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Abstract. We calculate the skew-symmetric cohomology of the complement of a discriminan-
tal hyperplane arrangement with coefficients in local systems arising in the context of the
representation theory of the Lie algebra 3(,. For a discriminantal arrangement in CF, the
skew-symmetric cohomology is nontrivial in dimension k — 1 precisely when the ‘master
function’ which defines the local system on the complement has nonisolated critical points.
In symmetric coordinates, the critical set is a union of lines. Generically, the dimension of
this nontrivial skew-symmetric cohomology group is equal to the number of critical lines.
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1. Introduction

Let z = (z1, ..., z,) be an n-tuple of distinct complex numbers, z; # z; for i # j, and
let m = (my, ..., m,) be an n-tuple of nonnegative integers. The ‘master function’
k n
O = Ot zm) =[[[Jei—20™ [] @&—1) (1.1)
i=1 j=1 1 <p<q<k

corresponding to z and m arises in a number of contexts. For instance, hypergeo-
metric integrals involving this function are used in [10] to construct solutions of
the 3l, KZ differential equations. Furthermore, the critical point equations of the
master function coincide with the Bethe ansatz equations for the 3[, Gaudin model,
see [8, 12].

Let Ay, be the discriminantal arrangement in C* consisting of the hyperplanes
H[j ={ti=z} and H,,={t, =1t,} defined by the linear polynomials occurring
in ®,. Denote the complement of A, by X = XA, = Ck\ Une A, H
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For x € C*, the function CD}({:; defines a local system of coefficients £ on X,
with monodromy exp(2mim;/x) about the hyperplane Hl:f , and monodromy
exp(—4ni/x) about H,,. These local systems are often resonant, in the sense that
the monodromy about intersections of hyperplanes of Ay , may be trivial. For appli-
cations in conformal field theory, the case where k is a positive integer (greater than 2)
is of most interest. In this instance, the aforementioned hypergeometric integrals are
integrals of algebraic functions, providing motivation for the study of these local
systems.

The symmetric group X acts on C* by permuting coordinates. This action pre-
serves the complement X of A ,, and also the local system £, as the monodromy
about Hi(i) (resp., Hy(p).o(g) is the same as that about Hl:/ (resp., H,,) for all
o € Zx. Consequently, X; acts on the local system cohomology H*(X; L). Let
H* (X; £) denote the subspace of all skew-symmetric cohomology classes, those
classes 1 for which o(i7) = (—1)"°!y for all ¢ € Z;. The purpose of this note is to
determine the dimensions of these skew-symmetric cohomology groups.

This determination is given in terms of the representation theory of the Lie algebra
3l,. Let e, f, and h be the standard generators of 35, satisfying [e, f] = &, [h, ¢] = 2e,
[h, f] = —=2f. Let L, be the irreducible 3[,-module with highest weight a € C. The
module L, is generated by its singular vector v,, which satisfies ev, = 0, hv, = av,.

The vectors vy, fug, f v, , ... form a basis for L,. If a is a nonnegative integer, then
dim L, = a + 1; otherwise L, is infinite-dimensional.
For nonnegative integers my,...,m, as above, the tensor product L®" =

Ly, ®---® Ly, is a direct sum of irreducible representations with highest weights
|m| — 2k, where

|m|=m1+"'+mn

and k is a nonnegative integer. Let w(m, k) denote the multiplicity of Lj,—o in L&™.
Then

wim, k) =0 if |m—2k>=0 and w(m, k) =0 if |m|—2k <0.

THEOREM 1.1. Let my, ..., m, be nonnegative integers, and let L be the local system
on the complement X of the discriminantal arrangement Ay, induced by
(D n(2; z, m))l/’C for generic k.

(1) If 0<|ml—k+1<k, then HI(X:L)=0 for q<k—1, dim H'(X; L) =
w(m, [m| — k + 1), and dim H* (X; £) = w(m, |m| — k + 1) + ("772).

(2) Otherwise, HL.(X; L) = 0 for q # k and dim H* (X; £) = ("*}7?).

In [11], I. Scherbak and the second author relate the critical set of the master func-
tion @y ,(; z, m) of (1.1) and the representation theory of the Lie algebra 3[, in the
context of Fuchsian differential equations. These results prompted us to investigate
the behavior of local systems on the complement of the underlying discriminantal
arrangement Ay, induced by powers of the master function, our aim being to
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determine if the aforementioned relationship is reflected in the dimensions of the
(skew-symmetric) local system cohomology groups. For the sake of comparison,
we briefly state results from [11, Theorem 1] concerning the critical set of the
function @ ,(t; z, m).

THEOREM 1.2. Let my, ..., m, be nonnegative integers.

(1) If0< |m|—k+1 <k, then for generic z, the function ®y ,(t; z, m) has only non-
isolated critical points. In symmetric coordinates Ay =Y t;, o => titj,...,
Ak =ty -+ Iy, the critical set consists of w(im, |m| — k + 1) lines.

(2) If Im|—k+ 1>k, then for generic z, all critical points of @y ,(t;z, m) are
nondegenerate and the critical set consists of w(m, k) Xy-orbits.

3) If |ml—k+1=kor|ml—k+1 <0, then for any z, the function @y ,(t; z, m) has
no critical points in X.

Thus, for generic z, the skew-symmetric cohomology group H*~'(X; £) is nontri-
vial if and only if the master function ®y ,(¢; z, m) has critical lines. Moreover, the
dimension of H*"!(X; L) is equal to the number of critical lines. Note also that
the behavior of the critical set of @y ,(¢; z, m) differs in cases 2 (isolated critical
points) and 3 (no critical points) of Theorem 1.2, while the skew-symmetric
cohomology H?(X; L) vanishes in all dimensions except ¢ =k in both cases.
It would be interesting to determine if these cases are reflected in cohomological
properties of the local system L.

For an arbitrary arrangement A of N hyperplanes in C*, the set of complex rank
one local systems on the complement X(.4) may be realized as the complex torus
(C*N =~ H'(X(A); C*). The correspondence is given by L<1=(.. 15 ...)€
(C*N, where 1y is the monodromy of £ = £(r) about the hyperplane H of A.
Generically, the local system cohomology vanishes, except possibly in the top
dimension, H?(X(A); £) = 0 if ¢ # k. Call these local systems nonresonant. The local
systems for which the cohomology does not vanish (for g # k) are called resonant,
and correspond to elements of the cohomology jumping loci, Vi(A)=
{r € (CHN | dim HY(X(A); L(7)) = p}, which are known to be are unions of
torsion-translated subtori of (C*)V.

The first cohomology jumping loci, V},(A), have been the subject of a great deal of
recent attention, and are to some extent understood. There are, for instance, combi-
natorial algorithms for determining the components passing through the identity in
(C*Y, see [2, 5]. Less is known about the higher jumping loci Vi(A)for1 < g <k.In
the case where A = Ay, is a discriminantal arrangement, Theorem 1.1.1 provides
new examples of resonant local systems, that is, nontrivial elements of the varieties
Vg(Ak,n) forg=k—1,k, 1 <p<w(m,|m|—k+1), and arbitrary k.

This note is organized as follows. Some results on the local system cohomology of
the complement of an arrangement, including a strengthening of a particular case of
Theorem 1.1.2, are given in Section 2. See [6, 7] as general references in this context.
In Section 3, we discuss the relationship between the skew-symmetric local system
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cohomology of the complement of a discriminantal arrangement and the representa-
tion theory of 3[,, and reformulate Theorem 1.1 in terms of the latter in Theorem
3.1. After a number of preliminary results are established in Section 4, the proof
of Theorem 3.1 is given in Section 5.

2. Local System Cohomology

Choose coordinates t = (71, ..., t;) on Ck and let A be an arbitrary arrangement of
N hyperplanes in C*, with complement X = X(A) = CK\ Upea H. Assume that A
contains k linearly independent hyperplanes. For each hyperplane H of A, let fy
be a linear polynomial with H = {t € C¥ | f5(t) = 0}, and let wy = dlogfy denote
the corresponding logarithmic one-form. Let A= (... Ay ...) € C" be a weight
vector, where Ay € C corresponds to H € A. Associated to 4, we have

(1) a flat connection on the trivial line bundle over X, with connection form
V=d+wn: Q- Q! where dis the exterior differential operator with respect
to the coordinates t, w;, = . 4Amwg, and Q7 is the sheaf of germs of
holomorphic differential forms of degree ¢ on X;

(2) a rank one representation p:m(X) — C*, given by p(yy) = 1y = exp(—27idy),
where 7y, is any meridian loop about the hyperplane H of A; and

(3) a rank one local system £ = £, on X associated to the flat connection V (resp.,

the representation p).

Let A(A) be the Orlik—Solomon algebra of A, generated by one-dimensional clas-
ses ay corresponding to the hyperplanes of A. It is the quotient of the exterior alge-
bra generated by these classes by a homogeneous ideal, hence a finite dimensional
graded C-algebra. The weight vector A determines an element a; =), 4 Ay aH in
A'(A). Since a; A a; = 0, multiplication by a; defines a differential on A(A). The
resulting complex (A4°(A), a;A) may be identified with a subcomplex of the twisted
de Rham complex of X with coefficients in £ via ay +— wg.

An edge of an arrangement A is a nonempty intersection of hyperplanes in A.
Associated to each flag F of edges of A and the weight vector /, there is an element
of the Orlik—Solomon algebra and a corresponding logarithmic flag form Qp. If
F=(F,CF,1 C---CF,CFy)is aflag of edges of A with codim F; = j for each
j, then

QFZ/IFICUF] VAN Z }vaHA"'A Z /1[-1(0[-1. (21)
FyCH F,cH

An edge is dense if the subarrangement of hyperplanes containing it is irreducible:
the hyperplanes cannot be partitioned into nonempty sets so that, after a change of
coordinates, hyperplanes in different sets are in different coordinates. Let
Ax = AU Hy be the projective closure of A, the union of A and the hyperplane
at infinity in CP*. Set iy, = —Y e in. For an edge L of A, let 1y =
> 1cy 4m, wWhere the sum is over hyperplanes of Ax.
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THEOREM 2.1 ([9]). Let L be the rank one local system on the complement X of A
corresponding to the weight vector .

(1) If Ap ¢ Z~q for every dense edge L of Ay, then H*(X; L) = H*(A*(A), a;,N).
(2) If 2p¢ 7> for every dense edge L of A, then HY(X; L) =0 for q #k and
dim H*(X; £) = |y(X)|, where y(X) is the Euler characteristic of X.

Remark 2.2. Call two weight vectors 4 and u equivalent, and write A = pu, if
4 — wis an integer vector. Note that if 1 = p then exp(—2ni4;) = exp(—2niy;) for
each j, so A and u give rise to the same rank one local system £ on X. Con-
sequently, if £ is the local system corresponding to 4, and A is equivalent to a weight
vector which satisfies the conditions of Theorem 2.1.2 above, then H?(X; £) = 0 for

q#k.

Now let A= A;, be a discriminantal arrangement, and A the weight vector
corresponding to the master function @y ,(t; z, m) of (1.1) and k € C*. Explicitly,
the weight of the hyperplane H/ is = —m;/k, and the weight of H;; is 1;; = 2/x.
Denote the corresponding local system by L, to indicate the dependence on k.
The following is an immediate consequence of Theorem 2.1.1.

PROPOSITION 2.3. For generic k, we have H*(X(Ak.n); Li) = H*(A*(Ak.n), ;).

Remark 2.4. For an arbitrary arrangement A of N hyperplanes in C¥, the reso-
nance varieties of A are the cohomology jumping loci, RI(A) = {1 € CN| dim HY
(A*(A), a;~) = p}, of the Orlik—Solomon complex, see [3]. The variety R}(A) coin-
cides with the tangent cone of the cohomology jumping locus V}(A) at the identity in
(C*)M, and is consequently a union of linear subspaces of C", see, for instance, [1].

Explicit combinatorial descriptions of the first resonance varieties R},(A) may be
found in [3, 5]. Less is known about the higher resonance varieties Rf(A) for
1 < ¢ <k. In the case where A = A, is a discriminantal arrangement, and the
weights A correspond to the local system L, for generic x, the local system cohomo-
logy is isomorphic to that of the Orlik—Solomon complex by Proposition 2.3. Hence,
Theorem 1.1.1 provides nontrivial elements of the varieties R} (A ) for ¢ =k — 1, k,
1 <p < w(n,|m| —k+1), and arbitrary k.

The next result strengthens Theorem 1.1.2 in the case |m| —k+ 1 > k.

THEOREM 2.5. If |m| —k + 1 =k and « is generic, then HI(X(Ay.,); L) =0 for
q # k and dim H*(X(Ay,); L) = (n+k —2)!/(n — 2)!

Proof. Note that |y(X(Arn)| = (n+k —2)!/(n —2).

If £k =1, then A, , is an arrangement of #n points in C. In this case, the condition
|m| — k 41 = k insures that m; # 0 for some j, 1 < j < n. For any « for which m;/x is
not an integer, the local system L, on X(A;,) is nontrivial, and we have
dim H'(X(A;,); L) =n—1.
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For k = 2, by Theorem 2.1.2 and Remark 2.2, it suffices to show that there is a
weight vector u equivalent to A for which p; ¢ 7.5 for every dense edge L of A,
where A, is the projective closure of the discriminantal arrangement Ay ,. We will
show that there are integers aj,...,a,, so that the weight vector u given by
1 = a;j+ % = a;— m;/x and Hij = 4ij = 2/x satisfies these conditions.

Denote the hyperplanes of A by H/, H;;, and H. The dense edges of A, may
be described as follows. For I € [k] and j € [n], let L; =, ,c; Hp 4 and Ly =N H.
If 1] =1, set L; = C*. For ¢ # J C [n], set L= ﬂjej L. One can check that the
dense edges of A, and their weights with respect to p, are then given by

dense edge L weight ;.
@ Lp, ICIk], =1 2<I<k Il-1)/x
o) L)NLy, jeln], ICIK), (1=1 laj+Il—m;—1)/k

(€) He k(lm| — k + 1)/ — kla|

(d) Ho N LY, i € [k] (k — 1)(Im| — k)/x — (k — D)lal

(e) HOOﬂL{mL,, JCn, =2 (k=D(ml —k—-14+1)/x+
ICIk], |=1 2<I<k +l|mJ|/K—k|a|+l|aJ|

In (e) above, we use the notation |m’| = |m| — 3", m; and |a;| = ", a;.

Now assume that |m| —k + 1 > k and that «x is generic. These conditions imply
that the weights in (a), (c), (d), and (¢) above are not integers, for any choice of
a=(ay,...,a,). Choosing a; = —1 whenever 1 < m; < k — 1 insures that the weights
in (b) are not in Z . The result follows. O

3. Skew-Symmetric Cohomology and 31, Representations

We now turn to the skew-symmetric cohomology groups HY (X(Ax..); L«), and their
relation to representations of 3[5.

For a € C, let M, be the corresponding Verma module, the infinite-dimensional
3l,-module generated by the vector v,, where ev, = 0 and hv, = av,. The vectors
{f*v, | k > 0} form a basis for M,, and the 3, action is given by

e ffuy > kla—k+ 1) . 1 ffve = ., e ffo, — (a = 2k)f*o,.

Recall [4] that the Shapovalov form is the symmetric bilinear form S, on M, defined
by Sa(va, va) = 1, Sa(hx, y) = Sa(x, hy) and Su( fx,y) = Su(x, ey) for all x,y € M,,
and

Sa_(ifkvaaflva)z {](;'a(a—l)(a—k‘f'l) 1?2;5’

Given m = (my,...,my) € 7", let M®" =M, ® ---® M,, denote the corres-
ponding tensor product of Verma modules. A basis for M®" is given by

Fp:=f"v,, ®---®f"v,, , whereJ=(j,...,j,) with j; > 0 for each i.
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The action of 3, on M®™" is given by

n n
e:Fyo > Y jdmi—ji+ DFs_yo, f: Fo > Y Frp,

i=1 i=1
h:Fp — (Im| —2|J))Fv, (3.1)
where J+1; = (ji,...,jix1,...,j,). Denote the Shapovalov form S, ® --- &S,
on M®" by S.
For an 3l,-module ¥ and 1 € C, let V[A] = {x € V| hx = Ax} be the weight sub-
space of weight A. For the tensor product M®” and an integer k such that
|m| — 2k > 0, the weight subspace M®"[|m| — 2k] has basis

FJU I=fj]1)ml - ®,fjnvm,,a

where J runs through all multi-indices such that |J| =/ +---+j, =k with
nonnegative j;. The dual space (M®"[|m| — 2k])* has the dual basis, denoted by

(Fp)* = (fjl Uy ® -+ ®fj"Um,,)*-
Note that dim(M®"[|m| — 2k])* = ("1).
Let (M®™")" = @, (M®"[|m| — 2k])* denote the restricted dual of the s[,-module

M®" with basis (Fyv)" as above, for all relevant J. The contragredient action of
3l, on (M®™)* is given by

FER = i+ Dmi = ji)(Fri,0)",
i=1

er(Fy)* v ) (Froyv)",
Ji70
h: (Fyo)* — (Im| = 2|J))(Fv)*. (3.2)

The Shapovalov form gives rise to a homomorphism of 3[,-modules S: M®" —
(M®™)* defined by

S(Fyv) = c)(F)*,  where ¢; = [ [jtmim; — 1)+ (m; — j; + 1. (3.3)
i=1
By Proposition 2.3, the skew-symmetric cohomology H* (X(Ax.); L) is isomor-
phic to the skew-symmetric part of the cohomology of the Orlik—Solomon
complex (A*(Ag.n),a,AN). By results of [10], this in turn is isomorphic to the
cohomology of the complex

0 — (M®™[|m| — 2k + 20)* 1> (M®™[|m| — 2k])* —> 0. (3.4)

Recall that the Orlik—Solomon complex may be realized as a subcomplex of the twis-
ted de Rham complex of X(A,) with coefficients in £, by identifying generators
with the corresponding logarithmic forms. Recall also that the hyperplanes of Ay,
include H/ = {1; — z; = 0}.

Associated to each monomial (Fj0)* = ( f/1v,, ® - -+ ® fIrv,, )* in (M®™)*, there is a
skew-symmetric logarithmic form w; defined as follows. Given (Fv)*, let
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L(J)=j1+---+j; for 1 <i<n Note that ¢,(J) =|J|, and set £y(J) = 0. Define
Ny =0y Algy A--- Ay, where

1
O(J = T,
VILV-ARRRY
d(z,, —z d(ten-1 —z)) d(tepn —z) .
L= (te, ()+1 z)/\“_/\ (te, -1 z)/\ (te,) — zi) if i = 0,
’ Loy (1 — Zi Le(n—1 — Zi Loy — Zi

and n;; = 1if j; = 0. Observe that 5, is a |J|-form. Let

Wy = Z(—l)z(g)l’[‘,(l‘a—(l), coeslo(lys Z1s - e s Zn)
gEL)
be the skew-symmetrization of #,, where £(o) is the length of the permutation o. If
|J] # k — 1, k, one can check that the skew-symmetric form w; vanishes. If |J] =
k —1,k, identifying w; with the corresponding element of A(Ai,) defines an
injective chain map from the complex (3.4) to the Orlik—Solomon complex. This
map, given by

(FJU)* = wy, (35)

induces an isomorphism between the cohomology of the complex (3.4) and the skew-
symmetric cohomology of (4°(Ay.,), a;A), see [10, Theorem 6.16.2].

Since the forms w; are nontrivial only for |J| =k — 1, k, the complex (3.4) is
located in dimensions k—1 and k. Consequently, H*'(X(Ai,); L) = kerf.
H* (X(Ar.); L) = coker f, and the skew-symmetric cohomology groups vanish in
other dimensions, HY (X(Ax,); L) =0 for ¢ # k — 1, k. The differential f of the
complex (3.4) is given by the action of f € 3, on (M®")* recorded in (3.2) above.
Recall that L®" =L, ®---® L, is the tensor product of the irreducible 35l,-
modules L,,, 1 < i< n, and that w(m, j) denotes the multiplicity of Lj,,—»; in L®".

THEOREM 3.1. Let my,...,my, € 7>, and
fr(M®"[|jm| — 2k +2))* — (M®"[|m| — 2k])*.

() If 0<|ml—k+1<k, then the dimension of the kernel of f is dimkerf=
w(m, [m| — k + 1), and dim coker f'= w(m, |m| —k + 1) + (" 2).
(2) Otherwise, ker f= 0 and dim coker f = (”+§—2).

Remark 3.2. Since the skew-symmetric cohomology H* (X( Ay ,); L) is isomor-
phic to the cohomology of the complex (3.4), Theorem 1.1 from the Introduction is a
consequence of Theorem 3.1. Consequently, the next two sections are devoted to
establishing this latter result.

Remark 3.3. If m; = k for some i, 1 <i<n, then kerf=0 in either case of
Theorem 3.1 above, see Theorem 5.1.1. Accordingly, in thecase 0 < [m| —k+1 < k
and m; = k for some i, we have w(m, [m| —k+ 1) =0, see Lemma 4.5.
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For the tensor product L®*" =L, ® --- ® L, a basis for the weight subspace
L®"[|m| — 2k] is given by monomials Fyv = f/'v; ® - -- ® f/»v,, where ji, ..., j, are
integers satisfying j; + - - - +j, = k and 0 < j; < m; for each i. The map (3.3) induced
by the Shapovalov form gives rise to an injective map of complexes

0— LO[Im| — 2k +2] -1 L®[m| — 2k]—> 0

lS lS
0 — (M®"[|m| — 2k + 2])* —f> (M®™[|m| — 2k])* — 0
where the action of f is given by (3.1) on L®"[|m| — 2k + 2], and by (3.2) on
(M®™ [|m| — 2k + 2])*.

As noted in the Introduction, the tensor product L®™" is a direct sum of irreducible
3l,-modules of the form L, with highest weight a = |m| — 2j. If j = |m| — k + 1 and
the condition 0 < |m| — k+ 1 < k does not hold, then Ly, _»; does not occur in this
direct sum. For each irreducible L, which does occur in the direct sum, the vector
f“v, has the lowest weight —a and lies in the kernel of f. This observation yields
the following.

PROPOSITION 3.4. If 0 < |m| —k+ 1 <k, the dimension of the kernel the map
[ L®"|m| — 2k + 2] — L®"[|m| — 2k] is equal to w(m, |m| + 1 — k).

Remark 3.5. Via the embedding S: L®"[|m| — 2k + 2] — (M®"[|m| — 2k + 2])*
induced by the Shapovalov form, this result yields a subspace of

ker( /- (M®"[|m| — 2k + 2))* — (M ®"[|m] — 2k])*)

of dimension w(m, |m| — k + 1), with basis corresponding to lowest weight vectors in
the case 0 < |m| — k+ 1 < k. These, in fact, form a basis for

ker( f:(M®"[|m| — 2k + 2])* — (M ®"[|Im| — 2k])*),

as asserted in Theorem 3.1.1, and shown in Section 5.

Identifying elements of (M®")* with skew-symmetric logarithmic forms using
(3.5), the image of the embedding S: L®"[|m| — 2k + 2] — (M®™[|m| — 2k + 2])* is
realized by skew-symmetric flag forms, see (2.1). Thus, upon establishing Theorem
3.1.1, the above considerations yield a basis of the skew-symmetric cohomology
group H*"1(X(A.,); L,) consisting of flag forms in the case 0 < [m| —k+ 1 < k.

4. Preliminary Results

The purpose of this section is to establish a number of results which will be of use in

the proof of Theorem 3.1. First, we describe the matrix of the endomorphism
Sr(ME"[|m| = 2k +2])" — (M ®"[|m| — 2k])".

Order the bases of (M®"[|m| — 2k + 2])* and (M®™[|m| — 2k])* lexicographically:

(Fjv)* > (F)* if the left-most nonzero entry in J— 1 is positive, where J=
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(jiy...sjun) and I=(ij,...,i,). Let Ai(m) denote the matrix of the map
fi(M®"[|m| — 2k +2])* — (M®"[|m| — 2k])* with respect to these ordered bases,
and acting on row vectors. If m = (my, my, ..., my,), let m' = (ma, ..., my,).

PROPOSITION 4.1. The matrix of f:(M®"[|m| — 2k + 2])* — (M®™[|m| — 2k])* is
given by

Dii(m) A (m") 0 0
0 Dy (m)  Ax(m") -

Ay(m) = : : ,
: Di_1x(m)  Ap_1(m") 0
0 e ces 0 Dy i(m)  Ar(m")

where A (m') is the matrix of f:(M®"'[|m'| —2q+2])* — (M®"'[|m'| —24])*,
D, i(m) is the diagonal matrix (k — q + 1)(my — k + q)1, and 0 and 1 denote the zero
matrix and identity matrix of the appropriate sizes.

Proof. Suppose the ordered basis of (M®"[|m| — 2k + 2])* corresponds to the
n-tuples

J1,1, Ceey lepl’ Jzy], Ceey J2,pz’ ...... ,J,L], Ceey Jn,p,,»

where J; 1, ..., J;), correspond to those basis elements for which j; =---=j,_; =0
and j, # 0. Then the ordered basis for (M®"[|m| — 2k])* corresponds to the n-tuples

J1,1 +117"'7‘]1,p1 + 11,2 +11,...,J2,p2+ | ST s Jn,l +11,...,Jn’pn+11,
J2,1 + 12,...,.]2_/]2 + 15 ... s Jn,1 + 12,...,.],1,,,,1 + 15,

Jn,1 +1,,... ,Jn,p" +1,.

So if row i of A;(m) corresponds to the basis element (F;v)* of (M®"[|m| — 2k + 2])*,
then column i corresponds to the basis element (Fyy1,0)* of (M®"[|m| — 2k])*. Hence,
the diagonal entries are (Ax(m)); = (i + 1)(m —j1). Furthermore, since
J+1y >J+1, >--->J+ 1, in the lexicographic ordering, the entries below the
diagonal are (Ay ,(m));; = 0 for i > j.

Since

f(( fil Um, & ®fjnvm,,)*)
= (i 4+ Do = i) vy @ fP 00, ® -+ ® [0, ) +
+ (fjl Um])* ®f(( f'jzvmz ® e ®fjn Um”)*)y

the fact that the (nonzero) entries above the diagonal are as asserted also follows
from the above considerations. O
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EXAMPLE 4.2. In the case n = 2, the matrix Ay(m,, m;) has two nonzero entries in
each row, and is given by

k(my —k+1) mj
(k—i+l)(m1 —k+i) i(l’}’lz—i+1)

my k(my—k+1)
Using this, an exercise in linear algebra reveals that dimker Ay(m;, my) =1 if

0<my,m <k and 0 <m;+my —k+1 <k, and that ker Ay(m;, my) =0 other-
wise. It is readily checked that this is the content of Theorem 3.1 in the case n = 2.

For any n, Proposition 4.1 has the following consequence, which may be
established using elementary row and column operations.

COROLLARY 4.3. Assume that my = k — p for some p, 1 < p < k. Then the matrix
Ar(m) of f:(M®"[|m| — 2k +2])* — (M®"[|m| — 2k))* is equivalent, via elementary
row and column operations, to

I A,(m")
1 A, i(m)
0 Ap(m')
I Ap+1(m1)
I A(m")

Next, we record some properties of the multiplicity w(m, j) of the irreducible repre-
sentation L, —y in the tensor product L®", Let m = (my, my, ..., m,;), and assume
without loss of generality that 0 <m; <ms < --- <m,. Recall that m'=
(ma,...,m,). Let r,r' € 7 be maximal so that |m| —2r>0 and |m'| —2r' > 0.

For n > 3, one can show that r! > m;.

LEMMA 4.4. For n > 3, the multiplicity w(m, ) of Lyy—a; in L®" satisfies

w(im!,0)4---+w(m',j— 1) +wim',)) if0 <j<my,
w(m,j)=q wim',j—nmy)+---+w(m',j—1)+w(m',)) ifm; <j<r,
w(m' j—mp) 4w’ Jmt | —j =D +wim', m'|—)) ifr' <j<r.

Proof. This is an eclementary, albeit delicate, exercise using the fact that if
a < b are nonnegative integers, then L, ® Ly = @ Lo+h—2 = La+b ® Layp—2 D - - -
@Lbfa- ]
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LEMMA 4.5. If 0<|m|—k+ 1 <k and there exists an i for which m; = k, then
w(m, |m| —k+1)=0.

Note that if |m| — k+ 1 < k, there can be at most one i for which m; > k.

Proof. Let m = (my, ..., m,). The proof is by induction on n, with the case n = 1
trivial. The case n = 2 is also known to hold, as noted in [11].
For general n >3, assume that m; <mp, < --- <my,_| <k <m,. Take j=

m| —k+1, 0 <j < k in each of the three cases in Lemma 4.4 above. Write m,
k—p,so |m'| = |m| —my = |m| —k+p.
If 0 <j < my, then

m'—p+1=j, |m'|—(p+D+1=j—1,....\m'|—(p+j)+1=0.

Since |m'|—(p+j)+1=0 and j<m <r', we have |m'|=p+j—1=>2"'>
2m; =>2j. So p—1>j and p > j. It follows that 0 < [m'| —(p+i)+1 <p+i for
i=0,1,...,j. So by induction, w(m!, |m'|—@+i+1)=wm',j—i)=0 for
i=0,1,...,7. Thus w(m,j) = wm',j)+wim',j— D+ +wim', 1)+ wim',0) =0
1f0<]<m1

If m <j<r', then

m' | —p+1=j Im'| = @p+D+1=j-1...,
m'—k—D4+1=j—m+1, m'|—k+1=j—my.
are all nonnegative. Since |m!'|—k+1=j—m; and j<r!, we have |m!'| =j—
mi+k—1>=2r' >2j. So p—1=>j and p > j. It follows that 0 < [m'| — (p+ i)+
l<p+ifori=0,1,...,k—p. So by induction,
wm!, m'| —(p+)+D)=wm',j—i)=0 fori=0,1,....k—p.
Thus

w(m, j) = w(ml,j) + w(ml,j -D+---+ W(ml,j —m + 1)+ w(ml,j —m) =0

ifm <j<rl.
If ' <j<r, then

m'| —k+1=j—m, m'|—(k-=D+1=j—m+1,...,
Im'| — (k — |m| +2)) + 1 = [m'| —j.

Since |m| —k+ 1=, we have k4 j— |m| = 1. The condition r!' < implies that
2j > |m'|. It follows that k — |m| +2j — |m'| 4+j > 0, that is, k — |m| +2j > [m'| — .
From this, we obtain 0 < |m!| —(k—d)+1=j—m +i<k—ifori=01,...,
Im| —2j. So by induction, w(m', |m'|—(k—i)+1)=wm',j—m +i)=0 for
i=0,1,...,|m —2j. Thus w(m,j)=wm',j—m)+---+wm', |m|—j—1)+
wm!, jm'| =) =0ifr' <j<r. O
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5. Proof of Theorem 3.1

With the results of the previous sections at hand, we prove Theorem 3.1.

THEOREM 5.1. Let my,...,my, € 7>, and
£ (M®"[|m| = 2k + 2])* — (M®™[|m| — 2k])*.
If

(1) m; = k for some i, 1 <i<n,or
2) Im—k+1<0, or
3) Im—-k+1=k,

then ker f = 0 and dim coker f= ("2,

Note that Theorem 3.1.2 follows from this result.

Proof. We will show that ker /= 0 in each of the three cases above separately.
Proposition 4.1 facilitates elementary proofs of cases 1 and 2.

In case 1, where m; > k for some i, we may assume without loss of generality
that m; > k. In this instance, each of the diagonal matrices D, ;(m) =
(k — g+ 1)(m; — k 4+ ¢)I occuring in the matrix Ai(m) of f is invertible. It follows
immediately that ker /= 0.

In case 2, where |m| — k + 1 < 0, the proof is by double induction on k and n. The
result holds trivially for n = 1 since Ay(m) = k(m; —k+ 1) £ 0 if [m| =m; <k — 1.
For m; > 0, the condition |m| —k + 1 < 0 is vaccuous if £k = 1, but the assertion
holds for k = 2 and any n, as is readily checked.

In general, write m; = k — p for some p, | < p < k. Then the matrix Ax(m) is of
the form

Dy A(mb)

Dp—l,k Ap—l(ml)
0 Ap(ml) (5.1
Dpi1k Ap+l(m1)

Dii  Ax(m")
where D,y = Dyi(m)=(k—q+1)(m —k+¢q)]l is nonzero if ¢#p. Since
m =k—p and |m —k+1<0, we have |m'|—g+1<0 for p<g<k. So
ker A,(m') = 0 for each such ¢ by induction. The result is obtained from these
observations as follows.

Suppose v = (v1 - Vp—1 Up--- V) is in ker Ax(m). Then from the invertibility of
D, i(m) for g < p, we successively get v; =0, v, =0,...,v,-1 = 0. Similarly, from
the invertibility of D,x(m) for g >p and the fact that ker Aq(ml) =0 for
p < q <k, we successively get vxy =0, 4,1 =0,...,0, =0.
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In case 3, where |m| —k + 1 = k, recall from Section 3 that the kernel of fis iso-
morphic to H*~'(X(Ax..); L), the skew-symmetric part of the (k — 1)st cohomology of
the complement of the discriminantal arrangement A, ,, with coefficients in the local
system induced by ((I)k,n(t; z, m)) V¥ for generic k. If |m| — k + 1 > k, the local system
cohomology H*"'(X(Ay..); L) vanishes by Theorem 2.5. Hence, in this instance,
ker f'= H]iil(X(-Ak,n); L) < Hkil(X(-Ak,n); L) =0. ]

It remains to prove assertion 1 of Theorem 3.1.

Proof of Theorem 3.1.1. Since dim(M®"[|m| — 2j])* = (;1+;—1 ), we must show that

dimker(f:(M®"[|Im| —2k+2])" — (M®"[|Im| —2k])*)
=dimker Ay (m)=w(m, |m|—k+1)

if 0 < |m| —k+ 1 < k. By Proposition 3.4 and Remark 3.5, ker f = ker 4;(m) con-
tains a subspace of dimension w(m, |m| — k + 1) generated by flag forms. Thus,
dim ker A,(m) = w(m, |m| — k + 1), and to establish the result, it suffices to show that
dim ker Ax(m) < w(m, |m| —k + 1).

The proof is by double induction on k& and n. The result holds for n = 1,2 and
any k, and also for kK =2 and any n by direct calculation, see Proposition 4.1 and
Example 4.2. (The condition 0 < |m| — k + 1 < k is vacuous for k£ = 1.) So assume
that £k > 3 and n > 3.

If m; = k, then ker f = 0 by Theorem 5.1.1 and w(m, |m| — k + 1) = 0 by Lemma
4.5. So assume that 0 < m; < k, and write p = k — m;. Then the matrix A;(m) of
o (M®"[|m| — 2k + 2]))* — (M®"[|m| — 2k])* is as given in the proof of Theorem
5.1.2, see (5.1). Since the diagonal matrix Dy, = Dy x(m)= (k —q+ 1)(k — g —m)I
is invertible for ¢ # p, any nontrivial element of ker A;(m) is necessarily of the form

v=(0 --- 0vy vpq1 --- v 0--- 0), (5.2)

where v, € ker Aq(ml) for some ¢ = p. It follows that

k
dimker Ax(m) < Y dimker A,(m"). (5.3)

q=p

In particular, if m; =0, then all elements of ker Ay(m) are of the form
v=1(0 --- Ouvy), where vy € ker A¢(m"). Thus,

dim ker Ax(m) = dimker Ax(m") = wim', |m'| — k + 1),

the last equality by induction. Since m; =0, we have w(m, |m|—k+1)=
w(m', |m'| — k + 1), which completes the proof in this instance.

For 0 < m; < k, we consider the three cases specified in Lemma 4.4. Assume with-
outlossthat 0 <m; <my < - - <m,. Letr, r! € 7 be maximal so that |m| —2r = 0
and |m'| —2r' > 0. Since n >3, we have r! > m,. Write |m| —k+1=. Since
p =k —my, we have
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m—p+1=j mi—@+D+1=j—1,...,
m'—k=D+1=j—m —1), m'|—k+1=j—m.

First, consider the case 0 < j < m;. In this instance, we have |m!| — g+ 1 < 0 for
p+Jj < q<k. Theorem 3.1.2 implies that ker A,(m') = 0 for these q. For ¢ = p +1,
0<i<p+j, we have |m'|—(p+i)+1=j—i Since |m'|—(p+j)+1=0 and
j<m <r', we have |m'|=p+j—1=2r' >2m >2j. So p—1>j and p > .
Thus, 0 < [m'| —(p+i)+ 1 < p+ifor 0 < i< j. Hence, by induction,

dimker 4, (m") = wim', |m'| — (p + i) + 1) = w(m', j — i)

for 0 < i <j. Consequently, in this case, (5.3) yields

J j
dim ker Ax(m) < Zdim ker Ap+,-(m1) = w(m', j — i) = w(m, j)
i=0 i=0
by Lemma 4.4. Hence, dim ker Ay(m) = w(m, j) = w(m, |m| — k + 1). This completes
the proof in the case 0 < j < m;.

Next, consider the case m; < j < r!. In this instance, |m'| — (p + i) + 1 is nonnega-
tive for each i, 0 < i < m;. As above, the condition j < r' implies that p > j, and it
follows that 0 < |m!'| = (p+i)+1 <p+ifori=0,1,...,k —p=m. So, by induc-
tion, dimker A,,(m') = w(m', |m'| —(p+ i)+ 1) = w(m',j—i) for 0<i<my. In
this instance, (5.3) yields

mp

m
dimker A¢(m) < Y dimker A,y i(m") =Y " w(m',j — i) = w(m. j)
i=0 i=0

by Lemma 4.4. Hence, dim ker A;(m) = w(m, j) = w(m, |[m| — k + 1). This completes
the proof in the case m; <j < rl.

Finally, consider the case r' < j < r. Note that 2j — |m'| > 0, since j > r!. This,
and j = |m| — k + 1, implies that |m!| — (k — i)+ 1 <k —ifor 0 < i < |m| — 2j, since

k—i—(m'\—(k—D+1D)=k—j+m —2i>k—j+m —2\m+
tdj=k+j—Im +2—|m'|=1+2—|m|.

By induction, dimker 4;_j(m') =w@m', |m'| —(k —i)+1) for 0<i<|m|—2j
Furthermore,

[m|—2j |m|—2j
S wmt im' = (k= + 1) =Y wim'j—my + i) = wim. ),
=0 i=0

by Lemma 4.4. So in this instance, (5.3) yields

|m|—2j my
dimker 4,(m) < ) dimkerds_i(m') + > dimker Ac_(m')=w(m.j)+d,
i=0 i=|m|—2j+1
where d =371 .., dimker A;_(m').
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It may be the case that kerA,_,m') contains nontrivial elements for
|m| —2j+ 1 < i< m, yielding d # 0. However, we assert that these elements do
not contribute to ker A;(m), that is, dim ker A;(m) = w(m, j). For this, recall from
(5.2) that any element of ker A(m) is of the form

v=(0 - 00v, -~ v, 0 --- 0),

where v, € ker A,(m") for some ¢ > p. Let K denote the subspace of ker 4,(m) gen-
erated by all such vectors for which ¢ =k —i and 0 <i<|m|—2j. Since j=
|m| —k + 1, we have ¢ = j+ 1 for vectors v € K.

Suppose that u € ker Ax(m) and u¢ K. Then, u=(@© --- O w, --- 4, 0 --- 0) with
q <j. We will show that such an element u € ker A;(m) is necessarily trivial. Let
A];C(m) be the submatrix of Ay(m) given by

Diy  A(m")

. Dp—l,k Ap—l(ml)
A (m) = 0 Ap(m')
Dpirk Appr(mh)

Djx Ai(m")

Let iu=(0 --- Ou, --- uy), and note that u € ker A’,'c(m). As in Corollary 4.3, the
matrix 4} (m) is equivalent, via elementary row and column operations, to the matrix

I A(m")
_ I Ap—l(ml)
Al (m) = 0 Ap(m")
I Ap+l(ml)
I Am')
Let m = (my, my, ..., m,), where m; = j — k + m; and m; = m; for i > 2. Note that

the condition j > r! implies that j — k + m; > 0. By Corollary 4.3, the matrix Ai(m)
is equivalent to the matrix fi-i,(m) above. Now |m| —j+ 1 =, so by Theorem 5.1.3,
the kernel of A,() is trivial. Hence, the kernel of 4/ (m) is also trivial, and & = 0.
Consequently, u = 0, and K = ker A,(m) as asserted. Thus, dim ker Ax(m) = dim K =
w(m, j) = w(m, |m| — k + 1). This completes the proof in the case r! <j<r. O
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