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Abstract. We prove similar theorems concerning the structure of bundles involving comple-
ments of fiber-type hyperplane arrangements and orbit configuration spaces. These results
facilitate analysis of the fundamental groups of these spaces, which may be viewed as general-
izations of the Artin pure braid group. In particular, we resolve two disparate conjectures. We
show that the Whitehead group of the fundamental group of the complement of a fiber-type
arrangement is trivial, as conjectured by Aravinda, Farrell, and Rouchon [AFR]. For the orbit
configuration space corresponding to the natural action of a finite cyclic group on the punc-
tured plane, we determine the structure of the Lie algebra associated to the lower central series
of the fundamental group. Our results show that this Lie algebra is isomorphic to the module
of primitives in the homology of the loop space of a related orbit configuration space, as con-
jectured by Xicoténcatl [Xi].
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Introduction

Let M be a manifold without boundary of dimension at least two. The configuration
space of n ordered points in M is the subspace of the product space M" defined by

F(M,n)={(x1,...,x,) e M" | x; # x;if i # j}.

These spaces arise in numerous contexts, including of course that of braid groups. The
symmetric group 2, acts freely on F (M, n). The fundamental group of F(M,n)/%Z, is
called the (full) braid group of M, and that of F(M,n) is the pure braid group of M.
In the case M = C, these groups are the classical Artin braid groups, see the books of
Birman [Bi] and Hansen [Ha], to which we refer as general references on braids.

Let Q, denote a set of n distinct points in M. A fundamental property of config-
uration spaces is given by the following classical result, which we will use extensively.

Partially supported by grants LEQSF(1996-99)-RD-A-04 and LEQSF(1999-2002)-RD-A-01
from the Louisiana Board of Regents.
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Theorem (Fadell and Neuwirth [FN], Theorem 3). For | < n, the projection onto
the first | coordinates, p: F(M,n) — F(M,I), is a locally trivial bundle, with fiber
F(M\Q1,n—1).

The focus of this paper is on two related generalizations of configuration spaces.
First, we study the class of fiber-type arrangements. An arrangement of hyperplanes
is a finite collection of codimension one affine subspaces of Euclidean space C'. See
Orlik and Terao [OT] as a general reference on arrangements. The complement of
an arrangement ./ is the manifold M (/) = €'\ J,;.., H. The configuration space
F(C,n) may be realized as the complement in C” of the braid arrangement consisting
of the hyperplanes H; ; = ker(x; — x;), 1 < i < j < n. Briefly, an arrangement is fiber-
type if, as is the case for the braid arrangement, the complement sits atop a tower of
fiber bundles, the projection maps of which are the restrictions to hyperplane com-
plements of linear maps €C* — €+~

The second generalization arises in the following way. Let I” be a (finite) group,
acting freely on the manifold M. The orbit configuration space Fr(M n) is the sub-
space of the product space M" consisting of all ordered n-tuples (xi, ..., x,) of points
in M for which the orbits I"- x; and I" - x; do not intersect for i # j. These spaces
were recently studied by Xicoténcatl [Xi], who showed that, like their classical coun-
terparts, they support certain Lie algebra structures in their loop space homology,
and proved a fibration theorem generalizing the Fadell-Neuwirth theorem stated above.

In this paper, we use the Fadell-Neuwirth theorem to determine the structure of
certain bundles involving both complements of fiber-type arrangements and orbit con-
figuration spaces. These results, the proofs of which are straightforward and virtually
identical, facilitate analysis of the fundamental groups of these spaces. As these spaces
generalize configuration spaces, their fundamental groups may be viewed as generaliz-
ations of the Artin pure braid group. We pursue several structural aspects of these gen-
eralized pure braid groups. Much is already known about a number of these groups.

For a fiber-type arrangement .o/, the group G = n;(M (7)) is an “almost direct
product” of free groups. That is, the group G may be realized as an iterated semi-
direct product of free groups, the factors of which act on one another by conjugation.
In [FR1], Falk and Randell use this structure to prove that fiber-type arrangement
groups satisfy the celebrated LCS formula, relating the Betti numbers and the ranks
of the lower central series quotients of these groups. For the Artin pure braid group,
this result was obtained by other means by Kohno [K2]. Using the almost direct
product structure of the group G of a fiber-type arrangement, one can also construct
a finite free resolution of the integers over the group ring ZG and show that G is of
type FL [CS2], show that G is residually nilpotent [FR2], orderable [Pa], etc..

Our results further reveal the structure of these groups. From the relationship with
configuration spaces we establish, it follows that the conjugation action in the almost
direct product structure is given by pure braid automorphisms. Using this, we show
that fiber-type arrangement groups are strongly poly-free, see Definition 1.2.1. Ara-
vinda, Farrell, and Roushon [AFR] have recently shown that the Whitehead group
of any strongly poly-free group is trivial. Thus, the Whitehead group of a fiber-type
arrangement group is trivial, as conjectured in [AFR].
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In principle, we give an algorithm for presenting the group of a fiber-type arran-
gement as an almost direct product. Using a natural generalization of the techniques
for computing the braid monodromy of a complex line arrangement developed in
[CS1], we provide a method for calculating the pure braids which dictate the structure
of fiber-type arrangement groups. We illustrate the method using the Coxeter arran-
gement of type B, giving a presentation of the Brieskorn generalized pure braid group
PB, which exhibits the iterated semidirect product structure of this group.

The complex reflection arrangements associated to full monomial groups provide
a bridge between the two generalizations of configuration spaces we consider. The
complement of such an arrangement may be realized as the orbit configuration space
Fr(C*,n), where I' is a finite cyclic group, acting on €* by multiplication by a
primitive root of unity. By combining the above methods with known results on
fundamental groups of hyperplane complements, we also obtain a presentation for
the fundamental group of this orbit configuration space. This presentation is used to
study the Lie algebra associated to the lower central series of this “pure monomial
braid group,” revealing that the structure of this Lie algebra is as conjectured by
Xicoténcatl [Xi].

Conventions. Denote by Aut(G) the group of right automorphisms of a group G, with
multiplication « - f = f o o. For u,v e G, write u® = v~'uv and [u, v] = uou~'v"".

1 Fiber-type arrangements
1.1 Monodromy of fiber-type arrangements

In this section, we identify the monodromy of a strictly linearly fibered arrangement.
When iteratively applied to fiber-type arrangements, this identification gives the
iterated semidirect product structure of the fundamental group of the complement of
such an arrangement. We first recall the definitions of these arrangements, see [FR1,
OT].

Definition 1.1.1. A hyperplane arrangement .« in €' is stricly linearly fibered if
there is a choice of coordinates (x,z) = (xi,...,x;,z) on €' so that the restriction,
p, of the projection €'*! — €/, (x,z) — x, to the complement M (.o7) is a fiber
bundle projection, with base p(M (7)) = M (%), the complement of an arrangement
% in €', and fiber the complement of finitely many points in €. We say .7 is strictly
linearly fibered over 4.

Definition 1.1.2. An arrangement ./ = </, of finitely many points in €' is fiber-type.
An arrangement .o/ = .o, of hyperplanes in €' is fiber-type if </ is strictly linearly
fibered over a fiber-type arrangement .oZ;_; in c.

The complement of a fiber-type arrangement sits atop a tower of fiber bundles

Pi-1

M(t)) 25 M( i) 25 oo 2 M(oty) = ©\{d) points},
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where the fiber of p, is homeomorphic to the complement of di points in €. Repeated
application of the homotopy exact sequence of a bundle shows that M (<) is a
K(m, 1) space, where n=m; (M (.)). The integers {d, ..., d;} are called the exponents
of the fiber-type arrangement .«7. In general, an arrangement .« is said to be K(z, 1)
if the complement M (.«7) is an Eilenberg-MacLane space of type K(=, ).

Remark 1.1.3. The rank of an arrangement .o/ is the largest number of linearly
independent hyperplanes in .o7. A useful alternative definition of a fiber-type, or su-
persolvable, arrangement is given in [FT]: An (affine) arrangement .o is supersolvable
if there is a sequence o/ = o) = --- 2 &/ such that rank .«/;; = rank .«/; 4 1 for each
J, and for distinct H, H' € «/; with H n H' # (), there exists H” € ./; with i < j and
HnH < H".

Example 1.1.4. Consider the braid arrangement, {ker(y; — y;), | <i < j <n},in C",
with complement F(C,n) = {y € C"|y; # y; if i # j}, the configuration space of n
ordered points in €, where ¥y = (y,,...,»,). The braid arrangement is the proto-
typical example of a fiber-type arrangement. By the Fadell-Neuwirth theorem, pro-
jection onto the first n coordinates yields a bundle p,,, : F(C,n+ 1) — F(C,n), with
fiber the complement of » points in C.

As noted previously, the fundamental groups of F(C,n) and F(C,n)/ZX, are the

classical Artin braid groups P, and B, see [Bi, Ha]. We record presentations of these
groups. The full braid group has presentation

(11) Bn:<o-i (1Sl<l’l)

0i0i+10; = 0i+10i01] (1 <i<n-— 1) >

0,‘0’] = O'jO'l' (|]7 l| > 1)

The bundle of configuration spaces p,.; : F(C,n+ 1) — F(C,n) admits a section
s:F(C,n) —» F(C,n+1), given by s(y)=(y,z), where z=(1+> 1, D2
From this and the homotopy sequence of the bundle, it follows that the pure braid
group admits the structure of an iterated semidirect product of free groups, P, =
IFy 1>y, , -+ Xy F;. The monodromy homomorphism oy : Py — Aut(IF) is the
restriction to P of the Artin representation oy : By — Aut(FFy), defined by

titint !t if j =1,
(12) O!/C(O'i)(tj) = t; if ] =i+ 1,
y otherwise,

where IF;, = {t1,..., . The standard presentation of the pure braid group exhibits
the iterated semidirect product structure. The group P, has generators

(1.3) A,-,jzaj,l---a,-Jrlaizal;ll---o-_] (I<i<j<n),

j—1
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and, for j < I, defining relations

(Ai14;,1) A 1(Ai4;) " ifk=iork=j,
(1'4) AjT]!Ak7lAi.j = [Aiv1Aj71]Ak1[[Ai7[Aj,/]71 ifi<k< j,
Ak, otherwise.

We now identify the monodromy of a strictly linearly fibered arrangement. Suppose
of is strictly linearly fibered over %, and write |%4| = m and |«/| = m + n. It then
follows from the definition that a defining polynomial for .o/ factors as

(1.5)  O() = 0(#) - d(x,2)

where Q(%) = Q(%)(x) is a defining polynomial for 4, and ¢(x, z) is a product of n
linear functions:

B(X,2) = (= = G10) (= — G2(X)) -+ (= = gu(x)),  gy(x) lincar.
Since ¢(x, z) has distinct roots for any x € M (%), the associated root map

(1.6)  g:M(%) = C", g(x) = (91(%),92(%),- -, gn(X)),
takes values in the configuration space F(C,n).

Theorem 1.1.5. Let % be an arrangement of m hyperplanes, and let </ be an arrange-
ment of m + n hyperplanes which is strictly linearly fibered over 9. Then the bundle
p:M(l) — M(RB) is equivalent to the pullback of the bundle of configuration spaces
Pu1 - F(C,n+ 1) — F(C,n) along the map g.

Proof. Denote points in F(C,n+ 1) by (y,z), where y = (yy,...,»,) € F(C,n) and
z € C satisfies z # y; for each j. Similarly, denote points in M(.«/) by (x,z), where
x € M(#) and ¢(x,z) # 0. Then p,(y,z) = y and p(x,z) = X.

Let E={(x,(y,z)) e M(%#) x F(C,n+1)|g(x) =y} be the total space of the
pullback of p,, | : F(C,n+ 1) — F(C,n) along g. It is then readily checked that the
map M (/) — E defined by (x,z) — (x, (g(x),z)) is an equivalence of bundles. []

Denote the fundamantal group of the complement of an arrangement .o/ by G(.<7),
or simply by G if the underlying arrangement is clear. We record some immediate
consequences of the above result.

Corollary 1.1.6. Let # be an arrangement of m hyperplanes, and let <o/ be an
arrangement of m + n hyperplanes which is strictly linearly fibered over %. Then,
1. the bundle p : M (/) — M(AB) admits a section;

2. the structure group of the bundle p : M (/) — M(9B) is the pure braid group Py;
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3. the monodromy of the bundle p: M(</) — M(%) factors as n = o, oy, where
oy : P, — Aut(IF,) is the Artin representation and y = g. : G(#) — P, is the map
on fundamental groups induced by g; and

4. if B is K(n, 1), then </ is K(n,1) and the group G(<f) is isomorphic to the semi-
direct product TF,, X}, G(%A).

Remark 1.1.7. Let g; be the homotopy class of a meridional loop about the hyper-
plane H; of %. The classes g; generate the group G(4), see [OT]. Let ry,...,r; be
the relations in G(4%). Suppose ./ is strictly linearly fibered over %, and identify
the fundamental group of the fiber of p: M(</) — M(%) with the free group
F,=<t1,...,t,). If Bis K(n,1), thensois o/, and 1 - F, —» G(o/) 5 G(H) — lis
split exact. Identify IF, and G(£) with their images in G(.«/) under the inclusion and
splitting respectively. Then the group G(.<7) has presentation

/9 (13i£m)7
G(M)<tj (1<j<n)

ry, s Tk >
97 g =n(g)(y) 1<j<nl<i<m)/

The automorphism 7(g;) is obtained by applying the Artin representation (1.2) to the
pure braid y(g;). A method for calculating the braids y(g;) is presented in Section 1.3.

Now let .« be a fiber-type arrangement in €' with exponents {d, ..., d;}. Then there
is a choice of coordinates (xi,...,x;) on €' so that a defining polynomial for .7
factors as Q(«/) = H,lczl Ok(x1,. .., xx), where deg Oy = d for each k, see (1.5). For
each j </, the polynomial Hi:l O defines a fiber-type arrangement .o7; in €’/ with
exponents {di,...,d;}, and .« is strictly linearly fibered over .Z;_;.

Identify the fundamental group of the fiber of the bundle p; : M(<7;) — M(</;-1)
with the free group IF; on d; generators for each j. The action of the group G(.<;_1)
on IF; is the composition, 7, := a4 o y;, of the Artin representation oy, : Fy, —»Aut(IFd)
and the homomorphism y; : G(.«/;_1) — Py, induced by the map g; of (1. 6) Repeated
application of Theorem 1.1.5 and Corollary 1.1.6 yields

Theorem 1.1.8. The fundamental group G(<) of the complement of the fiber-type
arrangement <f; admits the structure of an iterated semidirect product of free groups

G(<th) =Ty > - XU IFy, >, IFy,

U/
with (split) pure braid extensions n; : G(o/;1) — Py, < Aut(ITFy).

Remark 1.1.9. For 1 < j </, fix generators x,;, | < ¢ < dj, for the free group IF,.
Then the group G = G(.<7) has presentation

G=<x; (1<q<d,1<j<I)|x, xq Xpi = 1i(Xp, 1) (xg.5) (< 7))
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1.2 Fiber-type arrangement groups are strongly poly-free

As noted in the Introduction, the structure of the fundamental group of the comple-
ment of a fiber-type arrangement exhibited in Theorem 1.1.8 may be used to obtain a
number of interesting and important consequences. In this section we record another,
showing that these groups are strongly poly-free. We first recall the definition of this
class of groups from [AFR].

Definition 1.2.1. A discrete group G is strongly poly-free if there exists a finite filtra-
tion of G by subgroups, 1 = Gy < G| < --- < G; = G, which satisfies the conditions:

(1) Gy is normal in G for each k;
(2) Gr+1/Gy is a finitely generated free group; and

(3) for each w € G and each k, there is a compact surface 2 with non-empty bound-
ary and a diffeomorphism f: 2 — X such that the induced homomorphism
f. on 1 (2) is equal to conj,, in Out(z; (X)), where conj,, is the action of w on
Gi+1/Gy by conjugation and 7;(2) is identified with Gy./Gjy via a suitable
isomorphism.

Theorem 1.2.2 (Aravinda, Farrell, and Roushon [AFR], Theorem 2.1). For each n,
the pure braid group P, is strongly poly-free.

In light of this result, and those of Section 1.1, it is natural to speculate that the
fundamental group of the complement of any fiber-type arrangement is strongly
poly-free. This is indeed the case.

Theorem 1.2.3. Let .o/ = /) be a fiber-type arrangement. Then the fundamental group
G = G(o4)) of the complement is strongly poly-free.

Proof. From Theorem 1.1.8, we have G = IF;, >, --- >, F;, >, Ty . Forl <k </,
let Gy =I5y >, --- >, T4, . Then Gy is normal in G and Giy1/Gr = IFy_, is
free, so conditions (1) and (2) of the definition are satisfied.

We show that condition (3) holds by induction on the cohomological dimension of
G, which we may assume without loss of generality is equal to /. In the case / = 1,
G = TF; is a (single) finitely generated free group acting on itself by conjugation, and
condition (3) clearly holds. In general, from Theorem 1.1.5 we have a commuting
diagram

l— F;, — G(o) — G(ot) —— 1

R

l — ¥y —— By — K

1 — 1

where y; is induced by the map g; : M(«/_1) — F(C, d;) from (1.6), and 7, is induced
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by g, : M (o)) — F(C,d; + 1) defined by g,(x,z) = (g:(x), z). From Corollary 1.1.6,
we have G(.«7)) = IF;, X, G(.o/_1), where 1, = 04, 0y, and oy, : P;, — Aut(IFy) is the
Artin representation. Using the semidirect product structure, every element we G(4;)
may be expressed as w = uv, where u € IF;, and v € G(o7_,).

For w € G(«), consider the conjugation action of w on Gy.1/Gy. In the case k=0,
for a € G; = IF; and w = uv as above, we have

wlaw = vl u auw = i, (0) (™ au) = 5 (0) " u auyy (v).

Thus in this instance, conjugation by w coincides with conjugation by the pure braid
u -y, (v) = y,(uv) = 3,(w) € Py+1. So for k =0, condition (3) holds by the result of
Aravinda, Farrell, and Roushon stated in Theorem 1.2.2 above.

For the case k > 0, let a € G(.«//_1) and consider w™'aw. In this instance, we have

wlaw = o™ auw = v (u taua Yo - v aw.

Now v~ (u'aua=")v is in Gy, since u € G; and Gy is normal in G. Consequently, the
conjugation action of w=uv on Gy;/G) coincides with that of ve G(«/_;) for
k > 0. So condition (3) holds by induction in this case. ]

In [AFR, Theorem 1.3], it is shown that the Whitehead group of the direct product
of a strongly poly-free group G and a free abelian group is trivial, Wh(G x Z™) =0
for every m > 0. This result and Theorem 1.2.3 above yield the following, which
resolves positively the conjecture of Aravinda, Farrell, and Roushon stated in [AFR,
Section 2].

Corollary 1.2.4. Let G be the fundamental group of the complement of a fiber-type
arrangement of . Then the Whitehead group of G x Z"™ is trivial for every m > 0.

Remark 1.2.5. For G = G(.o7) as above, note that the group G x Z" may itself be
realized as the fundamental group of the complement of the fiber-type arrangement
of X A, where 4 is the arrangement of coordinate hyperplanes in C”.

1.3 Calculating the monodromy

In this section, we present a method for calculating the monodromy of the bundle
p:M(o/)— M(%) for an arrangement o/ of m + n hyperplanes, strictly linearly
fibered over the arrangement % of m hyperplanes. This technique may be applied
repeatedly to determine the iterated semidirect product structure of the group of a
fiber-type arrangement, as we illustrate in the next section. Since the monodromy
factors as # = a, 0y : G(8) — P, — Aut(IF,), where o, : P, — Aut(IF,) is the Artin
representation, we focus on the determination of the homomorphism y : G(%) — P,
induced by the map g : M (%) — F(C,m) from (1.6). As this is a natural generaliza-
tion of the method for finding the braid monodromy of a complex line arrangement
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developed in [CS1], we call y: G(#) — P, the braid monodromy of the bundle
p:M()— M(B).

Write 4 = {H,,...,H,}, and let L be a complex line in €' that is transverse to
2. Denote the coordinate on L by x, and the point L n H; by ¢;. Then C := L\
{q1,.-.,qm} is the complement of m = || points in L = C, and 7;(C) = IF,,. Let
i: C— M(%) denote the natural inclusion, and let § =goi: C — F(C,n) denote
the restriction to C of the map g : M(#) — F(C,n). Passing to fundamantal groups,
we have g, =y =yoi, : IF, — G(#) — P,. Since i, is surjective, it suffices to deter-
mine the homomorphism 7 : IF,, — P,.

The pullback of the configuration space bundle F(C,n+ 1) — F(C,n) along g is
equivalent to the restriction, p: ¥ — C, of the bundle p : M (/) — M(%), where

Y={(x,2) e Cx C|e(x,z) #0} = {(x,z) e’

(x—q;) - 9(x,2) # 0}7

n
j=1

and ¢(x,z) is the restriction of ¢(x,z) to L. The polynomial ¢(x,z) defines an
arrangement # of n lines in €. The multiple points of # necessarily lie on the lines
x = g;. Note that more than one such multiple point may lie on a given such line, and
that there may be lines x = ¢; upon which no such multiple points lie. The present
construction generalizes that of [CS1] in these senses.

Order the m distinct points g; in L = C by decreasing real part, breaking ties
by imaginary part. If i < j, then Re(q;) > Re(g;), or Re(g;) = Re(g;) and Im(g;) <
Im(q;). Fix a basepoint ¢ in C with Re(qo) > Re(q1), and let £ = &(¢) be a path in
C, emanating from ¢o and passing through the ordered points g;. In a small disk
D.(q;) about g;, take ¢ to be a horizontal line segment, which passes through ¢; from
right to left as 7 increases, and let ¢; = ¢; — ¢ and ¢/ = g; + & Choose ¢ > 0 small, so
that g; ¢ D,(q;) for i # j. Let & ;1 be the portion of & from ¢f' to ¢j,,, let & be
the portion of the boundary of the disk D.(q;) from ¢/ to ¢/, and é]f’ the portion of
0D,(q;) from ¢/ to g; (both oriented counterclockwise).

Let u; denote the homotopy class of the loop in C based at gy which traverses
the paths &; ;11 and &/ for i < j in the natural order, passes around ¢; along &/ and &/,
and returns to ¢o along the & ;,; and &/ with i < j. Using these meridians, identify
m1(C, qo) with IF,, = {uy, ...,y ». The monodromy of the bundle p: ¥ — C is de-
termined by the (pure) braids j(u;). Since the images v; = i.(u;) generate G(%) =
71 (M (%)), these braids also determine the monodromy of p : M (o) — M(%).

The braids $(u;) = y(v;) may be calculated from the braided wiring diagram W =
{(x,2) € £ x €| ¢(x,z) = 0} associated to the path &, cf. [CS1, Section 5]. For g # ¢,
1 < j<m, the set # N {x = ¢} consists of n distinct points, the intersections of the
lines of # with {x = ¢}. Order the lines of /# by increasing real part of the n points
of # n{x = qo}, breaking ties as above. Let [n] = {I,...,n}. The diagram #" may
be (abstractly) specified by a sequence of partitions of [1#] and braids,

W =Wn= {1(1)aﬂl,271(2)7ﬂ2,3a s 7ﬁm—1,m’I(m)aﬁm,m-&-l}'

The braids f; ;. are elements of the full braid group B,, obtained by tracing the
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components of ¥~ over the path &; ;,;, see [CS1, Section 4.4]. The partitions

I(]):(II(J)UZ(J)‘|It(])):(177]1|]1 + 17'~~7j2| """ ‘jr—l + 17"'7”)

record the ordering at x = ¢; ! of the lines of # which meet at x = ¢;. If no lines of J#
meet at x = ¢;, then I(j) = (1 |2| - |n) consists of n singletons.

To each block I, = {i,i+1,...,i+ s} of such a partition I, we associate a per-
mutation braid 4, , a half twist on Ik, given in terms of the standard generators of B,
by

= (01 1 1)(01 011 2) (01 010)(@0):

If |Ix] =1, set &, = 1. Note that x4, and g, commute for k # k', and that the
product Y7 = gy, ...y, records the braiding of the components of %~ over each of
the paths ¢/ and é” The local (brald) monodromy around the point ¢; is given by 17,
the product of the full twists u? 7.- The braid monodromy 7 : IF,, — P, is then given by

(L7) () :ﬂ;lTIZ(j)/))_/a

where the conjugating braids f; satisfy f; =1 and f8;,;, = f; ;; - ) B forj = 1.

We express the braid monodromy solely in terms of pure bralds cf [CS1, Section
5.3]. Recall the original ordering of the lines of # at the basepoint x = ¢o. Let
V(j)= V()| V20))| - |Vi(j)) be the partition of [n] recording the indices of these
lines meeting at x = ¢; in terms of this ordering. To a block Vi = {ki,...,k} of such
a partition (with k; < k1), associate the full twist on V}, given in terms of the stan-
dard generators of P, by

Ay, = (Ai k) - (Aky ks Ak k) -+ (A k- Ak k-
Geometrically, these braids are obtained by gathering the strands indexed by Vj
together behind the remaining strands, performing a full twist on the V} strands,
and then returning these strands to their original positions. If s =1, set 4y, = 1. Ex-

pressing (1.7) in terms of pure braids yields

Theorem 1.3.1. The braid monodromy j : ¥, — P, of the bundle p : Y — C, and hence
that of the strictly linearly fibered bundle p : M (/) — M(%), is given by

(18)  yoiilw) =70g) = TT 4%, = TT&" Ay -G

where {;. € P, is determined by the subdiagram W;_y of W and the block Vi(j).

Remark 1.3.2. If .o/ is strictly linearly fibered over 4, the associated braid mono-
dromy determines the rank two elements of the intersection poset L(./) in the
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following way. Order the hyperplanes of /\% = # = {H#,...,#,} as indicated
above. Let g € G(#) be a meridian about a hyperplane H of %, with associated
monodromy generator y(g) = [],_, A% Then the blocks Vj record those hyper-
planes of ./\% which meet H in codimension two. In other words, for each k,
we have H (o, #;) € Lo(/). Thus, Ly(o/) consists of elements of this form,
together with elements of Ly)(%).

In addition to recording combinatorial information, the expression (1.8) of the
braid monodromy also sheds light on the presentations of strictly linearly fibered
and fiber-type arrangement groups noted in Remarks 1.1.7 and 1.1.9. To this end, we
briefly describe the behavior of pure braids of the form (1.8) under the Artin repre-
sentation. Note that the factors of these braids commute, [4’ Ay, o )} = 1. For

t € TF,, let 7 denote some conjugate of 7. Let V = (V1 [Va|---|V;) be a partmon of [n].
If Vi = {ki,...,ks} is a block of V, set iy, =ty - - - I, .

Proposition 1.3.3. Let y = [[;_, AZ" be a braid with commuting factors associated to
the partition V of [n], and let a,, : P — Aut(IF,) be the Artin representation. Then

(7)) (4) =Ty, - G- 1),

where Vi is the unique block of 'V containing j.

Proof. Write y = B - AéV’;, where j e Vi and B =[], A%}l, and identify a pure braid
with its image under the Artin representation. Then o,(y)(%) = y(4) = ACV’;( o B(t;).
The action of P, < Aut(IF,) is by conjugation, so y(#;) = s o Ay, (w-#; - w™!), where

wetp-w = oB( ;). A calculation with the Artin representation reveals that
Ay (1) =ty - ;- 1! for j € Vi So we have y(4;) = v- {1y, - 4+ 1)) - v, where v =
(i o Ay (w), and the result follows. O

1.4 The Coxeter arrangement of type B
Let 4, denote the Coxeter arrangement of type B in €”, with defining polynomial

O(%B,) =x1...x:]] (sz — x2),

i<j

and complement M (4,). As shown by Brieskorn [Br], this arrangement is fiber-type,
and the fundamental group of M (4%,) is the pure braid group of type B, G(%,) =
PB,. We illustrate the method described in the previous section by determining the
iterated semidirect product structure of this generalized pure braid group.
Denote the n? hyperplanes of 4, by H; = ker(x;) and H: * = ker(x; + x;). The line
L {(%,2x + b2, ... ,nx + by)}, where by = 2k + 1)!, is transverse to AB,. Write L N
=hiand LN H; +’ = h+ Notice that these points are real, and check that
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hnfl,n

<"'<h1_,n<h"l<htn<"'<h+ e

n—1l,n

<hi2<h2<hf2<h1.

With this notation, we have C = L\{h;} u {h"}.
The arrangement 4%, is strictly linearly fibered over %,, and has defining poly-
nomial Q(%,+1) = Q(%y) - ¢,(X, z), where

Bu(X,2) = (24 %) - (24 x1) 2o (2= x1) - (2 — ).

Let g, : M(%,) — F(C,2n + 1) be the associated root map (cf. (1.6)), inducing y,, :
PB, — Py,+1 on fundamental groups, and let g, denote the restriction of g, to C. The
restriction, ¢, (x, z) of ¢, (X, z) to L defines an arrangement #" of 2n 4 1 lines in €.
These lines have real defining equations, so let ¢o € C be a real basepoint with i <
qo, and let & = [d, qo] be a line segment along the real axis in L with d < i, . The
resulting wiring diagram %" is unbraided: the braids f; ;,; = 1 are all trivial. The
arrangement > and diagram %3 are depicted in Figure 1.

Example 1.4.1. We explicitly carry out the monodromy calculation in the case n = 2.
Write g1 = hi, o = hy 5, g3 = o, and g4 = I ,. Refering to Figure 1, we see that the
partitions /() and associated braids Yy ;) are

I(1)=1(3) = (112,3,4]5), Y1) =Tz =1 0203021,
1(2)21(4):(172|3|475)7 TI(Z):T1(4):O'1'1'0'4.
Thus the braids f3; appearing in (1.7) are 5, = 1, B, = 020302, 3 = 0104020307, and
P4 = 020302010462030.

Write 71 (C) = Fyq = {uy,up, u3,usy as before. Combing the braid as in (1.8), the
braid monodromy 5, : [F4 — Ps is given by

N,
— IS5

Fig. 1. Type B wiring diagrams for n = 2 (left) and n = 3 (right)
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Pa(ur) = Aa3.4, Pa(u2) = A1,2A1,3A1,4Ai13Ai12 Ay s,

Da(u3) = A1,2A1,3,5Ai12, Da(us) = Ar2 - Ay s.

These braids act on IF5 = {¢1, ..., t5» via the Artin representation os : Ps — Aut(IFs).
Write 7j, = a5 o §,. A calculation using (1.2) yields #, (1) () = 14),'_rjt_,-141;}, where
hiatstaty 15! if j=1,
1, lf]:1,5, ihts ifj:2,5,
wyj = s W2, = .
’ ity 1f J= 2,34, [[2,[5] if j= 3,
[, 6565 5 ity i j=4,
hiatststy ! if j=1,
12B0 . / "t lf]:1,2,
1, if j=2, o
w3 = ) wa ;=<1 if j=3,
’ l{111121315 if j= 3, 5, N .
tuts if j=45.

(5 0t ts) if j =4,

The braid monodromy 7, : IF4 — Ps descends to y, : PB, — Ps. With the above
Artin representation calculation, this realizes the group PBj as a semidirect product,
PB; = TFs >, PB;. We momentarily defer further discussion of this realization.

In general, the group PB, is generated by the images of the generators u; of 7;(C)
under the map induced by inclusion i : C — M(4,). These images, ¢;,a; ;, and b; ;,
are homotopy classes of meridional loops about the hyperplanes H;, H; ;, and Hj'j
respectively. So for instance, ¢; = i.(uy), b2 = i,(u2), ¢2 = i (u3), and a; » = i.(us).
The structure of the wiring diagram %" is analogous to those exhibited in the
examples shown in Figure 1. Analysis of this structure and the ensuing braid mono-
dromy calculation are left to the reader. Define U, ; € Pyyy1 by U, s = Ay i1 Ar 2 -+
A, s. The result is

Proposition 1.4.2. The braid monodromy vy : PB, — Py, is given by
V(Cj) = UnfjJrl,nAn7j+1,n+1,n+j+1U,,_,IHL,,
V(ai.j) = An+i+1,n+j+l : Un7j+1,n7iAn7j+l,nfi+1 U,,_,]ij]Tn,j»
y(sz) = An7i+1,n+j+1 . Unfj+1,n+iAn7j+l,n+i+1 U,,_,lj+17n+i-

As in the case n = 2 above, applying the Artin representation yields the semidirect
product structure of PB, | = IFy,; X, PB,. The correspondence between the gen-
erators #; of IFy,, and the meridional generators of PB, | is
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b117i+l,n+l if1<i< n,
i =< Cptl ifi=n+1,
Aip-1pp1 fn+2<i<2n+1.

Carrying out the aforementioned Artin representation calculations for k =1,...,
n — 1 yields a presentation of the group PB, which exhibits the iterated semidirect
product structure. We suppress these lengthy calculations, and state the result below.

. . _ N . 7 b;
Fori< /s let aj;=dayjaz ;- ai—1,;j and bi,j = b,;]ﬁj . 'b2,jb1,ja and write b,’ﬁj = bi,j/'

Theorem 1.4.3. The Brieskorn generalized pure braid group admits the structure of
an iterated semidirect product of free groups, PB, = IFp,_1 X .-« X [F3 X [Fy, where
Foy =<c¢jpai;,bi; (1 <i< j)). For j <l the action of F;_y on IFy_, is given by

-1 1 - 1 -1
a; k14 j = PPy 5 4 bradi; = qebiiqy, g jaaij = c,

—1 —1 —1 —1
b ak ]b, J = Uidj, /uk y b bk ]b, J = Ukbk 1Uk s bi,./‘ C]bi‘j = wiciw; -,

-1 —1 —1 —1 -1 -1
¢k, 16 = Xk, 1Xy ¢ brics = yibeaiye, ¢ ac=zaz

where w; = [b; 1, a;,1], y; = by, lbj 1cia;, 1b 1, w=1fork+#j z= bj ic1a;,; and

-5, .
aivlaj-,] k = iﬂ j9 bj:;rlA] k =1,
=1 laiail] i<k<j, q= ! .
biﬁlbj]k[ k = ]7
1 else, /:
1 else,
bj.iea;1] k< J,
Xk = AJ i< k=],
1 else,
(i1, a;,1] k<iori<k<j,
U = [bl 1,4, l]bjlfll lf k= i
bi.i k=,
1 else,
bi,1,aj,1] k <1,
bi1a; k=i,
U = ~
bjlbj. i@, aiglai; k= j,
1 else.
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Remark 1.4.4. In [Le, Section 3.8], Leibman obtains a presentation of the group PB,
by different means. We have verified that this presentation and that of Theorem 1.4.3
are equivalent for small n. We have not been able to carry out this verification in
general, as there appears to be a typographical error in [Le] affecting the general case.

2 Orbit configuration spaces
2.1 Orbit configuration space bundles

Let M be a manifold without boundary, and let I" be a finite group which acts freely
on M. The orbit configuration space consists of all ordered n-tuples of points in M
which lie in distinct orbits:

Fr(M,n) ={(x1,...,x,) e M" |- x;n T -x; =0 if i # j}.

Let QF denote the union of n distinct orbits, I - xi,...,I" - x,, in M. In [Xi], Xico-
téncatl proves the following theorem, a natural generalization to orbit configuration
spaces of the Fadell-Neuwirth theorem stated in the Introduction.

Theorem 2.1.1 (Xicoténcatl [Xi], Theorem 2.2.2). For | < n, the projection onto the
first | coordinates, pp : Fr(M,n) — Fr(M,1), is a locally trivial bundle, with fiber
Fr(M\Q[,n—1).

The proof given in [Xi] is a natural adaptation of that of [FN] for classical configu-
ration spaces. For the special case n — [ = 1, we give here a different proof, similar to
that of Theorem 1.1.5, which sheds light on the structure of these bundles.

Suppose that the order of the finite group 7" is r, and define a map from the orbit
configuration space to the classical configuration space by sending a n-tuple of points
in M to their orbits. Explicitly, define f : Fr(M,k) — F(M,rn) by f(x1,...,x,) =
(F-xl,...,F-xn).

Theorem 2.1.2. The orbit configuration space bundle py : Fr(M,n+ 1) — Fr(M,n) is
equivalent to the pullback of the bundle p,,. | : F(M,rm+ 1) — F(M,rn) of classical
configuration spaces along the map f.

Proof. Denote points in F(M,rn+ 1) by (y,z), where y = (yy,..., »,,) € F(M,rn)
and z e M satisfies z # y; for each j. Similarly, denote points in Fr(M,n+ 1) by
(x,z), where x = (x1,...,x,) € Fp(M,n) and z e M satisfies I'-znI"-x; =0 for
each j. Then p,,.(y,z) = y and py(x,z) = x.

Let E = {(x,(y,z)) € Fr(M,n) x F(M,m+ 1)|f(x) =y} be the total space of
the pullback of p,,,, : F(M,rn+ 1) — F(M,rn) along f. It is then readily checked
that the map Fr(M,n+ 1) — E defined by (x,w) — (x, (f(x),w)) is an equivalence
of bundles. |

We are mainly interested in the case where the finite cyclic group I = Z/rZ acts
freely on the manifold M = C* = €\{0} by multiplication by the primitive r-th root
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of unity { = exp(2nv/—1/r). In this instance, Theorem 1.1.5 provides a useful alter-
native to the above result. This orbit configuration space is given by

Fr(C*,n) ={(x1,...,x,) € (C")"|x; #Px; fori # jand 1 < p <r},

and thus may be realized as the complement in C” of the arrangement .7, , consist-
ing of the hyperplanes H; =ker(x;), 1< j<n, and Hi(_?) = ker(x; — {"x;),
l<i<j<n,1<p<r These are the reflecting hyperplanes of the full monomial
group G(r,n), the complex reflection group isomorphic to the wreath product of the
symmetric group 2, and I' = Z/rZ, so we call <7, , the (full) monomial arrange-
ment. The projection p, : Fr(C*,n) — Fr(C*,n — 1) reveals the fiber-type structure
of this arrangement: .7, . is strictly linearly fibered over o7,  for 1 < k < n. For the
arrangement .7, i1, the root map g : Fr(C*, k) — F(C,rk + 1) of (1.6) is given by

(2.1)  ge(xr,y ey xk) = (0,8xy, ., O xy Exy o Xy e sy O X))

We explicitly record the results of Theorems 1.1.5 and 1.1.8 in this special case.

Theorem 2.1.3. For I' =Z/rZ acting freely on C*, the orbit configuration space
bundle pp : Fr(C*,n+ 1) — Fr(C*,n) is equivalent to the pullback of the classical
configuration space bundle p,,. ,:F(C,rm+2) — F(C,rn+ 1) along the map g,.
Consequently,

1. the bundle p : Fr(C*,n+ 1) — Fr(C*,n) admits a section;

2. the structure group of the bundle pr : Fr(C*,n+ 1) — Fr(C*,n) is the Artin pure
braid group on rn + 1 strands P, ;

3. the monodromy of pr: Fr(C*,n+1) — Fr(C*,n) factors as o, o7y,, where
Vo T (Fr(C*, n)) — Py is the map on fundamental groups induced by g,, and
On1 : Prnr1 — Aut(IF,,11) is the Artin representation;

4. the arrangement </, is K(m,1), and the group m(Fr(C",n))=> T 1)4
admits the structure of an iterated semidirect product of free groups.

2.2 Pure monomial braid groups

In this section, we investigate the structure of the fundamental group of the orbit
configuration space Fr(C*,n), where I = Z/rZ. Since this space is the complement
of the reflection arrangement associated to the monomial group G(r,n), we call this
fundamental group the pure monomial braid group, and write P(r,n) = m;(Fr(C*, n)).

We first construct some geometric braids in the orbit configuration space Fr(C*, n).
A classical braid on n strands may be described as (an equivalence class of ) the
motion of n distinct points in the plane through time. Thus a braid f may be repre-
sented by a collection of n maps () = (bi(¢),...,bu(?)), b; : [0,1] — €, which satisfy
f(0) = B(1) (as sets), and b;(r) # b;(¢) for all ¢ if i # j. If b;(0) = b;(1) for each j, the
braid £ is pure, and represents an element of the fundamental group of the configur-
ation space F(C,n). We adapt these ideas to the orbit configuration space Fr(C*, n).
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The root map g,, : Fr(C*,n) — F(C,rn+ 1) of (2.1) is an imbedding, and the orbit
configuration space Fr(C*,n) is homeomorphic to the section S(r,n) of F(C,rn+ 1)
defined by the image of g,. If § is a braid in the configuration space F(C,rn + 1), call
p a monomial braid if (1) € S(r,n) for all 1. We give two relevant examples.

Define monomial braids p; = p;(¢) by

Po=GnO (exp(Znt\/—_l/r>,2,3,...7n), and
(2.2)
Pi=¢gno (l,...,i— 1,i+%—%exp(m\/—_l),

i+%+%exp(nt\/—_1),i+2,...,n>

for 1 <i < n. Pictures of these braids, for small », are given in Figures 2 and 3.

SN—
\_

( ( /

Fig. 2. Monomial braids p, (left) and p, (right) for r =2

/7

Fig. 3. Monomial braids p, (left) and p, (right) for r = 3
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Expressing these monomial braids in terms of the standard generators o; of the Artin
braid group B, is in general fairly difficult. We describe one way to accomplish
this.

For each i, the strands of the braid p, emanate from the points 0,k(” € C, 1 <
k <mn,1 < p <r. Order these rn + 1 strands as follows:

(23) strand #: 1 2 3 ... r r4+1 r4+2 ... 2r+1
' point: 0 ¢ ¢ ...o¢boo¢o o2 2
For p=1,...,r — 1, successively rotate the rays {"7 - IR™ until the initial points of

the strands lies on the positive real axis in order. With these choices, the monomial
braids are given by

Po = 0,0r—1""°010],

(2.4) pL= rfl <0204 - Oy + T)

Pi =T O )20 tyra O Ty, fOr2<i<n-—1,
where

71 = (0305 - - - 02,—1) (0406 - - - 02—2) - - - (04-10,410/43) (0:0112) (Tr41),
and fori > 1,

Ti = (0(5—1)r+30(i—1)r+5 “ Girrr-1) *+ + (0ir-10ir110343) (0irTir+2) (Tir 1)

Using this, or experimenting with geometric braids, one can show that the monomial
braids py, py, .- -, p,_; satisfy the relations

2 2 .
03 (Pop1)” = (P1P0)”s  PiPiPi = PiiPipi (1 <i<m), and

pip; = pip; (|7 =i > 1).

Let B(r,n) denote the group with generators py, py, - - ., p,_; and relations (2.5). This
is the (full) monomial braid group, the fundamental group of the quotient space
Fr(C*,n)/W, where W = G(r,n) is the full monomial group, cf. [BMR]. Note that
B(r,n) is independent of r. This group admits natural surjection to G(r,n), which
may be presented with generators py, py,...,p,_; and relations (2.5) together with

r

Py=pi=-=ppa =1

The pure monomial braid group may be realized as P(r,n) = ker(B(r,n) — G(r,n)),
the kernel of the aforementioned surjection, see [BMR]. Elements of P(r,n) are rep-
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resented by (equivalence classes of ) monomial braids § as above with the property
that 5;(0) = b;(1) for all j, thus are elements of the fundamental group of the
space S(r,n), homeomorphic to the orbit configuration space Fr(C*,n). We specify a
number of these pure monomial braids.

Forl <i<mlet X;=p, ;- pap1PoP1P2 - - Pi_1» and define

Zi=piy-pappopr oy op (1< j<n),
(2.6)

A<) X' e pePipn p_ll-)(i"_p (I<i<j<nl<p<r).
Proposition 2.1.1. The pure monomial braids Z; and A (1 <i<j,1l<p<r) gen-
erate the factor ,(;_y)y; in the realization P(r, n) = >4 IFr(j,l)H of the pure mono-
mial braid group as an iterated semidirect product of free groups. In particular, these
braids ( for 1 < j < n) generate the group P(r,n).

Proof. Tt suffices to show that the braids Z,,, AE,’;E generate the free group IF.,_1)41 =
ker(P(r,n) — P(r,n — 1)). Identify the pure monomial braid group with the funda-
mental group of the space S(r,n).

The free group F,(,_1)4; is the fundamental group of the fiber of the projection
pr: Fr(C*,n) — Fp(C*,n—1). Via the imbeddings gy : Fr(C*, k) — F(C,rk + 1),
this projection corresponds to the map S(r,n) — S(r,n — 1) defined by forgetting the
last r coordinates. In terms of geometric braids, this map is given by forgetting the
last, or outermost, r strands. From this and the definitions of the braids Z,, and Al’;),
it is clear that these braids are elements of IF,,_)| = ker(P(r,n) — P(r,n—1)).

Recall from (2.3) that the strands of monomial braids are indexed by the points
0, k{? € € from which these braids emanate. Checking that the braid Z, performs a
full twist on the r strands emanating from n{,n?,...,n{", and that A,(ﬁf simulta-
neously performs full twists on the pairs of strands emanating from i{”*? and n{?,
1 < g <r, we see that the homology classes of these braids are independent. It fol-
lows that the braids Z, and 4;’ (7) . generate the free group IF,_1);1. O

In principle, Theorem 2.1.3 and the above result yield a presentation of the group
P(r,n) as an iterated semidirect product of free groups, see Remarks 1.1.7 and 1.1.9.
See Theorem 1.4.3 for the special case » = 2. In general, the requisite Artin repre-
sentation calculations are too complicated to pursue fruitfully. However, using Pro-
position 1.3.3, we can record some useful qualitative information concerning this
presentation. Recall that U denotes some conjugate of an element U of a free group.

Proposition 2.2.2. In the pure monomial braid group P(r,n) = X i1 ooy, for j <,
the action of W,(j_1y41 on F,_1)1 is of the form '

Z'212;=UZ U™, (ASS.))’IZ,AEE) =7,

Zt Az = vidf v () At Al = mAdwi
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where U =V; = A4 -~A(’ VZAY), i=1if k#j, Wi=AYA") if q=

p+mmodr, W; = Al(l lfm p+qmodr, and Wy = 1 otherwise.

While the conjugates Z; and A ) in the free group IF,;_1),; which appear above are
not readily accessible, one can use this result and some general facts from the theory
of hyperplane arrangements to obtain an explicit presentation of the group P(r,n).
We briefly recall these facts concerning the “Randell-Arvola” presentation of an
arrangement group. See [Ra, Ar, OT, CS1] for detailed discussions.

For a general arrangement .o/ = {H,,..., H,}, the fundamental group G = G( /)
of the complement is generated by merldonal loops, g; about H;. Relations in the
group G arise from codimension two intersections of hyperplanes. If Hn---nH,is
such an intersection, then in G one has a corresponding family of m — 1 relations

g1g2"'gm:g~2"’g~m'g~1: """ :gm'gl"'gmfl'

This family of (commutation) relations is denoted by [§,, ..., J,,)-
For the monomial arrangement ./, ,, the codimension two intersections of hyper-
planes are recorded implicitly in Proposition 2.2.2. They are, for j < /,

HoH) A o T aHAH), HoH £k HY oH,
H,Sl;) N H,Eq,) if {i,j} n{k,1} =0, Hl-{?) N Hi(";q) N H/(q,) if m=p+qgmodr.

While we do not record the conjugations arising in the iterated semidirect product
structure of the group P(r,n), we can, with some effort, record those arising in a

Randell-Arvola presentation of this group. Recall the monomial braids Xi=pi_1-

PaP1POPIP2 - Piy- For p < r, write A?j = A,(-5->A,(§H) = . Set A = 1. We re-

quire the following technical result. We omit the proof, Wthh is a dehcate exercise
using the relations (2.5) satisfied by monomial braids and the definition (2.6).

Lemma 2.2.3. We have

Z if 1 <i,
X'zx;={ C'ZiG if =i,
ALzl i >,

where C; = (1’>1Ag">1 -.AEZ)L/, and

A ifi<kori>l,
(r—1) e
X—1A<r)X__ Ak,l lf‘l_k
i L r— r r— — . .
o ATVAD AT k<<,
DA D! ifi=1,

where Dy = A} . kAE]—z,k oAl ] 1 Zic Cre.
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Define elements Q; , € P(r,n) by Q1 , =1, and for j > 2,

e 1 () — (9) 1
H (DlA D1 D2A D - Dj_ IA/ 1/D -
g=1

Theorem 2.2.4. The pure monomial braid group P(r,n) admits a presentation with
generators Z; (1 < j <n), Al(._pj) (I<i<jsml<p<r),andfori<j<k<lI re
lations

27 (2, QAN O 00 A V0, 2, A7),

@8)  [ZoAL), (0.2, ANZAI) T (A A T < p <,
(2.9) (A7), A7), (A7) AT A0 AT, l<pqg<r,
(2.10) A}, A9 (A

(2.11)  [A8), AT AL AL (Al l<g<p<r,

(212) (DA D7 ALY, Al AT (Al ), l<p<q<r,
Sketch of Proof. It follows from the above discussion that the group P(r,n) admits
a presentation of this form. We sketch how one may use Lemma 2.2.3 and the mon-
omial braid relations (2.5) to show that the conjugating words appearing in the rela-
tion families (2.7)—(2.12) are as asserted.

Using (2.5), one can show that ZlA(1 )2 A<1 5 )ZzAg)z = (pop1)”" commutes with
Z\,Z,, and A1 , for each p. Relations (2 7) w1th (j, ) =(1,2) follow Let vy = pyp,
and v; = p; - Py Vi1 for j > 2. Then v,Zlvj =Z; and v,sz 'i+1. Conjugat-
ing (2.7) with (j,1) = (1, 2) by v; yields (2.7) for any j and l— j+ 1. Conjugating
these last relations by p; - - - p;,; yields (2.7) in general.

Similarly, using (2.5), one can show that the following relations hold in P(r,n):

9, and [47),Z4).

r r . (
[Zn/l_,(',;)(]v Z, (Af I)c) A
Repeated conjugation these relations by X;,7 = i, j, k, and use of Lemma 2.2.3 yields
the relations (2.8).
Finally, it is clear from the definition (2.6) that the pure monomial braids Af'])
satisfy the classical pure braid relations (1.4). These relations may be rewritten as

r r r r r )y A" r r
A0 A0 1474, (A7 (7)), and (A7) 47, 477,
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Repeated conjugation these relations by X;,t =1, j, k,[, and use of Lemma 2.2.3
yields the relations (2.9)—(2.12). O

Remark 2.2.5. In the special case r = 2, one can check that the presentations of the
generalized pure braid group PB, = P(2,n) given in Theorems 1.4.3 and 2.2.4 are
equivalent. The correspondence between the generators in these two results is given

by a;; = A,(-,Z,-); b ;= Ag,lj?: and ¢; = Z;.

2.3 The Lie algebra associated to the lower central series

We now show how the results of the previous section may be used to determine the
structure of the Lie algebra associated to the lower central series of the pure mono-
mial braid group.

For any group G, let Gy denote the k-th lower central series subgroup, defined
inductively by G; = G and Gy =[G, G] for k > 1. Let gr G = .., G(k), where
G(k) = Gy/Gyy1. The map (of sets) G x G — G given by the commutator, (x, y) —
[x,y] = xyx~'y~!, induces a bilinear map gr G x gr G — gr G which defines a Lie
algebra structure on gr G, see for instance [Se, Chapter 1.

Example 2.3.1. If G = IF,, is a finitely generated free group, then gr G is isomorphic to
the free Lie algebra L(n) on n generators, see [Se, Chapter IV].

The additive structure of the Lie algebra associated to the lower central series of the
fundamental group of the complement of a fiber-type arrangement is given by the
following result.

Theorem 2.3.2 (Falk and Randell [FR1], Theorem 3.1). Let 1 — H LelKk—1
be a split extension of groups such that K acts trivially on H,/H,. Then the induced
sequence of graded abelian groups, 0 — gr H — gr G — gr K — 0, is split exact.

In the case where G is the group of a fiber-type arrangement, the proof of this result
in [FR1] shows that the lower central series quotients G(k) are free abelian for all k,
see [FR2]. Applying this result and observation inductively, we obtain

Corollary 2.3.3. Let o/ be a fiber-type arrangement with exponents {d,,...,d;} and
group G. Then, as abelian group, gr G = L(d)) ® L(d2) ® - -- ® L(d}).

We now pursue the Lie bracket relations in gr G for these groups, in particular for the
pure monomial braid groups P(r,n).

In the situation of Theorem 2.3.2, the group G = H X, K may be realized as the
semidirect product of H and K, determined by a homomorphism o : K — Out(H). If
s : K — G denotes the splitting, then G is generated by i(H) and s(K). Identifying H
and K with their images in G, we have relations x~! yx = a(x)(y) in G for y € H and
x € K. If the action of K on H is by conjugation, the Lie bracket relations in gr G are
readily obtained from the relations in G itself, as follows.
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Lemma 2.34. Let ye H and xe K. If x 'yx =wyw™! for some we H, then
[X+w,y] =0in gr G, where X, y, and w are the images of x, y, and w in gr G.

Proof. Rewriting x~'yx = wyw™" as 1g = xwyw™Ix=1y~1 = [xw, y] € G», the result
follows from the commutator identity [xw, y] = [x, [w, y]][x, ¥][x, ¥] in G. O

We subsequently write simple g, as opposed to g, for the image in gr G of g € G.

Example 2.3.5. The structure of the Lie algebra associated to the lower central series
of the classical pure braid group P, = >= ]F was determined by Kohno [K2]. The
above considerations may be used to recover th1s result. By Corollary 2.3.3, we have
grp, = EB]":II L(j), where the free Lie algebra L(;) is generated by 4y ji1,..., 4} j+1.
Applying Lemma 2.3.4 to the defining relations (1.4) of P,, we see that the Lie
bracket relations in gr P, are the “infinitesimal pure braid relations,” given by

[Aij+ Aik +Aj ks, Anik) =0 form =1, j, and
[Alﬂ,jaAk.l] =0 for {l7 ]} N {k7 l} = (D

The Lie algebra gr P, arises in a number of other contexts. For instance, the integral
homology, H.(QF ((El‘ n)), of the loop space of the classical configuration space was
recently computed by Fadell and Husseini [FH]. Subsequently, Cohen and Gitler
[CG] showed that, with appropriate regrading, the Lie algebra of primitives,
PH,(QF(C*,n)), is isomorphic to gr P, for k > 2.

The orbit configuration spaces Fr-(C*\{0},n), where I" = Z/rZ acts on €*\{0} by
multiplication by a primitive r-th root of unity, provide natural generalizations of
these results. In the case &k = 1, using Theorem 2.2.4 (or Proposition 2.2.2), we obtain:

Theorem 2.3.6. Let grP(r,n) be the Lie algebra associated to the lower central series of
the pure monomial braid group. Then, grP(r n) =@ o L(rj + 1) as abelian groups,
where L(rj + 1) is generated by Z;,y and A;"),,,1 <i < j, 1 < p <r. The Lie bracket

i,j+1>
relations in gr P(r,n) are given by

Zi+ Zi+ A + A7)+ + AT Y] =0 for Y=2,Y =4

jl,l<p<r

() (9) (m)
[A + A % T + A

Jok

Y|=0 forY= Alk,A

jk,q p+m modr,

[AE’I;)’A’(;{)/] =0 for{i,j}n{k,[}=0,1<p,q<r, and
[Zk, 4 ]*0 fork #i,jand 1 < p <r.

For k > 2, consider the loop space QF(C*\{0},n). The Lie algebra of primitives in
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the homology, H,(QFr(C*\{0},n)), was calculated by Xicoténcatl [Xi, Theorem
3.1.2]. Comparing the Lie bracket relations obtained there and those in gr P(r,n)
recorded above, we obtain the following, which was conjectured in [Xi, Section 3.7].

Corollary 2.3.7. For k = 2, with appropriate regrading, the Lie algebra grP(r,n) is
isomorphic to the Lie algebra of primitives, PH,(QFr(C*\{0},n)), in the Hopf alge-
bra H,(QFr(T*\{0},n)).

Similar considerations reveal the structure of the Lie algebra associated to the lower
central series of the fundamental group of the complement of an arbitrary fiber-type
arrangement .o/ defined by Q(«/) = Hé:l Qj(x1,...,x;). This structure was deter-
mined previously by Jambu and Papadima [JP] by other means. Recall the presenta-
tion of the group G of such an arrangement from Remark 1.1.9, with generators x,, ;
and relations x, }x, %, i = 77;(x,.1) (. ;). The generators x, ; correspond to the hyper-
planes H, ; defined by the degree d; polynomial Q;(xy, ..., x;), and 17; = 0, 0 y; is the
composition of the Artin representation and the homomorphism induced by the map
g; of (1.6).

From the identification of the monodromy of the strictly linearly fibered bundle
M(e/;) — M(/;-1) in Section 1.3, for i < j we have y;(x,:) = []j—, Af,’;, where
V = (Vi|Va|---|V;) is the partition of [dj] recording the hyperplanes of .Z;\.<Z;_,
which meet H,, ; in codimension two, cf. Theorem 1.3.1 and Remark 1.3.2. Applying
the Artin representation as in Proposition 1.3.3, the relations in G may be expressed
more explicitly as

-1 |
(2.13) X,y ty - xp i =1y gty

where t,, = x,, ; for 1 <m < d; and V} is the unique block of V containing g.

Theorem 2.3.8. Let o/ be a fiber-type arrangement with exponents {d,,...,d;}, and
group G = G(</). Then, grG = @;:1 L(d;) as abelian groups, where L(d;) is gen-
erated by x,;, 1 < p <d;, 1 < j <. The Lie bracket relations in gr G are given by

(2.14)  [xp,i + Xq,j + Xqoj -+ + Xg, s Xgo ] =0 for 1 <k <m,
where 1 <i<j<land {q,...,qn} is maximal such that codim H, ; n (L, Hy, ; = 2.

Proof. The isomorphism, gr G = @;:1 L(d;), of graded abelian groups was noted in
Corollary 2.3.3 above. The Lie bracket relations in gr G may be obtained by applying
Lemma 2.3.4 to the relations (2.13). O

For any arrangement ./ of n hyperplanes, the (rational) holonomy Lie algebra %
of the complement M is the quotient of the free Lie algebra Lo(n) = L(H;(M;Q))
by the image of the map H;(M;®) — A H;(M;®) dual to the cup product. For a
fiber-type arrangement with exponents {d,...,d;}, Jambu [Ja] shows that Zq =~
@;:1 Lq(d;) as graded vector spaces. For an arbitrary arrangement, Kohno [K1]
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shows that % is generated by elements X1, . .., X, in one-to-one correspondence with
the hyperplanes of .o/, with relations

(215)  [xq +xg + o+ xg,, X ] =0, 1<k <m,

for each maximal family {H,,...,H,} of hyperplanes of ./ with codim

/’cnzl H, =2.

In light of this result, by imposing the relations (2.15) on the free Lie algebra
L(n) = Lz(n) = L(H,(M;Z)), we may consider the integral holonomy Lie algebra
& = ¥z of M. Furthermore, comparing the relations (2.14) and (2.15) for a fiber-
type arrangement, we have the following result, which may also be obtained from the
work of Kohno [K1, K2], together with the results of Falk and Randell stated above.

Corollary 2.3.9. Let o/ be a fiber-type arrangement with complement M and group G.
Then the integral holonomy Lie algebra & of M is isomorphic to the Lie algebra gr G
associated to the lower central series of G.
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Note added in proof. Aravinda, Farrell, and Roushon have also recently shown that
the fundamental group of the complement of a fiber-type arrangement is strongly
poly-free, thus giving independent proofs of Theorem 1.2.3 and Corollary 1.2.4. For
details, see

F. T. Farrell, S. K. Roushon, The Whitehead groups of braid groups vanish, Internat.
Math. Res. Notices, no. 10 (2000), 515-526.

In this paper, it is shown that if " is an extension of a finite group by a strongly poly-
free group and S is a torsion-free subgroup of I', then the Whitehead group of
S x Z™ vanishes for all m > 0. It follows that if S is a subgroup of the full Artin
braid group B, or of the full monomial braid group B(r,n), then Wh(S x Z™) =0
for all m > 0.
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