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INTRODUCTION

Let .o/ be an arrangement of hyperplanes in C% It is well known that the
cohomology groups of the complement, M :=C%—\),,. ., H, are deter-
mined by combinatorial data, see [Br, OS]. In this paper, we analyze
several generalizations of this type of problem. We consider

(1) the cohomology of the complement M with coefficients in a local
system,

(2) the intersection cohomology of C” stratified by ., with coef-
ficients in a local system, and

(3) more generally, the cohomology of a perverse sheaf on C¥, which
is constructible with respect to the stratification determined by «/.

Let L = L(«/) denote the partially ordered set of “flats” (i.e., of all multi-
intersections of elements of .«/), ordered by reverse inclusion:

rEwWswco

Thus the ambient space C¢ is the minimal element (correponding to the
empty intersection). Let L, denote the subset of L consisting of all flats of
codimension ¢. The arrangement ./ determines a Whitney stratification of
C“, with one (connected) stratum of codimension g,

Swy=v—J w,
for each flat ve L,. Let X denote C¥ endowed with the stratification given
by «f. We refer to L as the lartice of o/, and we do not distinguish between
elements of L and the correponding strata of X.

We study each of the above cases by considering the cohomology of the
appropriate perverse sheaf P* on X. In each case, we associate a group
A, (P°) to each element w of the lattice of &/, and a homomorphism
D, A(P°)—>A,.(P°) whenever v<w is a codimension one inclusion
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(i.e., wc v and dim(v) =dim(w) + 1). Our principal result, Theorem 2.4, is
that in each of these cases, the system of groups

K{P*)= @ 4,.(P"),

wel,

and homomorphisms

@ 3 .. K TU(P)-KUP),

wel, vel,
U< W

is a differential complex, whose cohomology is isomorphic to H*(X; P "),
the cohomology of the sheaf P*. The complex K* (P °) is constructed using
a weakly self-indexing Morse function (see Sections 1 and 2).

Given a local cofficient system of complex vector spaces V on the com-
plement M of &/, using Theorem 2.4 we obtain a complex K" (P*) whose
cohomology is isomorphic to H*(M;V), the cohomology of the comple-
ment with coefficients in V, by taking the perverse sheaf P° above to be the
direct image, Ri,V, of the local system, where i: M — X denotes the
natural inclusion. In Section 5, we give an explicit combinatorial descrip-
tion of the groups of the complex K *(Ri, V) in terms of the Mébius func-
tion on the lattice of &/ (see Proposition 5.2). In the special case where the
local system is trivial, the differentials of the complex K *(R/,_ V) all vanish,
and we recover the formula for the Betti numbers of the complement due
to Orlik and Solomon [OS] (sec Remark 54).

If the perverse sheaf P* is taken to be I°C *(V), the complex of sheaves
of intersection cochains with coefficients in the local system V, Theorem 2.4
yields a complex K*(I’C"(V)) whose cohomology is isomorphic to
I’H*(X,;V), the intersection cohomology of X with coefficients V. The
complex K *(1”C *(V)) for the “middle” intersection cohomology of X with
coefficients in V is shown to be a subcomplex of the complex K*(Ri, V)
(see Theorem 6.3).

For other results on the cohomology of the complement of a complex
hyperplane arrangement with a local coefficient system, most of which take
the form of vanishing theorems, the reader is referred to [Ha, Ko, SP, SV,
VGZ]. In Section?7, we obtain similar results for general position
arrangements by giving explicit combinatorial descriptions of the differen-
tials of the complex K " (Ri_ V), as well as the terms. This complete descrip-
tion of the complex K "(Ri V), together with the fact that K*(I"C"(V)) is
a subcomplex of K'(Ri, V), yields an algorithm for computing
I"H*(X;V), the middle intersection cohomology of X with coefficients in
the local system V, where X denotes C stratified by the general position
arrangement o« = {H, H,, .., H,}. In the special case where the arrange-
ment consists of the coordinate hyperplanes in C* (ie., || =n=d),
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we show that the complex K (I”C " (V)) is isomorphic to the complex B*
constructed in [CKS] (see Example 7.8 and Proposition 7.9).

Using the complex K (I”C*(V)), we obtain the following generaliza-
tions of an observation of Lusztig [Lu, 1.6]: If V is a nontrivial, rank one
local system on the complement of the general position arrangement ./ in
C¥ then I"H(X;V)=0 for i #d, and

. P " if n*>d
dim 7H (X,V)_{ 0 it mred
where n* denotes the number of nontrivial “monodromy” transformations
of the local system V (see Proposition 7.5). If V is a local system (of
arbitrary rank) with the property that one of the monodromy transforma-
tion, say T,, satisfies the condition det(Jd — T,) #0, then I"H'(X;V)=0
for i#d, and

dim I"HYX;V)= Y dim(ld—T,)(Id—T,)---(Ild—T,)V,
Wi =d
where J = {j, ja, - Ja} © {1, 2, .., n} (see Proposition 7.7).

It has recently been shown [Orl] that the homotopy type of the comple-
ment of an arrangement .« is determined by combinatorial data (see also
[BZ]). It follows that the cohomology groups of the complement with
coefficients in a local system are determined by abstract combinatorial
data, which may be quite complicated. In this paper, given an arrangement
& and a local system V on the complement M of o/, we construct a dif-
ferential functor # from the lattice L of &/ to the category of groups, with
the property that H*(# (L)) is isomorphic to H*(M; V). The values of #
are explicitly computed using the Mobius function on L. For a general
position arrangement, the differentials of the complex # (L) are given in
terms of the local monodromy of the local system V. For an arbitrary
arrangement, if the local system is trivial, the functor # naturally reduces
to the “M&bius functor” of Orlik and Solomon [OS].

We thank Mark Goresky for suggesting this problem, and for his
support and guidance over the course of its solution.

We thank David Massey for numerous valuable conversations. David’s
ideas contributed greatly to the two principal constructions of this work,
namely the complex of Definition 2.3, and the “hot dog” function of
Section 1.

We also thank L& Diing Trang, Alex Suciu, and David Yavin for useful
conversations,
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1. WEAKLY SELF-INDEXING MORSE FUNCTIONS AND ARRANGEMENTS

In this section, we construct a Morse function [GM3, 1.2] well-suited for
the study of arrangements.

DeriNtTION 1.1, Let Z be a Whitney stratified subset of Euclidean
space. A Morse function f: Z — R is said to be weakly self-indexing with
respect to the stratification {S,} of Z if for each ¢, 0 < ¢ <dim Z, we have

max {critical values of /| S}

codim Sy, =¢

< min {critical values of £ | Sp}.
codim Sy=¢4 + !

Any arrangement of affine subspaces (of arbitrary dimension) in R gives
rise to a Whitney stratification of R¢, with one stratum for each multi-inter-
section of elements of the arrangement. A complex hyperplane arrangement
may be thought of as a real subspace arrangement (with even-dimensional
strata). Given an arbitrary subspace arrangement ./ in R¥, we now show
that there is a weakly self-indexing Morse function on R stratified by </,
which has a single minimum on each flat, and no other critical points. We
have recently been informed that MacPherson has constructed a similar
function in a more general setting [ Mac2].

PROPOSITION 1.2. Let </ be an arrangement of subspaces in RY. Then
there is a positive definite quadratic form f: RY — R, which is a weakly self-
indexing Morse function with respect to the Whitney stratification {S,} of
R? given by o/, whose critical points consist of a unique minimum on each
stratum.

Proof. By induction on d, we show that there are positive constants
w,, W1, .., Wy such that the positive definite quadratic form

7]
S(xX1, X0, e X)) =Y wx]

i=1

is a weakly self-indexing Morse function. Such a function will clearly have
a unique minimum on each flat (and no other critical points). It follows
immediately that the critical points of such a quadratic form are non-
degenerate.

The case d=1 may be verified as follows: A subspace arrangement in R’
is a finite collection of points. For a generic choice of coordinates, the func-
tion f,:R'— R defined by f,(x,)=x} is a weakly self-indexing Morse
function with a unique critical point on each stratum of R', since each
singular stratum of R' is zero-dimensional, hence is a critical point of f.
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Now inductively assume that the proposition holds for any subspace
arrangement in R*, where k < d, and let &/ be an arrangement of subspaces
in R“ Choose a hyperplane H that is in general position with respect to the
arrangement &/, ie.,

dim HnS,=d—1—codim S,

for each stratum S,, where a negative dimension indicates an empty
intersection. Codimension d strata in R are points, say y', ..., ", which by
construction, lie in the complement of A. For a generic choice of such a
hyperplane, we have

distance(H, y’) # distance(H, y') if i#j

Choose coordinates {x,, x,, ..., x;} so that H=span{x, x,, .., x;_}.

The hyperplane H inherits a stratification Hn .o/ from the original
arrangement. By induction, there are constants w,, w,, ..., @, ., so that the
function f,_,: H=R’"' > R, defined by

d-1
Ja 1 (X1, Xgy s Xg )= z W;X;

=1

(8

is a weakly self-indexing Morse function. Denote by a the maximum of the
critical values of f,_,, and let

b= min {1, (y))*}, where y'=(p, . ¥

I1gi<r

Then choose w,> a/b, and define /= f,: R‘—> R by
f(xl, Xy ey .xd) =fd7 l(xl, X2y ooy Xy l)+(1)dx(21.

Check that the set X ., = {xe X | f(x)<a} contains all critical points of
f restricted to flats of codimension less than d, and that y'¢ X _, for each
i. By the choice of the hyperplane H, we have y! 3 y/ for i # j. Using this
fact, it is an easy exercise to verify that for w, sufficiently large, the critical
values {f(y’)} are distinct. In other words, f is a weakly self-indexing
Morse function with respect to the codimension d strata. So it remains to
show that there is a choice of w,> a/b such that f is weakly self-indexing
with respect to the strata of codimension less than 4, and has distinct
critical values on these strata.

To do this, fix a stratum S of say codimension q. It is sufficient to show
that the (unique) critical value of f| S tends to the critical value of
fs 11 SN H as o, tends to infinity, since f, , is a weakly self-indexing
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Morse function by induction. Suppose that the flat S is defined by the ¢
linear equations /, =/, = --. =1, =0, where

d
Li(xy, xp, 0 xg) =B+ Z &% j X,
i=1
Using the technique of Lagrange multipliers, we observe that the critical

point x=(x,, X3, .., x;) of f restricted to S is given by the first d
components of the solution of the system of equations

el HEH |

where
w, 0 0 o %y Ok
we=| O O a1
0 0 w0 B0 s e gk
Ay B,
A= }":2, and = Bf
Ay B,

Similarly, the critical point y=(y,, ¥5,..., ¥4 () of f, , restricted to
S n H may be found by solving the system

W,y —Ag [y [0
—4,, 0 a7 Le)
We find explicit expressions for the components of the points x and y via
Cramer’s rule. From these computations, it follows immediately that

hm (X, Xay w0 X)) =(¥1, Vay e Va1, 0),
g —

and consequently that

im f(x,, X5, o X)) = fa 1 (P15 P2s e Yao1)-
Wy — 0

Remark 1.3. For any subspace arrangement .o/ in R the above proof
gives an inductive algorithm for the construction of a complete flag in R

that is in general position with respect to the arrangement, and a positive
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definite quadratic form “about” the flag, which is a weakly self-indexing
Morse function with respect to the stratification of R“ determined by the
arrangement /.

2. ConsTRUCTION OF THE COMPLEX K * (P~ ) AND THE MAIN THEOREM

Let P be a complex of sheaves (of complex vector spaces) on C* which
is constructible with respect to the stratification of C¢ determined by the
arrangement .«/, so that each cohomology sheaf #'(P *) is locally constant
on each stratum we L. Assume that P° has been chosen to be a perverse
sheaf on X =C¢ stratified by /. Here we use the definition of perverse
which has non-zero cohomology only in non-negative dimensions, as in
[Macl].

Fix a weakly self-indexing Morse function f: X — R, and denote by X _,
the subspace of all points x in X such that f(x)< a. By construction, the
Morse function f has a single minimum, x, on each flat we L, and no
other critical points. Let 5, = f(x,) denote the critical value of f corre-
sponding to the critical point x,.. For ¢ > 0 sufficiently small, the level set
X_,. .. s obtained from the set X_, _ by attaching the “Morse data”
associated to the stratum w and the Morse function £, which is the product
of the tangential and normal Morse data [GM3,1.3]. Since f has a
minimum at x,ew, the tangential Morse data is topologically trivial.
The Morse group of the stratum w is defined to be the cohomology of the
(normal) Morse data associated to w (see {GM3, 11.6.A ).

DeriniTiON 2.1. The Morse group, A, (P "), associated to the codimen-
sion ¢ stratum we L and the Morse function f is the relative cohomology

group
A (P*)=HYX X

et 82 Sﬂw—c;P.)'
_Remarks. 2.1.1. Since the sheaf P" 1s perverse, the groups
HX, . 0o¥X P ) vanish for i#gq.
2.1.2. The Morse group A, (P ") is independent of the number ¢ used
in its definition [GM3, I1.6.A], and may be described in terms of the local
geometry of X (see Section 4).

Sy — €2

2.1.3. If g: X— R is another Morse function, then the choice of a
path between f and g in the space of all Morse functions on X determines
an isomorphism A, (P*)~ A, (P*), where 4, (P ") is the Morse group of
w constructed using the function g {compare [GM3, 11.6]).

2.1.4. Leti: M — X denote the natural inclusion. If the perverse sheaf
P° on X is the direct image, Ri,C", of the constant sheaf on M, then the
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Morse group 4, (P ") is isomorphic to C'"*™/ where u: L — Z denotes the
Mobius function on the lattice of o/,

2.1.5. More generally, if the perverse sheaf P° on X is the direct
image, Ri,V, of a local system V on M, then the Morse group 4, (P") is
isomorphic to V" where V is the stalk of the local system (see
Section 3).

2.1.6. We associate the Morse group 4, (P ") to the element w of the
lattice of .&/.

For each flat w of positive codimension ¢ in the lattice of o/, since the
Morse function f is weakly self-indexing, the level set X' _, _ intersects all

strata v of X of codimension less than ¢. Fix real numbers « and f§ so that

max {n,}<x< min {n,} and max {n,} <B<min {n,},
weL

uel; 2 vel, vely, | 4

and consider the level sets X, and X _;. Since f has precisely one critical
point on each flat, the level set X, is obtained from X, by attaching
the disjoint union of the Morse data corresponding to each stratum of
codimension ¢ — 1, i.e., all vel, .. As noted above, the tangential Morse
data at each critical point x, is topologically trivial, so by excision we have

. ey By, AP i=g—1
H(Xep Xeri P )‘{0 if i#g—1.

For each flat ve L, , let j*: A (P")—> H? (X, X,; P") denote the
natural inclusion.

Let X, denote the space obtained from X _, by attaching the Morse data
associated to the codimension ¢ stratum w, and consider the exact sequence
of the triple (X, X4, X,). Using excision, we canonically identify the
Morse group of w with the group HYX,, X, P°), ie,

AM'(P.)=H4(XSW+4»X E;P.)ZH"(XM" Xsli;P.)-

S/
Thus the boundary map, 4, of the triple (X, X 4, X,) in degree g is a
homomorphism from the direct sum of the Morse groups associated to flats
ve L, , to the Morse group of w:

® AP )=H (X 5 X iP" )5 HYX,, X i P )= A,(P°).

vel,

If veL, | satisfies v4w (ie., the flat v does not contain w), then by
excising the Morse data associated to v from the sets X, and X we
observe that the composition 49 j* is trivial.

<p
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DerFiNITION 2.2, With notation as above, for each stratum we L, and
each codimension one inclusion v < w, let

b, A.(P")> A, (P")

denote the composition @, =49 ¢ j*.

Remarks. 2.2.1. The homomorphism A4¢ is the only boundary map
of the triple (X,, X<4, X.,) which is not necessarily trivial, since
H (X< p, Xy P )=0fori#g—1and H(X,, X P )=0fori#gq.

2.2.2. If the perverse sheaf P° on X is the direct image of the
constant sheaf (or any other trivial local system) on M, then each of the
homomorphisms @, . is trivial (see Section 5).

2.2.3. For general position arrangements, if the preverse sheaf P° on
X is the direct image of a local system on M, then the homomorphisms
&, . can be explicitly expressed in terms of the local monodromy of the

local system (see Section 7).
2.24. We associate the homomorphism @, to the codimension one

inclusion v < w in the lattice of <.

[2eY

DeriNiTION 2.3, Let K*(P ") denote the system of groups
K{(P* )= 4,.(P"),
wel,
and homomorphisms

=@ Y &, :K (P)>KUP")

wely velg.,
r<w
Our main result is:

THEOREM 2.4. Let s/ be an arrangement of hyperplanes in C%, let P* be
a perverse sheaf on C¥ which is constructible with respect to the stratification
determined by o, and let X denote C¢ endowed with this stratification. Then

(1) The system of groups and homomorphisms K*(P ") is a complex
(ie., @D =0), and

(i1) the cohomology of the complex K* (P ") is canonically isomorphic
to H*(X; P "), the cohomology of the sheaf P".

Remark 2.5. To prove this result, we use the weakly self-indexing
Morse function f to construct a filtration {X,} of X. We then use the
homomorphisms in cohomology induced by the inclusions of the level
sets of this filtration to construct explicit isomorphisms between the

607:97.2-7
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cohomology groups, HY(X;P"), of the sheaf P* and the cohomology
groups, HY(K (P ")), of the complex K" (P *).

Remark 2.6. The complex K ° (P ") depends on the weakly self-indexing
Morse function f used in its construction. If g: X — R is another such
Morse function, and the construction of this section is carried out using g
to obtain a complex K*(P"), then the choice of a path between f and g
in the space of all (weakly self-indexing) Morse functions on X determines
an isomorphism of complexes K* (P )~ K" (P*).

3. PrOOF OF THEOREM 2.4

Let ./ be a hyperplane arrangement in C“ and let P* be a perverse
sheaf on C¢ which is constructible with respect to the stratification deter-
mined by .«7. Recall that X denotes C¥ stratified by .«/. By Proposition 1.2,
there is a Morse function f: X — R, which has a unique minimum on each
flat v in the lattice of &/, and is weakly self-indexing with respect to the
Whitney stratification of X. Construct the system of groups and
homomorphisms K * (P °) using this Morse function as in Section 2.

It follows from the fact that f is weakly self-indexing that we can find
positive real numbers {,<{, < --- <{, so that

max {critical value of /| v} <{,< min {critical value of /| w}.
rel, welyy

The level sets X, = {xe X | f(x)<{,} form a filtration of X:
FcXge X, c---cX,=X.

The set X, is contractible, and contains none of the singular strata of X,
s0 H'(Xy; P )=0 for i >0, since the sheaf P* is locally constant. Also, the
set X, is a stratum-preserving retraction of X, hence H*(X, X,;P*)=0.

As discussed in Section 2, since each flat contains precisely one critical
point (a minimum) of £, one of the level sets X, of the above filtration of
X is obtained from the set X, , by attaching the disjoint union of the
Morse data corresponding to each of the strata of codimension g, ie., all
we L,. Since all critical points of f are minima, the tangential Morse data
associated to each stratum are topologically trivial, so by excision we have

; pey | DPuer, AP7) if i=g

H(X,, X, P )"{o if i#q.
Furthermore, since the Morse group A4,.(P ") associated to the flat we L is
the cohomology of the Morse data of w (for the Morse function f), we

canonically identify the groups H(X,, X, ;P")and K/(P").
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By the above observations, for each g the only nontrivial terms in the
exact sequence of the triple (X, X, _,, X, ,) occur in degrees ¢ — 1 and g:

0'*—’Hqﬁl(anX P')—"’Hq l(Xq~1»Xq<2;P')

qf—Z;

P')— HYX,, X, ,;P")—0.

qw]; 47—2;

2, HYX,, X
Checking that the boundary homomorphisms of these triples satisfy
A% 44 =0 for each ¢, by splicing these sequences together we obtain a
complex E " :

0— HXo: P*) =25 H'(X,, Xo: P*) =15 HY(X,, X,: P*)
A AL H Xy L Xy P S HYX Xy P ) —— O,

We now construct explicit isomorphisms between the cohomology groups
HYX;P")and HYE").

Since H'(X,;P*)=0 for i>0 and H'(X,, X, ,;P°)=0 for i#g, an
easy inductive argument shows that for each g, we have H'(X ;P )=0
for i>g. Also, by successively considering the exact sequence of the
triple (X, 4105 Xpugr X) for p=1,2,.,d—g—1, we observe that
H(X, X,;P")=0for i<gq.

Let /,: H(X;P)~»HYX,P°) and ; :HYX, X, ;P )-HY X, P")
denote the maps in cohomology induced by the inclusions of X, into X and
(X,, X, _ ), respectively. Since H(X,_ ;P ")=0, the homomorphism / is
surjective. Also, the map ¢, is injective since H¥(X, X,; P ") =0. Using these
results, together with the fact that the differential 4¢ of the complex E* (the
boundary map of the triple (X, X, _,, X, ,)) is equal to the composition

HY (X, X, 2 PO 2 HO MY, P ) = HYX, X, P,
where 69 denotes the boundary map of the pair (X, X, ,), it is a
straightforward exercise in homological algebra to show that

Folod,  HYX:P")— HYE")

is an isomorphism.
As noted above, the terms EY of the complex E° are canonically
identified with the groups K¢(P *):

E‘=HX,, X,_ ;P )= @® A,(P")=KP").

wel,
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Hence we complete the proof of the theorem by showing that the
differential of the complex E* decomposes as the direct sum

=@ Y &=

wel, velg |
Let X, denote the space obtained from the level set X, | by attatching
the Morse data associated to the codimension ¢ flat we L, and consider
the exact sequence of the triple (X,,X,, X, ;). The only nontrivial
cohomology groups occur in degree ¢, and we have
0— HX,, X ;P )— HUX, X, ;P")

PR
L HYX,, X, ;P )— 0,
where i¥ is induced by the inclusion i,: (X, X, |)—(X,, X, ;). Since
HYX,. X, iP)=AP"), HYX,X, :P)=KYP"),

and
HYX,, X,;P")=K{P")— A, (P"),

the homomorphism /¥ is clearly the natural projection KY(P*) = A4 (P").
Using these projections, the differential of the complex E* may be written
as the sum

A= @ i* A9 K7 "(P")>KY(P").

weLly,

We identify each of the homomorphisms i ¥> 4¢ with the boundary map of
the triple (X, X, ,, X, ,)

For each codimension ¢ — 1 stratum o, let X* denote the space obtained
from the level set X, , by attatching the Morse data corresponding to all
codimension g — 1 flats except o. Then H* (X, |, X";P")=A,(P"), and

we have a canonical isomorphism

q

Y kX @ HUNX,  XUPT)oHOONX

vely vely

X—Z;P.)’

g-1> %4

where each of the homomorphisms j* (induced by the inclusion
Joi (X, 1, X, _5) = (X, (, X7)) is the natural inclusion of the Morse group
A,(P")into K" '(P*)=H "X, ,, X, ,;P").

Thus the differential 49 decomposes as the sum

4= @ ) ikediojr: @ A(PT)> D A.(P°)

wel, vely vely | wely
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Each of the summands i¥-4%-j* is the boundary map of the triple
(X,, X, ,, X"). If vis a codimension g — 1 stratum such that v <w, then by
excising the Morse data associated to v from X, and X, ,, we observe
that the homomorphism i* o 490 j* is trivial. If v <w is a codimension one
inclusion, then we have

ifodiojr=&,,:4,P")>A4,(P)

(see Definition 2.2). Hence the differential of the complex E* may be
written as

4= @ Y &..=9

wel, F?qul
and the system of groups and homomorphisms K*(P") is canonically
identified with the complex E°,

4, LocAaL GEOMETRY OF ARRANGEMENTS

Throughout this section, let w e L denote a fixed flat of positive codimen-
sion ¢, and let /: X — R be a weakly self-indexing Morse function. We
recall [GM2, 3; GM3,11.2.2] the construction of the complex link and
related spaces associated to the stratum w of X, and discuss the connection
between these spaces and the complex K (P ).

Let p be the unique critical point of the restriction of f to w, and choose
an affine subspace N of C* meeting w transversely at p. (The dimension of
the normal slice N will necessarily be g=codim(w), and N inherits a
Whitney stratification N n o/ from X.) Let n: N — C be the restriction of a
linear projection such that n(p) =0, Re(n) is a Morse function near p, and
d(Re(n))(p) =df(p). Let B;s(p) denote the closed ball of radius é > 0 about
p in C% and choose § so small that for all 6’ <3, the boundary 6B,(p) is
transverse to each stratum of N. Choose ¢>0 so small that for any
(e D,(0)in C, n~'({) is transverse to each stratum of N~ B,( p), with the
single exception that = ~'(0) fails to be transverse to the stratum p.

DEefINITION 4.1, Associated to the flat we L, define the complex link,
£, and its boundary, 0.¢, by
L=n"YEYNnNnBs(p) and 0F =n"YE)N NN IB;(p),

where ¢ =¢+ 0./ — 1 € C; the cylindrical neighorhood by C=n~"(D_(0))n
N Bs(p); and the cut off space by C _o=n"'{{|Re(()<0}nC.
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Remarks. 4.1.1. The topological type of each of the above spaces is
independent of choices of the normal slice N, and the numbers ¢ and &
[GM3,11.2].

4.12. If 71: N— C is the restriction of another linear projection such
that #(p)=0 and Re(#) is a Morse function near p, but d(Re(#))( p)+#
df(p), then the choice of a path between n and 7 in the space of all such
projections determines stratum-preserving homeomorphisms % =~ . and
C=~C, where Z and C are the complex link and cylindrical neighborhood
defined using 7.

4.13. By [GM2,3], the Morse group A,(P°) is canonically
identified with the group HY(C, C_,; P ")

4.14. Since the sheaf P~ is perverse, the groups H(C,C_,;P")
vanish for i # g, and the groups H'(C _,; P ") vanish for i > g (see Proposi-
tion 4.4(ii)).

4.1.5. There is a stratum-preserving homeomorphism between the
interior of the cylindrical neighborhood C and CY stratified by the central
hyperplane arrangement {velL|v<w}. Similarly, there is a stratum-
preserving homeomorphism between the interior of the complex link ¥
and C? ! stratified by the affine hyperplane arrangement {ve L |v<w}.

DEerFINITION 4.2. The variation map associated to the codimension ¢
stratum w e L is the boundary homomorphism of the exact sequence of the

pair (C—{p}, Co):
ar,: HY(C_o;P") > HY(C—{p}, Co;P").
Remarks. 4.2.1. Closely related to the variation map is the boundary

homomorphism of the pair (C, C_,). By Remark 4.1.4 above, the only
nontrivial boundary map occurs in degree ¢:

8, =089 H'" (C_g;P") = HYC,C_o: P*).

The relation between this homomorphism and the variation is given by the
following commutative diagram

H/(C, C.o:P")

4 \

vary

H(Iil(C<0’ )_____'Hq(c }’C<0;P.)

in which the map j* is induced by the inclusion j:(C—{p},C_,)—
(Ca C'<0)'



COHOMOLOGY OF ARRANGEMENTS 245

422, Since the boundary homomorphism of the pair (C, C_,)
vanishes for 7 # g, the variation map is the only boundary map of the pair
(C—{p}, C.p) which is not necessarily trivial. This fact and Remark 4.1.4
imply that the groups H(C—{p}, C_.o; P ") vanish for i<gq.

DerFINITION 4.3. Let K, (P ) denote the system of groups

K_.(P7)=@ A.(P"),

vel;
vEw

and homomorphisms

= Y &, K P )-K_ (P
vel, uel;_
Similarly, let K. (P°) denote the system of groups K'_ (P*) and
homomorphisms @’ satisfying i < g.

We refer to the homomorphism @’ as the component of the differential
of K*(P") associated to the stratum w. Notice that the groups K'_, (P ")
vanish for i> g, and that K. (P")and K (P") are subcomplexes of the

complex K *(P*) by construction.

ProrosITION 4.4. (i) The cohomology of the complex K. (P°) is
canonically isomorphic to H*(C; P "), the cohomology of the restriction of
the sheaf P to the cylindrical neighborhood C of the flat w.

(1) The cohomology of the complex K. (P°) is canonically
isomorphic to H*(C _y; P°), the cohomology of the restriction of the sheaf
P~ to the cut off space C _, of the flat w.

Proof. We prove (i). The argument for (ii) is analogous.

The cylindrical neighborhood C is a stratum-preserving retraction of the
space n '(D,(0))AN. As noted in Remark 4.1.5, there is a stratum-
preserving homeomorphism between this space and C¥ stratified by the
{(hyperplane) arrangement {velL|v<w}. Since the restriction of the
weakly self-indexing Morse function f to the space n~'(D,(0))n N is
again a weakly self-indexing Morse function, by applying the techniques of
Sections2 and 3 to this last space, we obtain the desired result. |

COROLLARY 4.5. The cohomology of the complex K. (P) is
isomorphic to H*(¥ ;P *), the cohomology of the restriction of the sheaf P
to the complex link & of the stratum w.

Proof. By Proposition 44(ii), the cohomology of K. (P~) is
isomorphic to H*(C_,; P*). Using the techniques of [GM2, 3], for each
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we canonically identify the groups H(C_,; P") and H{(¥ ;P "), where
L =1 (=& nNn By p). A choice of path from —¢é=—¢+0./—1 to
E=g+0/—1in C— {0} determines a homeomorphism &~ — &. Using
the induced isomorphism to identify the groups HY{<;P°) and
H{(%;P") for each i, we have

H(Z;P )~ H(Z ;P )=H(C_o;P)=H'KL (P")). §

Remark 4.6. Using Proposition 4.4(ii), for each i we canonically
identify the group H(C_,;P*) with H (K. (P")), and the boundary
homomorphism 3, of the pair (C, C_,) as

<w

5. HY (K© (P*))=coker @’ '— A (P')=HYC,C_o;P").

The relation between the homomorphsm §,, and the component @7 of the
differential of the complex K ° (P *) associated to the flat w is given by the
following commutative diagram

coker @4 !

A \

@ AP )=KL'(PT)-
vely

where 7,,: K< '(P" ) = coker @¢ ' denotes the natural projection.

It follows that the differential @ of the complex K* (P ") may be realized
as the sum, over all codimension q flats w, of lifts @¢ of the
homomorphisms &, to the groups K« '(P*). Furthermore, each of these
homomorphisms ¢¢ is the direct sum, over all codimension one inclusions
v < w, of the homomorphisms @, ,.: 4. (P")— A4, (P ") of Definition 2.2.

5. CONSEQUENCES IN ORDINARY COHOMOLOGY

Recall that M denotes the complement of the arrangement .« in C¢, and
that i: M —» X =C* stratified by .o/ denotes the natural inclusion. The
manifold M is the nonsingular stratum of X. Given a basepoint x, in M,
a complex representation

prr (M, xq) = Aut(V)
of the fundamental group of M gives rise to a local coefficient system of

complex vector spaces on M, which we denote by V. Since M is the com-
plement of a hypersurface in the manifold C% it follows from [LM, 4.6]
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and duality that the (derived) direct image of the local system V on M is
a perverse sheaf, P* := Ri,V, on X. The cohomology of M with coefficients
in V is canonically isomorphic to the cohomology of the sheaf P*, so using
Theorem 2.4 we obtain:

COROLLARY 5.1. Let V be a local system of coefficients on the comple-
ment M. Then the cohomology of the complex K™ (P "), where P~ = RiV, is
canonically isomorphic to H¥*(M; V), the cohomology of M with coefficients
in the local system V.

In this instance, it is possible to give explicit combinatorial descriptions
of the terms of the complex K *(P *). First we establish some notation.

On the lattice L of the arrangement ./, define the Mobius function
w: L— 7 recursively by u(C“)=1, and for w > C¥,

)= — ¥ u(v).

PROPOSITION 5.2. Letr V be a local system of coefficients on the comple-
ment M, and let P* = Ri V be the direct image of V on X. Then the Morse
group A, (P ") associated to the flat we L is isomorphic to V") where V
denotes the stalk of the local system V at the basepoint x,e M.

Proof. Let f: X—R be a weakly self-indexing Morse function, and
construct the complex K * (P *) using f as in Section 2. We use induction on
the codimension, g, of the flat w. The case g =0 is trivial since, as we noted
in the proof of Theorem 2.4, the Morse group corresponding to the unique
codimension O stratum, C¥, is the cohomology of a (nonsingular) disk, and
wCH=1.

Let w be a flat of positive codimension ¢, and denote by p the unique
minimum of the restriction of f to w. Let n= f(p) be the corresponding
critical value. For ¢ > 0 sufficiently small, the Morse group 4,.(P ") is given
by HI(X X ;P*), and as in Section 4, we have

€n+e° €n-—¢’

A, (P )= HYX X_, P )=HY(C,C_,;P"),

sn+e’ <n-e°

where C and C_, are the cylindrical neighborhood and cut off space of the
stratum w. Since P* = Ri,V is the direct image of V, we have

HYC,C_yiP )= H(MAC, M~ C_,; V).

Using this fact, the case ¢ =1 is straightforward, since one can check that
the pair (M nC, M~ C_,) associated to a codimension one flat (i.e., a
hyperplane) has the homotopy type of the pair (/, ¢), where I denotes an
interval (along which the local system is necessarily trivial), and for any
hyperplane He &/, we have |u(H)| = 1.

60797 °2-8



248 DANIEL C. COHEN

Inductively assume that the proposition holds for all strata of codimen-
sion less than 4, and let wel, By working within the cylindrical
neighborhood of the point w, we may assume that w is the only codimen-
sion d flat, t.e., the unique vertex of the central arrangement .

By Corollary 5.1, the cohomology of M with coefficients in V is
isomorphic to the cohomology of the complex K (P *). The terms of this
complex are direct sums of the Morse groups, so by induction we have

KP*)=@ 4,(P")x @ Vil for g<d.

vely vely
Consequently, we may express the Euler characteristic of H*(M; V) as

d
H(M:V)=Y (~1)/dim K%P")
g=0

d 1
=(—1)dim A, (P )+ Y Y (—=1)¥{u(v)| -dim V.

y=0 rel,

It is not difficult to verify [Or2, 5.3] that the complement M of a central
arrangement in CY can be realized as a product M =C* x M*, where M*
is the complement of an (affine) arrangement in C¢ '. Thus, WM;V)=0,
and

d 1
dim A, (P*)=| Y ¥ (=1)%|u(v)| -dim V|.

The result now follows directly from the definition of the Mobius
function. J

Remark 5.3. Let w be a stratum of positive codimension q. Since the
sheaf P° on X is the direct image of the local system V on M, we have

AP Y=HYC,C_,;P )=HMAC,MAC_,;V)

<@

and
HY(C—{p},C_o;P)=H{Mn(C—-{p}),MnC_,V),

where C and C _, are the cylindrical neighborhood and cut off space of w
at p. The spaces MnC and Mn(C— {p}) are clearly idential, so it
follows from the above canonical identitications that

HYC,C_y;P")=HY(C—{p}, C_,:P").

Thus when P* = Ri,V is the direct image of the local system V, the varia-
tion map var, and the boundary homomorphism 4§, of the pair (C, C _,)
are identical (see Remarks 4.2.1 and 4.6).
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Remark 5.4. 1f the local coefficient system V on M is trivial, then a
modification of the techniques of [GM3,111.3] shows that, for every
critical point p with corresponding critical value n = f(p}, the long exact
sequence of the pair (X, , ., X_, ) splits into short exact sequences. It
follows that for each flat w, the variation map, var,, in ordinary cohomol-
ogy is trivial. Hence in this case, the differentials in the complex K * (P *) all
vanish, and the cohomology groups of M with coefficients in V are
precisely the terms of the complex K°(P*). Using Proposition 5.2, we
recover the formula for the Betti numbers of the complement due to Orlik
and Solomon [OS].

Remark 5.5. Using a technical Morse-theoretic argument, one can
show that, for any flat welL, the homology groups H,(MnC,
M~ C_,; VY vanish in all degrees but one (the codimension ¢ of the
stratum w), and that

A (V):=H,(MAC, MAC_y; V)x Vi,

where V is the stalk of the local system. By modifying the construction of
Section 2 and the proof of Theorem 2.4, one may construct a (chain) com-
plex K (V), whose terms are given by direct sums of Morse groups 4,(V)
in homology with local coefficients,

K,(V)= @ 4. (V)x @ Vi,
wel, we iy
the homology of which is isomorphic to H,(M;V), the homology of M
with coefficients in V. As in Remarks4.6 and 5.3, the differential
@, K, (V)—=K, (V) of this complex may be realized as the sum over all
codimension ¢ flats w of the variation maps

var A (V)=H,(MAnCMnC_4 V)= H, ((MnC_y;V)sK, (V)

in homology with local coefficients (compare [GM3, 11.6.3]).

If the local coefficient system V on M is trivial, the argument of [GM3,
H1.37] shows that each of these variation maps var,, in homology with local
coefficients is trivial. It follows that all of the differentials & vanish, and
that the terms of the complex K, (V) are the homology groups of M with
coefficients in the (trivial) local system V.

6. CONSEQUENCES IN INTERSECTION COHOMOLOGY

Intersection cohomology with coeflicients in a local system requires only
that a local system be defined on the nonsingular stratum of the singular
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space in question [GMI, 2.2]. So, given a local system V on the comple-
ment M of .«#, the smooth stratum of X = C“ stratified by .o/, we now study
the intersection cohomology of X with coefficients in V.

Let p be a perversity which lies between the “sub-logarithmic”
(p(2k) =k —2) and the “logarithmic” ( p(2k) = k) perversities. Such perver-
sities are those for which the intersection cohomology sheaves, 1°C*(V),
are perverse [BBD]. In this setting, Theorem 2.4 yields:

COROLLARY 6.1. Let V be a local system of coefficients on the comple-
ment M of s in C% Let P* =17C* (V) denote the intersection cohomology
sheaf on X. Then the cohomology of the complex K (P ") is canonically
isomorphic to FPH*(X; V), the intersection cohomology of X with coefficients
V.,

In particular, Corollary 6.1 holds when P* =1"C* (V) is the “middle”
intersection cohomology sheaf (m(2k) =k — 1). Unless otherwise noted, we
subsequently refer to middle intersection cohomology as merely intersec-
tion cohomology, and write IC " and IH* in place of I”C" and I"H*. In
this case, the terms and differentials of the complex K°{(P") may be
described in terms of the local geometry of X.

Remark 62. Let we L be a codimension ¢ >0 stratum of X, and let p
be the unique critical point of the restriction of a weakly self-indexing
Morse function f to w. The Morse group A,.(P°) in intersection
cohomology associated to the flat w is canonically isomorphic to the image
of the variation map in intersection cohomology,

A, (P )=1Image(var,.: TH (C_y;V)>1HY (C—{p},C_,:V))

(compare Section 4, and [GM2, 11.6.3, 11.6.4]), where C and C _, are the
cylindrical neighborhood and cut off space of w at p. Thus the terms of the
complex K°(P ") are given by

KYP")= @ Image(var,).

wel,
Furthermore, as in Remark 4.2.1, we have the following commutative
diagram
THY(C, C _,: V)
a‘/ \i
IHY Y(C_,; V) —=" Image(var,).

Thus the boundary homomorphism é,, of the pair (C, C _,) is equal to the
variation map in intersection cohomology, and is surjective. It follows that
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the component @7 of the differential of K* (P ") associated to the flat w is
also surjective in this case (see Remark 4.6).

The Morse group in intersection cohomology at a nonsingular point is
given by the stalk V' of the local system V at that point (compare
[GM3,11.6.4]). Hence K%P*)=V.

Recall that i: M — X denotes the natural inclusion. We subsequently
denote the direct image of the local system V by Q" :=Ri V. It is clear
from Deligne’s construction of the intersection cohomology sheaf [ Bo, V.2;
GM]I, 3.1] that there is a canonical morphism

P =IC (V)->Ri,V=Q".

This morphism induces a map from the complex K*(P ") to the complex
K (Q "), which (by naturality) commutes with the diflerentials. We denote
this induced homomorphism by 1: K*(P°) - K (Q").

THEOREM 6.3. The homomorphism 1:K*(P°)—-> K (Q") is injective. In
other words, the complex K*(P ) in (middle) intersection cohomology, is a
subcomplex of the complex K*(Q ") in ordinary cohomology.

Proof. Let f:X—> R be a weakly self-indexing Morse function, and
construct the complexes K (P ") and K*(Q °) using f. By induction on the
codimension of the stratum w, we show that the canonical morphism
P — Q" induces an injection from the Morse group 4, (P ") in intersec-
tion cohomology to the Morse group 4,(Q ") in ordinary cohomology.
This is immediate if codim(w) =0, so assume that w has positive codimen-
sion g+ 1.

As noted above, the Morse group 4, (P *) in intersection cohomology is
given by the image of the variation map var, in intersection cohomology,
hence is a subgroup of TH**'(C—{p}, C_,; V), where p is the unique
critical point of f | w, and C and C _ are the cylindrical neighborhood and
cut off space of w at p. By [GM2, 3.5], the group IH** ' (C— {p}, C _,: V)
is canonically identified with IHY(%, 0% ;V), where ¥ is the complex
link of w at p. Thus A, (P°) is a subgroup of IHY(¥,8¥;V)=
HY(Y,0¥¢;P"). By Remark 5.3 and [GM2, 3.5], the Morse group in
ordinary cohomology is given by

A (Q)=H""NC,C; Q" )=H""(C~{p},C;Q")
=HUZ,0%;Q")
Thus it suffices to show that HY¥,0%;P°) is a subgroup of
HYZ,0%;Q").

Without loss of generality, assume that w is the only codimension
g+ 1 =d stratum of X {ie., that w is the unique vertex of the central
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arrangement /). It is also no loss of generality to assume that the
boundary of the complex link of w is given by 6. = f~ (1)~ &, for some
LeR.

The Morse function g :=4— f: ¥ — R has a (degenerate) minimum on
0%, a single maximum on each stratum of ¥, and no other critical points.
Since f|.% is weakly self-indexing, there are positive constants
{o<(y< -+ <, <, 1 =4so that for each i,

max {critical valueof g | v £}

vely |

<{;< min {critical valueof g | un Z}.

uedy |

The level sets ¥ = {xe & | g(x)<{,} form a filtration of the pair (&, 0.%).
Note that the set .%) is a collared neighborhood of the boundary ¢.¢, and
that &£, , =%.

For each s, 0 <5 < ¢, the level set %, , | is obtained from %, by attatching
the disjoint union of the Morse data (for the function g) corresponding to
all strata of . of codimension ¢ — s. The Morse data associated to any one
codimension ¢ — s flat v % is the product of the tangential and normal
Morse data [GM3, 1.3.5.4]. Since the Morse function g has a maximum on
each stratum v~ %, the Morse index of g | v~ & is 25, and the tangential
Morse data of v .# is (topologically) given by the pair (D>, D*) on
which the local system V is necessarily trivial. For either sheaf P° or Q°,
the cohomology of the normal Morse data associated to vn.Z is, by
definition, the Morse group A(P*) or A.(Q") of vn.Z (constructed
using the function g). Choosing orientations for the tangential Morse data,
by excision and the Kiinneth formula, we have

. . ver, AP if i=g+s
H(Z 1 2P ):{((;9 o ) if i;éz+s

and

@l'ELq »\"Zl'(Q.) lr I:q+s

H(% .. %;Q" )=
( s+ 1 A’Q } {0 lf I#q+9

Since the tangential Morse data associated to any codimension 0 stratum
of % is topologically trivial, the identifications

HY(#, %P )= @ A, (P") and HY(Z, %:;Q )= 4.(Q")

ve ly, vel,

are canonical.
Using the inductive hypothesis, we observe that, for each flat ve L, the
group A, (P ") is a subgroup of 4,(Q *), where 4, (P*)and 4,(Q ") are the



COHOMOLOGY OF ARRANGEMENTS 253

Morse groups of v constructed using the original function f. The choice of
a path between the functions g and f|.% in the space of all Morse
functions on % determines isomorphisms A (P')x A, (P°) and
A.(Q )~ A4,(Q") for each stratum ve L,. It follows that HY(%,, %;P")
is a subgroup of HY(.%,, %;Q").

For each 5, 1<s<gq, the canonical morphism P*—Q"* induces
homomorphisms from the groups in the exact sequence of the triple
(% .1, %, %) in intersection cohomology to the corresponding groups in
the exact sequence in ordinary cohomology. By naturality, these
homomorphisms commute with the differentials of these sequences. Using
this fact and the above computations, we observe that H( %, , |, %,; P") is
a subgroup of HY (%, %;P"), which in turn is a subgroup of
H{Z., %;,Q")for each 5, 1 <5< g, and the result follows immediately. [

Remark 6.4. 1t follows from Remark 6.2 and the above theorem that
the complex K- (P °) for the intersection cohomology of X with coefficients
in V is completely determined by the complex K (Q *) for the ordinary
cohomology of the complement M with coefficients in V.

Remark 6.5. 1If the local coefficient system V on the complement M is
trivial, then it follows from Remark 5.4 and Theorem 6.3 that the Morse
groups in intersection cohomology associated to all strata of positive
codimension vanish. Thus the terms, K‘(P°), of the complex K*(P ") are
trivial for ¢>0, and the intersection cohomology of X with coefficients
in V is merely the (ordinary) cohomology of C* with coefficients in the
(trivial) local system V.

Remark 6.6. For perversities which do not lie between the sub-
logarithmic and logarithmic perversities, there is no analogue of
Corollary 6.1. Since the intersection cohomology sheaves, 1°C *(V), are not
perverse in this case, the Morse groups, A (1°C*(V))=I*H(C,C_,: V),
may be nontrivial for many different degrees. Careful examination of a
braid diagram analogous to that of [GM2, 11.6.7] shows that

PHN L, 09;V)  if i<2q— p(2q)—2
A (17C*(V)) = { Image(var’,) if i=2q— p(2q)—1
IPH - Y(&;V) if i=2q9— p(29),
where ¥ is the complex link of the codimension ¢ flat w, j=
29— p(2q)—1, and
varl: IPH' N(C _y: V) = IPHI(C C _y; V)

is the corresponding variation map. For an arbitrary local coefficient
system V, there is no a priori reason for all of the Morse groups
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Al (I7C*(V)) with i # g to vanish. For instance, if ./ consists of the coor-
dinate hyperplanes in C*, then the fundamental group of the complement
M is free abelian of rank 3. The rank 3 representation p:m,(M, *)=
Z* — Aut(C?) given by

110 10 1
p(1,0,0)=|0 1 0|, p01,00=[0 1 0],
0 0 1 00 1
P11
p(0,0,1)=|0 1 0],
1

0 0

determines a local system V for which the Morse group A2(I'C*(V)) in
“top” perversity intersection cohomology at the origin (the codimension 3
stratum w) is nontrivial.

7. GENERAL POSITION ARRANGEMENTS

DermviTiON 7.1, The arrangement ./ in CY is said to be a general
position arrangement if for every subset {H,, .., H,} of hyperplanes in .o/
with p<d

codmH,n ---nH,=p,
and when p>d,
Hn - nH, =

Fix a general position arrangement ./ = {H,, .., H,} in C“ Recall that
M denotes the complement of .7, that X denotes C¥ stratified by .o/, and
that i: M — X denotes the natural inclusion. Fix a basepoint x, in M.

The fundamental group of the complement is generated by loops
Y1, - Tn» Dased at x,, about the missing hyperplanes. If =1, there are no
relations among these generators, and n,(M, x,) is a free group on n letters.
If d>2, the generators commute pairwise, and the fundamental group of
M is free abelian of rank n [Ha, 3],

(M, x,)=2".

A complex representation p: n, (M, x4) — Aut(V) of the fundamental group
of M is determined by the choice of (conjugacy classes of ) » monodromy
transformations p(y;) = T,€ Aut(V), where V' is a complex vector space.
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If d>2, these monodromies necessarily commute. Let n* denote the
cardinality of the set

(T,| det(Id—T,) #0}.

Let V denote the local system on M determined by the representation p,
let P° =1IC*(V) be the middle intersection cohomology sheaf on X, and let
Q= Ri,V be the direct image of V on X.

Let n={1, 2, .., n}. The lattice of .«/ contains one flat of codimension ¢
for each subset J < n of cardinality |J| = g <d, where J={},, j,, ... j,} and
1< j<j,< -+ <j,<n Let w, denote the flat associated to J,

wy=H,0H,n - nH,,

and denote the Morse groups in intersection cohomology and cohomology
associated to w, by A,(P") and A,(Q"), respectively. It follows from
[Or2, 2.20] that u(w,)=(—1)"! for each flat w,e L. Using this fact and
Proposition 5.2 we observe that the Morse group in ordinary cohomology
A,(Q ") is isomorphic to V. Denote this Morse group by V,:=4,(Q").

If w,<w, 1s a codimension one inclusion of flats in the lattice of ., then
we have

I= {il’ fz, Rt} iq - I}C {jl’jb ’lq} =J’

e, I'=1{j|, . jpr o J,t =J—{J,} for some p. Denote the homomorphism

/] WV, -V,

wyowy

in ordinary cohomology associated to this codimension one inclusion
{Definition 2.2) by simply &, ,.

PROPOSITION 7.2. With notation as above, for each codimension one
inclusion w,<w, in the lattice of .o/, the homomorphism @, ,: A,(Q")—
A, (Q ") is given by

@,,=(—1) WUd=T,):V,~V,,
where I=J—{j,}.

The proof of this proposition is given in Section 8.
The next result follows from Theorem 6.3, Proposition 7.2, and an easy
inductive arguement.

CoroLLARY 7.3. With notation as above, the Morse group in intersection
cohomology associated to the stratum w, is given by
A,P)=Ud-T,)Id—T,;)---(Id-T,; )V,
where J = {j|, j1, . J}» and (Id — T)V denotes the image of Id—T: V - V.
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Remark 74. For the general position arrangement o/ = {H,, .., H,} in
C“, we give explicit combinatorial descriptions of the complexes K (P )
and K°(Q "), where P =IC " (V) is the (middle) intersection cohomology
sheaf with coeflicients in the local system V, and Q= Ri,V is the direct
image of the local system. The complexes have terms

KYP)= @ (Id—T,)Id—T,)---(Id—T,)V,
Ijlcznq

K/Q")= & V,,
Jen
Ml =q

and differentials

Y= (‘B Z ¢I.J*

Jen Ic=J

Mi=g =g-1
as calculated in Proposition 7.3. By Theorem 6.3, the differential of the
complex K°(P*) is identical to that of K°(Q"). Hence we present
algorithms for computing H*(M; V) and /H*(X;V), the cohomology of
the complement of .o/ and the intersection cohomology of C¢ stratified by
o with coefficients in the local system V.

Using the above remark, we obtain the following result of Hattori
[Ha, 4], as well as its analogue in intersection cohomology, which is a
generalization of an observation of Lusztig [Lu, 1.6].

PROPOSITION 7.5. If p:n,(M, x,) = Aut(V) is a nontrivial, rank one,
complex representation of the fundamental group of the complement of the
general position arrangement o = {H, ..., H,}, and V is the local coefficient
system on M determined by the representation p, then

(i) The cohomology groups H"(M ; V) vanish for p#d, and

nw—d
dim HYM: V)= 1 **‘( " )
im H*( ) kg‘( ) d+k

(ii) The intersection cohomology groups IH*(X; V) vanish for p #d,
and

(", i n*>d

. R TI
dim JHY(X; V) {O if n*<d

Notice that, for a rank one representation p, the number #* is merely the
number of nontrivial monodromy transformations.
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Proof. Since the representation p is nontrivial, at least one of the
monodromies, T;=p(y;) (where 7y, is the fixed loop about H,e.&/}, is
nontrivial. So without loss of generality, assume that 7,5 1.

For each codimension one inclusion w,<w, in the lattice of .«/ define
G, V,—V, by

P (-YUd-T,) ! if I=J—{n}
0 otherwise.

Then define
= @ > 4 K(Q)-K” Q).
l/|,=Cl7n*1 dizll’
Checking that ¢7 '« @? !+ @737 =1 for each p<d, we have
HY(M:V)=H"(K*(Q"))=0 for p#d.

Thus the dimension of H¥(M;V}is given by the Euler characteristic of the
complex K*(Q"*),

o
(= D)?dim H{M: V)= (K (Q" )=} (=1} (Z)
k=0

and it follows immediately that

n-d
; daf VY ket f A
dim H (M,V)—kézl( 1) <d+k).

Since (K" (P*))< K (P"), the above argument also shows that
IHP(X;V)=H?(K"(P"))=0 for p#d,
and one can easily check that
dim 7HYX; V)= (- 1) ((K*(P"))
= Y dim(d-T,Wld—T,)--(Id—=T,)V.
U =d
neJ

Since precisely (**, ') of the groups (Id— T, )(Id—T},)---(Id— T,)V with
1</, < -+ €£j,<n—1 are nontrivial, this completes the proof. |

Remarks. 7.6.1. If the arrangement & is the complexification of a

real arrangement ./, then the complement of o in RY has

9 (=1**'(,7,) bounded components.
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7.6.2. 1If the cardinality of </ is equal to the dimension of the ambient
space (i.e., n =d), then the above argument shows that H”(M;V)=0 and
TH?(X;V)=0 for all p.

PROPOSITION 7.7. If p:n (M, x,) = Aul{ V) is a complex representation
(of arbitrary rank) of the fundamental group of the complement of the
general position arrangement o ={H, .., H,} with the property that
det(ld—T,)#0, where T,, = p(},) is the monodromy about H, € o/, and V is
the local coefficient system on M determined by the representation p, then

(1)  The cohomology groups H"(M ; V) vanish for p #d, and

nd
dim HYM;V)=dim V- Y (=1y+'( " )
im HY( ) =dim kgl( ) (d-l-k

(i1)  The intersection cohomology groups TH"(X; V) vanish for p #d,
and

dim IHYX; V)= Y dim(ld— T, \Id—T,)---(ld—T,) V.
| =d
ngJ

The proof of this result is similar to that of Proposition 7.5.

ExaMpLE 7.8. Let ./ be a general position arrangement consisting of 4
hyperplanes in C¥ and let V be an arbitrary local system on the comple-
ment M of /. We may assume that .o/ consists of the coordinate hyper-
planes in C% and that n=d= {1,2,..,d}. The complement of .o/ is the
complex d-torus, M =(C*)% Thus the complex K (Q") of Remark 7.4
computes the cohomology of the d-torus with coefficients in V. Similarly,
the complex K* (P *) of Remark 7.4 computes the intersection cohomology
of C stratified by the coordinate hyperplanes with coefficients in V.

In this instance, there is a stratum-preserving retraction from X =CY
stratified by ./ to a d-fold product of disks U=4 x4 x --- x 4, where the
singular stratum of each of the disks 4 in C consists only of the origin, and
U has the product stratification. Following [CKS], we assume that the
monodromy transformations 7,, 1< j<d, are unipotent, so that the
endomorphisms /d— T, are nilpotent. Let N, denote the logarithm of T .

In [CKS], Cattani, Kaplan, and Schmid construct a complex B* which
computes the intersection cohomology of U with coeflicients in V. This
complex has terms

BY = @ NilNl'z"'Ni,,V’
Jcd
I =q



COHOMOLOGY OF ARRANGEMENTS 259

and differentials

qu: @ Z WI..I*
J

fed I
Mi=q (=4 -1
where ¥, ;= (—1)7"'N, il I=J—{j,}.

PROPOSITION 7.9. The complexes K™ (P ") and B* are isomorphic.

Proof. Using the assumption that the monodromy transformations 7,
are unipotent, one can show that there are automorphisms S, so that N, =
(Id—T))S,, for each j, 1 < j< n For each Jcd, define

2, Ud =T, )(Id=T,) -+ (ld=T,)V > NN, - N, V

by «,=5,S,---S,. When J=(, set a,=1d: V- V. Since each of the
transformations S, is an automorphism, the map «, is an isomorphism for
each Jod.

For each ¢, 0 < ¢ <d, define transformations a?: K“(P") —» B by

= P a,.

J=d
l=q

By construction, each of the maps «¢ is an isomorphism. It is standard to
check that the transformations 2 commute with the differentials @ and ¥,
ie, that a?-@9=Wioqv 1 |

8. PROOF OF PrROPOSITION 7.2

Let S denote the unit circle in C, and let $= {ze S’ | Re(z})>0}. Note
that 9 is contractible, Let 7"=S'x -.- xS! denote the n-dimensional
torus.

DeriNiTION 8.1.  For each Jcn, define the subtorus T, of T” by
T,={(zy, ., 2,)ET" | z;=1for j¢ J},

and define the thickened subtorus T, of T" by

T,={(zy, . 2,)€T" | z;e 3 for j¢J}.
Remarks. 8.1.1. The subtorus T, is a deformation retract of the
thickened subtorus 7.

8.1.2. For each k, 1 <k <n, the union of subtori |J,,_, T, is the
k-skeleton of the n-torus in the standard (product) CW-decomposition.
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8.1.3. For each k, 1<k <n, the k-skeleton of the n-torus is a
deformation retract of the union of thickened subtori UJ,,,_, T .

8.1.4. In [Ha], Hattori showed that the complement of a general
position arrangement .o/ consisting of n hyperplanes in C“ has the
homotopy type of {J,,_ T,, the d-skeleton of the n-torus.

Without loss of generality, assume that w, is the only codimension d
stratum of X. Then .o/ is a central general position arrangement,
/| =n=d, and J={1,2, .., n}. We may take the hyperplanes of .« to be
the coordinate hyperplanes, H,=ker z,, in C". It follows that the comple-
ment of o is the complex n-torus, M= (C*)". It is also no loss of
generality to assume that /< Jis given by I=1{1,2, . .n—1}.

Write z;=x,+ ./ — | y, for each j, and define f,,: X - R by

n- 1 n
‘/;J(x, }')= (1 +%) Z (xj_ ])2+ (x"—— ])2 +¢ Z y,;?"

Jj=1 i=1

where s and ¢ are real numbers. It is a straightforward exercise to check
that f,,: X—>R is a Morse function, which is weakly self-indexing
with respect to the strata w, (the z,-axis) and w, (the origin). Fix g,
O<e<1/2n, and let a=n—1/n—¢ and b=n—¢ Then the level set
X,={(x,y)eX | fi.(x, y)<a} meets all strata of X except w, and w,,
and the level set X,={(x, y)e X | f1,(x, y)<b} meets all strata of X
except w,. Hence we have the following canonical identifications,

A(Q7)=H" '(X,, X;Q"),  A,Q")=H"(X, X,;Q"),

and the homomorphism @, , is the boundary map of the triple (X, X,, X,).
Since Q= Ri,V is the direct image of the local system V, writing
M,=Mn~X,and M,=Mn X,, we have

A4,Q7)=H" (M, M;:V), A, Q" )=H'(M M,;V),

and we identify the homomorphism @&, , with the boundary map of the
triple (M, M,, M,). We prove the proposition by identifying the level sets
M, and M, with the appropriate subsets of the CW-decomposition of the
n-torus described above.

Let r: (C*)" — T" denote the usual projection,

z z
r(zyy o :,,)=( Lo "),
[zl |2,

kK= |J T, ad K= () T,

[Jl=n 1 l=n 1

let
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denote the (n — 1)-skeleton and the thickened (n — 1)-skeleton of 7, and
let

K,= \J T, ad K= | T.

|Jl=n- 1} | =n-1
neJ nelJ

Check that

n o1
M,cr '(R)= ) {(x, »)eM|x,>0}

i=1
and

Mycr "(R)=]J {(x,y)eM|x,>0}.

i=1

LemMMa 82. The inclusions M,cr “(K,) and M,cr "(K) are
homotopy equivalences.

Proof. Let i:(M,, M,)— (r '(K),r '(K,)) denote the inclusion. We
first consider the level set M. Let

Xo={(x, »)eX| fiolx, y)<b}
1 n- 1
={(x, y)eX‘<l+;) Y (xj—l)2+(x,,-1)3<b}_
=1
Then X, c X,, and the function g: X, > X, defined by

(x,») if (x, y)e X,
(x, A(x, y)-¥) otherwise,

o=

where A(x, ¥) = /(b= f1.0(x, Y))/(F1.1(x, ¥) = fr.o(x, ¥)), Is a stratum-
preserving retraction. Thus M, is a deformation retract of M,=M N X,.

Let

B={(x, ¥)€X| foolx, y)<b)= {(x, v)ex

5 (x,—nzsb},

j=1
and let B,,= M n B. Notice that the spaces X, and B are products,
X, =Re(X,)xIm(X,), B=Re(B)xIm(B),

and that Im(X,)=Im(B). The set Re(B) is compact. Using the technique
of Moving the Wall [GM3,1.4], we construct a stratum-preserving
homeomorphism between Re(X,) and Re(B) as follows.
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Define F,: Re(B)— R and F,: Re(B)— R by

n 1
Fl (x) = Z (xj_ 1)23 and F2(x) = (xn -1 )2’

J=1

and define F:Re(B)— R? by F=(F,, F,). With this notation, the set
Re(X,) is given by the pre-image under the map F of the region
{(u,v)eR?*| (1 +1/n)u+v<b}, and Re(B) is the pre-image of
{(u,v)eR? | u+v<b}. Checking that the map F has no characteristic
covectors [GM3,1.1.9] on the line {(w,v)eR*|(l+t/m)utv==>0} for
each 1€ [0, 1], we show that Re(X,) is homeomorphic to Re(B) by moving
the wall in the wr-plane as indicated in Fig. 1. It follows that 3, is a
deformation retract of B,,.
Now let

H* ={(x, yieM

Y x,>0} and H, = {(x, vleM

j=1

The map u: H* — H, defined by

&
Z:": 1 X
1s a retraction, as is its restriction u: B, — B,,n H,. It follows from

[Orl, 2.9] that B,,n H, is a deformation retract of H,. Combining these
results, we observe that the inclusion B,, < H* is a homotopy equivalence.

ulx, y)={o(x)-x, y), where o(x)=

AN\

FiG. 1. Moving the wall.
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We have constructed the sequence of inclusions,

M,cM,cB, cH*,

each of which is a homotopy equivalence. So to show that M, cr~(K) is
a homotopy equivalence, it remains to prove that H* cr '(K) is a
homotopy equivalence. Check that r~!(K) may be expressed as

r (K= ) {(x,y)eM|x;>0if jeJand x;<0if j¢ J}= |) Q,.
Jaon Jcn

J# 3 J#

For each nonempty Jcn, define A,: Q,-> @, nH* by

hl('r’ )') = (h.ll(x)a Riad) h;(x}’ }"),
where

e (X it k¢J
B g, i ke

and define h:r '(K)—> H* by h| Q,=h,. The map h is easily seen to be
a retraction.

We now turn our attention to the level set M, Let X,=
{(x, )X fio(x)<a}, and let M,=MnX,. As above, X, is a stratum-
preserving retraction of X,, and X,=Re(X,)xIm(X,) is a product. We
now use moving the wall to show that the set Re(.Y,) is homeomorphic to
Re(C), where

n—1
C={(x, y)eXl (1-&—%) Y (x;,—1)*<aand (x,,—l)zsa}.
J=1

With notation as above, the set Re(.X,) is given by the pre-image under the
map F=(F,, F,) of the region {(u, v)eR* | (1 + 1/n)u+v<a}, and Re(C)
is the pre-image of {(u,v)eR?|(1+ 1/n)u<a and v<a}. Checking that
the map F has no characteristic covectors on the line segments

{u,v)eR? | (@+ (1 +e—a)t)u+ (1 +¢)tv
=ala+(1+e—a)t)andv<a+ (1 +e—a)t}
and
{(w,0)eR? | (1 +e—~a) tu+((1+¢)t—a)v
=a((l +e)t—a)andu<a— (1 +&)t},

607/97:2-9
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or at the point (a—(1+¢)t, a+(l+¢e—a)t) for each te[0,1], the
required wall motion in the wv-plane is as indicated in Fig. 2. Thus M, is
a deformation retract of C,,=Mn C.

Checking that C is a stratum-preserving retraction of

C:{(x, y)eX‘ (1 +%> "il (x;— 1)2<a},
j=1

the argument now proceeds as above.
Let

ye ={(x, _v)eM‘ (1 +’1l> 5 x_,>0}.
i=1

The inclusions M~ Cc V'* and V'* = r~'(K,) are homotopy equivalences,
so we conclude that i: M, —r '(K,) is also homotopy equivalence. This
completes the proof of the lemma. |

It follows from Lemma 8.2 that the inclusion i:(M,, M,)— (r Y(K),
r~1(K,)) induces isomorphisms in absolute cohomology:

i*: H*(r Y(K,); V) H*(M,; V),
and

i*: H*(r (R, V) H*(M,; V).

FiG. 2. Moving the wall.
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By the five-lemma, the map i also induces isomorphisms in relative
cohomology

and

i*: H*(M,r "(R); V)3 H¥(M, M,; V),

i*: H*(r "(K), r "(K,); V)3 H*(M,, M ; V).

With these identifications, we realize the homomorphism @,, as the
boundary map of the triple (M, r~ '(K), r '(K,)), or equivalently, the triple

(T", K,

K.). Using the CW-decomposition of the n-torus, this differential

may be found by standard techniques, and we conclude that when /=

{1,2,.

[BBD]
[BZ]
(Bo]

[Br]

[CKS]
[GM1]

[(GM2]

[GM3]
[Ha]
[Ke]
(LM]
(Lu]
[Mact]

[Mac2]

Lhn—1}c{1,2, .., n}=J, the homomorphism &, , is given by

D, ,=(- 1) Wl(Id'— T):V, >V,
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