiber extend naturally to all members of this family of covers, and give an
explicit and elementary proof of the polynomial periodicity of the Betti numbers of the
members of this family.

2. Milnor fibration

Recall from the Introduction that is a central arrangement afhyperplanes irC¢*+1,
with coordinatesxo, x1, .. ., x¢). Associated witl, we have the defining polynomi@ =
0(C), the complementZ (C) = C**+1\ 0~1(0), and the Milnor fibelr = F(C) = 0~1(1).
The geometric monodronty: F — F of the Milnor fibration has order = |C|. The cyclic
groupZ, generated by the geometric monodrokngcts freely orF. This free action gives
rise to a regular-fold coveringt — F/Z,.
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Consider the Hopf bundI€‘+1\ {0} — CP* with projection map(xo, x1, ..., x¢) >
(xo : x1 : --- : x¢) and fiberC*. Let p:M(C) — M* denote the restriction of this
projection toM, where M* = p(M). The restrictionpr : F — M* of the Hopf bundle
to the Milnor fiber is the orbit map of the free action of the geometric monodrbrog
F and we therefore havE/Z, = M*. These spaces and maps fit together with the Milnor
fibration in the following diagram:

Tn F—r ~F/7Z,

T

C**)M(C)*I’)M*

L L

C*/Zy %C*

Note thatM* is the complement of the projective hypersurface defined by the homoge-
neous polynomiap. Thus it is the complement of the projective quotient of the arrange-
mentC. If we designate one of its hyperplanés,,, the hyperplane at infinity, the remain-
ing arrangement is called the deconeokith respect taH,. We call this¢-arrangement

A here and observe thaf (A) = M* is independent of the choice &f, and|A| =n — 1.

We shall assume tha4 containg? linearly independent hyperplanes.

The cohomology groups of the Milnor fiber have been studied extensively, see for
instance [16,4,14,5,7]. We summarize some known results from [4]. Sirfeas finite
order n, the algebraic monodromg*: H1(F; C) — H4(F;C) is diagonalizable and
the eigenvalues of* belong to the set ofith roots of unity. Denote the cohomology
eigenspace dff = exp(2wik/n) by H4(F; C);, and denote the characteristic polynomial
of i*: H1(F; C) — H4(F; C) by A,(t) = detr - h* —id).

Proposition 2.1 [4, 1.1]. Let g/ and £ be two nth roots of unity which generate the same
cyclic subgroup of Z, = (&,). Then, for each ¢, the cohomology eigenspaces H4(F'; C);
and H4(F; C); areisomorphic.

Corollary 2.2. For each g, 0< g < ¢, there are nonnegative integers dy , so that

Ag(t) =] [ @r)®s,

k|n

where @y (¢) denotes the kth cyclotomic polynomial.

Theorem 2.3 [4, 1.6].Definethe rank onelocal system £; on M (A) by the representation
T - w1 (M (A)) — C* given by yy — £X for each meridian loop yy about the hyperplane
H € A. Then, for each k, 1 < k < n, we have

H*(F(C): C), ~ H*(M(A); Ly).
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In light of this result, it is natural to study the local system Mii.4) induced by the
representation given byy — £X for arbitrarym. In subsequent sections, we focus on the
context in which these local systems arise.

3. Cyclic covers

The realization of the Milnor fiber of a central arrangement as a cover of the complement
of a decone in the previous section motivates the following construction.

Let A be an affine arrangement ¥, with coordinatesc = (x1, ..., x¢). Associated
with 4, we have the defining polynomigf = Q(A), and the complemen¥/(A) =
C*\ f~1(0). For each positive integen, let g, : C* — C* denote the cyclion-fold
covering defined by,, (z) = z™, and letp,, : X,,,(A) — M (A) denote the pullback of,,
along the magf : M(A) — C*, where

Xm(A) = {(x,2) € M(A) x C*| f(x)=2"}.

This family of cyclic covers ofM (A) generalizes the Milnor fiber in a number of ways
which we now pursue. First, we have the following.

Proposition 3.1. Let C be a central arrangement of n hyperplanesin C*1, with defining
polynomial Q = Q(C) and Milnor fiber F(C). If A is a decone of C, then the covering
spaces pr: F(C) > M(A) and p,, : X,,(A) — M(A) are equivalent.

Proof. The relation between the defining polynomiglsof A and Q of C is given by
0 = xf - f(x1/xo, ..., x¢/x0), and F(C) = Q~1(1). Using this, it is readily checked
that the mapX,(A) — F(C) defined by(x1,...,x¢,2) = (1/z,x1/2,...,x¢/z) iS a
homeomorphism inducing an equivalence of covering spaces.

Remark 3.2. As observed by the referee, one can similarly show thatpfor n, the
global Milnor fiber of the unreduced hypersurface singularity defined by the polynomial
xg - Q(x0, X1, ..., x¢) is homeomorphic t, (A).

The characteristic homomorphisén: 71(M (A)) — Z, of the coveringpr: F(C) —
M (A) was identified in [4, 1.2]. It is given byp(yy) = g, Whereyy is a meridian
loop about the hyperpland € A and g, is a fixed generator of,. A straightforward
generalization of the proof of this fact presented in [4, 1.2] yields

Proposition 3.3. The characteristic homomorphism &, : w1 (M (A)) — Z,, of the cover-
ing pm : Xm(A) — M(A) isgiven by &,,(yy) = gn for a fixed generator g, of Z, and
meridian loops yy about the hyperplanes H of A.

The covering spacex,, (A) fit together nicely in the sense of the following.

Proposition 3.4. Ifm = k-r, thenthemap C¢ x C* — C* x C* defined by (x, z) — (x,z")
inducesa cyclic r-fold covering pm  : X (A) = Xi(A).
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Proof. Let X; ,(A) — Xix(A) denote the pullback og,:C* — C* along the map
X (A) — C* defined by(xy, ..., X¢, 2) — z, with

Xir(A) ={(x,z,w) e M(A) x C* x C*| f(x) =z" andz =w"}.

It is then readily checked that the maf, (A) — X« (A) defined by(x, z) — (x,z", 2)
is a homeomorphism compatible with the projection maps.

Remark 3.5. The spaceX,,(A) admits a self-maph,, : X, (A) — X,,(A) defined by
h(x,z) = (x, 3;,;1 - 7), whereg,, = exp(2ri/m). In the casen = n of the Milnor fiber,

the maph,, : X, (A) — X, (A) corresponds to the geometric monodramy (C) — F(C)

under the equivalence of covering spaces exhibited in the proof of Proposition 3.1. For
arbitrarym, the “monodromy” maph,, generates a cyclic group of order, which acts
freely onX,,(A). The resulting regulam-fold coveringX,,(A) — X,,(A)/{h,) clearly
coincides withp,, : X,,(A) — M(A). More generally, forn = k - r composite, the map

h’,; generates a cyclic group of orderwhich also acts freely ox,,(A), and the covers

X (A) = X (A /(R and py i - Xim (A) — X1 (A) coincide.

4. Cohomology

We now study the cohomology of the covering spa&gg.A). Fix a basepoinkg €
M(A). From the Leray—Serre spectral sequence of the fibrasjpnX,, (A) — M(A),
we obtain H*(X,,(A); C) = H*(M(A); L™), the cohomology ofX,,(A) with trivial
C-coefficients is isomorphic to the cohomology of the baseA) with coefficients in
the rankm local systemC” with stalk L' = Ho(p,gl(x); C) ~ C™. The results presented
in this section are natural generalizations in the context of arrangements of those of [4,
Section 1].

Proposition 4.1 (cf. [4, 1.3-1.5])Let T € GL(m, C) be the cyclic permutation matrix of
order m defined by T'(¢;) = ¢;41 for 1 <i <m — 1 and T (e,) = e1, where {e;} is the
standard basis for C™. Note that 7 is diagonalizablewith eigenvalues&X, 1 <k <m.
(1) Thelocal system £™ on M (A) isinduced by therepresentation ™ : w1(M (A), x0) —
GL(m, C) given by t™ (yy) = T for each meridian yy.
(2) The local system £ decomposes into a direct sum, £ = P, L} of rank one
local systems. For each k, the local system £}! is induced by the representation
7" 1w (M (A), x0) — C* defined by 7" (yy) = &k .
(3) Wehave H*(X,,(A); C) = @ H*(M(A); L]").

The above result provides one decomposition of the cohomologds;,@f4). Another
is given by the monodromy mags, : X,,(A4) — X, (A) of Remark 3.5. Sincé,, has
finite orderm, the induced map}, : H4(X,,(A); C) - H9(X,,(A); C) is diagonalizable,
with eigenvalues among theth roots of unity. Denote the cohomology eigenspacg;of
by HY(X,,(A); C)x, and denote the characteristic polynomialif: H7(X,,(A); C) —
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HY(X,,(A); C) by Af]’”)(t) =det( - h}, — id). We then have the following generalizations
of Theorem 2.3, Proposition 2.1, and Corollary 2.2.

Proposition 4.2 (cf. [4, 1.6]).For each k, 1 < k < m, we have

H* (X (A); (C)k ~ H*(M(A); L}).

Proposition 4.3 (cf. [4, 1.1]).Let E,f; and £X be two mth roots of unity which generate the
same cyclic subgroup of Z,, = (£,). Then the cohomology eigenspaces H* (X, (A); C)
and H*(X,,(A); C); areisomorphic.

Corollary 4.4. If g,{; and g,’,‘l are mth roots of unity which generate the same cyclic
subgroup of Z,,, = (£,,), then H*(M (A); L’j’?) ~ H*(M(A); L]).

Corollary 4.5. For each ¢, 0 < ¢ < ¢, there are nonnegative integers d,gf';) so that

A (1) = [ [ @r) e,
kln

where @y (1) denotes the kth cyclotomic polynomial.
We relate the cohomology of the spacégs(A) for variousm using these results.

Theorem 4.6. If k divides m, then the cohomology H* (X (A); C) isa direct summand of
H*(X;n(A); C).

Proof. By Proposition 4.1 we hav&/*(X,,(A); C) = @;.”:1 H*(M(A); L;f‘), where the
local systemﬁ;f‘ is induced by the representati@;f’v given byyy — &, fm=k-r,
then the representationt,k, 1< i <k, are among then representationsj’.", 1<
Jj < m. In other words,H*(Xy(A); C) = @Ll H*(M(A); /:f.‘) is a direct summand of
H*(X,(A);C). O

Remark 4.7. This result may be interpreted in terms of the intermediate coverings
Pk Xm(A) — X (A) of Proposition 3.4 as follows. One can check that the projection
Pm.k cOmmutes with the monodromy maps, x o h, = hi o pm.x. Consequently, the
induced mapp;"n’k CH*(Xi(A); C) — H*(X;n(A); C) preserves the eigenspaces/gt

Using Proposition 4.2 and the above theorem, one can show that the homomorphism
p;"n’k maps H*(Xy(A); C) = @f.‘zl H*(M(A);Ef.‘) isomorphically to the summand
By H*(M(A): LE) of H*(Xn(A); C).
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The above results also show that, to determine the cohomology, 6f1), it suffices to
computeH™* (M (A); /3’{) for divisorsk of m. Proposition 4.2 and Corollary 4.4 yield

Theorem 4.8. The Betti numbers of the space X, (A) are given by

by (Xm(A)) =dime H(X,,(A); C) =D " ¢(k) - by(L}),
klm

where ¢ isthe Euler phi function and b, (£%) = dime H9(M (A); £5).

The summand? *(M (A); £1) of H* (X, (A); C) corresponds to the constant coefficient
cohomology ofM (A). This is well understood in terms of the Orlik—Solomon algebra
defined next.

5. Orlik—Solomon algebra

Let A = A(A) be the Orlik—Solomon algebra of generated by 1-dimensional classes
ay, H € A. It is the quotient of the exterior algebra generated by these classes by a
homogeneousideal, hence a finite dimensional gréadatfjebra. There is an isomorphism
of graded algebragi*(M(A); C) ~ A(A). In particular, dimA?(A) = b,(A) where
by(A) = dimHY(M(A); C) denotes theyth Betti number ofM(A4) with trivial local
coefficientsC. The absolute value of the Euler characteristic of the complement is a
combinatorial invariant:

¢
BA) = (=D Y (=D)?by(A) =[x (M(A))|. 1)
q=0

Let A = {Ayg | H € A} be a collection of complex weights. Define a differential
A9 — A7t1 py multiplication byay = Y HeaMH ag. This provides a completd”, axyA).
Associated tod, we have a rank one representationzi(M(A)) — C* given by
yy > ty = exp2riiy) for any meridian loopyy about the hyperplan#l € A, and a
corresponding rank one local systeiron M (A). Note thato and £ are unchanged if we
replace the weights with A + m, wherem = {my | H € A} is a collection of integers.
The following inequalities are well known, see [3].

Proposition 5.1. For all A and all ¢ we have

sup dimec HY(A", axtmA) < dime HY (M (A); £) < dime HY (M (A); C).
meZlAl

For the local systems arising in the context of the covgsg.A), the weights are
rational. Supposey = kg /N for all H, with integersky and N, and assume without
loss that the greatest common divisor of the is prime to N. In this case there are
better upper bounds. The Orlik—Solomon ideal is defined by integral linear combinations
of the generators, hence the algebra may be defined over any commutatiie diegoted
ARr(A). Write Ag = Ag(A). Left-multiplication by the elemendy = Y Agan € Ab
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induces a differential on the Orlik—Solomon algebra, and we denote the resulting complex
by (Ag,axn). Similarly, associated to the element = Na, = > kmam, we have the
complex(Ag, agA).

SinceA andk differ by a unit inQ, the complexe$A('@, ayN) and(A('Q, axN) are chain
equivalent. The coefficients af, are integers, so we consider the Orlik—Solomon algebra
with integer coefficients and the associated comléX, axA). Let (A}, axA) be the
reduction of(A;, axA) mod N, where Ay = Az, denotes the Orlik—Solomon algebra
with coefficients in the rind.y anda = ax modN.

Theorem 5.2 [3, 4.5]. Let A = k/N be a system of rational weights, and let £ be the
associated rational local system on the complement M of A. Then, for each g,

dimc H?(M(A); £) <rankz, HY(Ay, ag ).

There are examples in [3] which show that the inequality can be strict.

6. Polynomial periodicity

We continue the study of the cohomology of the spaxgéA). We first investigate the
implications of a well known vanishing theorem of Schechtman, Terao, and Varchenko
in this context. We then establish the polynomial periodicity of the Betti numbers of this
family of spaces.

An edge ofA is a nonempty intersection of hyperplanes dridl) is the set of edges.
GivenY € L(A),letAy ={H € A|Y C H}. Define the weighto¥ by vy = ZHEAY AH.

Call Y € L(A) denseif B((Ay)o) > 0 where(Ay)o is a decone ofdy. The projective
closure, A, of A adds the infinite hyperplané],, with weight—3 ", _ 4 Ay. Recall
that.4 c C¢ containgt linearly independent hyperplanes.

Theorem 6.1 [20, 4.3].Call the local system £ nonresonant if Ay ¢ Zxq for every dense
edgeY € L(Aw). Inthiscase

HY(M(A); £)=0 forg#¢, and dime H (M(A); L) = B(A).

Recall the decompositioA *(X,,(A); C) = @;”zl H*(M(A); L;f’) of the cohomology
of X,,(A) from Proposition 4.1. By Theorem 4.8, it suffices to consider the gasedl.
In the notation of the previous section, the local syst&fharises from the rational and
equal weights.y; = 1/m for all H € A. The projective closured,, of A is the projective
guotient of the con€ of .A. Assign the weight-|.A|/m t0 Hx.

Proposition 6.2. If either (i) m > | A|, or (ii) |(Ac)y] isrelatively prime to m for every
denseedge Y € L(Ax), then thelocal system £7' is nonresonant.

Proof. If Y C Hs, theniy < 0. Otherwise, we havey = | Ay|/m, which cannot be a
positive integer in either case (i) or (ii).0



D.C. Cohen, P. Orlik / Topology and its Applications 118 (2002) 3-15 11

Call a positive integelk .4-nonresonant if k£ satisfies either of the hypotheses of
Proposition 6.2. Calt .A-resonant otherwise.

(m)
Recall the factorizationAf]"’)(t) = Hk|m Dy (t)dk-q , of the characteristic polynomial of

the monodromy:”, : H9(X,,(A); C) — HY(X,,(A); C) provided by Corollary 4.5. The
results of Section 4 and this section provide the following information concerning the
exponentsl,ﬁf';) arising in this factorization.

Proposition 6.3. For every m, we have dif';) = by (A) for all . If k is A-nonresonant, then

4" =0if g < L and ") = p(A).

Proof. The first statement follows from Proposition 4.2 and the factﬂiails the trivial
local system. The second follows from Proposition 6.21

Proposition 6.2 also facilitates an elementary and explicit proof of the polynomial
periodicity of the Betti numbers of the family of covering spacés(A4). We refer
to Sarnak and Adams [19,1] for results along these lines in greater generality, and to
Hironaka [11,12] and Sakuma [18] for related results on branched covers of surfaces and
links. A sequencéda,}ncn IS said to bepolynomial periodic if there are polynomials
p1(x), ..., pn(x) € Z[x] so thata,, = p; (im) whenevem =i modN.

Theorem 6.4. For each ¢, 0 < g < ¢, the sequence, {b, (X, (A))}men, Of Betti numbers
of the cyclic covers X, (A) of the complement M (A) is polynomial periodic.

Proof. First note thabo(X,,(A)) =1 for all m.

Let N = Icm{|Ay| | Y € L(C) dens¢ denote the least common multiple of the
cardinalities of the subarrangemeunts of the coneC of A corresponding to dense edges.
Notice thatV is the smallest positive integer for whighV for all .A-resonant. Note also
that ifm =i modN, then

{keN|kis A-resonantand|m} = {k € N| k is A-resonant and|i}. (2)

For 1< ¢ <¢ -1 and 1< i < N, define constant polynomials, ; = b, (X;(A)).
From Theorem 4.8, we havg, ; = Zk‘i (k) - by (/:’i), and by Proposition 6.2, the sum
is over all A-resonant divisorg of i. Similarly, if m =i mod N, thenb,(X,,(A)) =
Zk‘mqb(k) . bq(ﬁ’{), the sum over all4d-resonant divisorg of m. Thus, the polynomial
periodicity of the Betti numbers, (X,,(A)) for 1 < g < ¢ — 1 follows from the relation
between such divisors @f andi noted in (2) above.

The polynomial periodicity of the top Betti numbgy(X,, (A)) may be established by
an Euler characteristic argument as follows. We hav&,,(A)) =m - x (M (A)). This,
together with (1), yields

-1
be(Xm(A)) =m - B(A) + (—1>@+1[1+ Z(—l)qbq(xm(A))}.

g=1
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Defining linear polynomialg, ; (x) = B(A) - x + (=Dt + Zs;ll(—l)qpq’[] for eachi,
1<i < N,wehaveh (X, (A) = pei(m)if m=imodN. O

Remark 6.5. The polynomial periodicity of the Betti numbers of more general classes of
covers of a finite CW-complex is established in [19,1]. Noteworthy in the above proof are
the explicit identifications of the “periodV and the polynomialg, ;(x) for the cyclic
coversX,, (A), see the concluding remarks in [11].

A generating function for the Betti numbebig(X,, (A)) is given by the followingzeta
function, suggested by A. Adem. For eagh0 < g < ¢, define

2 by (Xm (A
(A=) % 3)
m=1

Theorem 6.6. e have

k) - b, (LK
> P s Y

k<| Al k>| Al

k) - b, (LK k
Z o( )ksq( 1)+8q,g~ﬂ(A) Z ¢k(f)}’
keReg.A) k¢RegA)

where ¢ (s) isthe classical Riemann zeta function, §, . isthe Kronecker delta, and Reg.A)
denotes the set of all .A-resonant positive integers.

k
Cag(s) = c@)-[ ¢ )]

N

=C(S)~[

Proof. From Theorem 4.8, we havg (X, (A)) = Zk\m¢(k) -bq(ﬁ’i). If k£ is A-nonre-
sonant, in particular ik > |A|, we havebq(ﬁ’i) =0 forg < ¢ and b@(ﬁ’i) = B(A) by
Proposition 6.2. A calculation using these observations yields the result.

7. Bounds and examples

The results of Sections 4 and 6 show that, to determine the cohomolagy ©4), it
suffices to computé’* (M (A); /:’i) for A-resonant divisorg of m, that is, for divisorst
of m for which & < |.4] and hypothesis (ii) of Proposition 6.2 fails. Combining the results
of Proposition 5.1 and Theorem 5.2, we have combinatorial bounds on the local system
Betti numbers,

sup dimg HY (A", axymA) < bg(L4) < ranky, HY(Ay, ,a1n), (4)
meZlAl

where k - A =1 and a; = ) . 4an. Evidently, if the two extreme non-negative
integers in the above inequalities are equal, thg(ﬁ’i) is determined. In particular,
if rankz, Hq(A'Zk,Ezl/\) =0, we havebq(ﬁ’{) =0 as well. We conclude with several
examples which illustrate the utility of these bounds.

Example7.1. LetC be arealization of the MacLaneg)&onfiguration, defined b@ (C) =
xy(y —x)z(z —x —E2y)(z + £3y) (z — x) (z + E2x + £3y), and letA be a decone af. The
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Poincaré polynomial ofd is P(A,t) = Zq>0bq (A1 =1+ 7r 4+ 132, andB(A) = 7,
see (1). A calculation in the Orlik—Solomon algebrafkfeveals thaIHq(A'Zk, ain) =0
for ¢ # 2 and allk > 1. ConsequentlyP (X,,(A), 1) = 1+ 7t + (6 + 7m)¢2 for all m. In
particular, form = 8 = |C|, the Poincaré polynomial of the Milnor fiber of the MacLane
arrangementi® (F(C),1) = 1+ 7t + 622

Example7.2. Let A be the Selberg arrangementis, with defining polynomialp (A) =
xy(x — y)(x — 1)(y — 1). The Poincaré polynomial ofl is given by P(A,7) = 1 +
5t + 6:2, and we have8(A) = 2. The dense edges of,, all have cardinality 3, so by
Proposition 6.2, it > 5 ork is prime to 3, the local systenﬁ’i on M (A) is nonresonant.
Thus if (m,3) = 1, the Poincaré polynomial of the covéf,, (A) is P(X,,(A),t) =
145t + (4+ 2m)r2.

If k =3, one can check that difH (A", ax1mA) = rankg, Hl(A'Zs, aiA) = 1, where
3v=1landm = (...my...) € Z° satisfiesny = —1 if H =ker(x — y) andmpy =0
otherwise. Consequentllyl(,cf) =1 as well, and if 3 divides:, we haveP (X,,(A),t) =
1+ 7t + (6 + 2m)72. It follows that the zeta functiofi4 1(s) of (3) is given byz 4 1(s) =
C(s)-[5+2-37°].

Since the Selberg arrangement is a decone of the braid arrangBroerank three, the
coverXg(A) is homeomorphic to the Milnor fibef (B), and P(F (B), 1) = 1+ 7t + 182,
as is well-known. For further calculations along these lines, see [5,7].

Example 7.3. Let C be the Hessian configuration, with defining polynomia(C) =
X1X2X3 Hi,j:O,l,Z(xl + Séxz + géxg), and letA be a decone of with Orlik—Solomon
algebraA. The Poincaré polynomial ofl is P(A, 1) = 1+ 11r + 282, and(A) = 18.
One can check theﬁl‘i(A'Zk, ain) =0forqg #2if k #£2,4, and that, ift = 2, 4,

2, ifg=1,
ranky, HY(Az,.ain) = { 20, if g=2,
0, otherwise.

Sobi(L£X) =0 andby(L5) = 18 if k # 2,4, whileby(L5) < 2 andbo(£5) <20ifk =2, 4.

Concerning the lower bound of (4), it is known that the resonance vaRiety) of the
Hessian arrangement has a non-local three-dimensional compre@t?, see [6, 5.8]
and [13, 3.3]. It follows that fok € S, we have dirg H1(A*(C), axA) = 2, see [9, 3.12].
For an appropriate ordering of the hyperplane§ ahis component has basis

e5+é7+ 12— €1 — é2 — €3,
€4+ é9+e11—e1—é2 — €3,
€6+ €g+ 10— €1 — €2 — €3.

Using this basis, one can show that, for= a1 € C'2, there existan € Z!2 so that

A+meSifandonlyifk =2, 4. Thus,
sup dimg HY(A*(C), axtmA) = 2

meZ12
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for thesek. A standard argument then shows that

sup dimg HY(A"(A), ax4mA) = 2
me711

for ay = ta; € C** as well. Consequently, the inequalities in the upper bounds, 0f%)
noted above are in fact equalities. It follows that the zeta funcgiga(s) is given by
CA1(s)=2¢(s)-[11+2-275 +4-475].

These calculations determine the Betti numbers of the cBygrd) for anym, as well
as the dimensions of the eigenspaces of the mjps * (X, (A); C) - H*(X,»(A); C).
In particular, form = 12 = |C|, the Poincaré polynomial of the Milnor fiber of the
Hessian arrangement®(F (C), t) = 1+ 17t + 2322, and the characteristic polynomials
Ag(t) = Af]lz) of the algebraic monodromy ary(r) =1 — 1, A1(¢) = (r — 1)°(t* — 1),
andAs(t) = (t — 1)8(* — 12112 — 1)18,

Example7.4. Let A be the Ceva(3) arrangementG, with defining polynomia (A) =
(x3 = y3)(x® = 28)(y® — 28). Itis known that dine HX(A", axA) < 1 forall A. Fork =3,

it is also known thab1(L3) = rankg, Hl(A'Zs, ain) = 2. See [9, 4.5, [13, 3.3], [6, 6.2],
and [3, 3.5 and 4.7] for detailed discussions of this example.

As illustrated by this arrangement, the lower bound of (4) may be strict. On the other
hand, we know of no example where the upper bound of (4) is strict.
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