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Motivation




Motivation

Figure: Asimo-http : //robohub.org/morphological — computation — the —
hidden — superpower — of — soft — bodied — robots/




Motivation

Figure: https : //www.drones.org/wp —
content/uploads/Drones,ehicle flightircraft,,inimal rone flying rly




Motivation

Figure: https :
www.lsec.icme.usp.br /images /wireless20communication ranet.png
i




Motivation

Figure: k robots (Asimos).




Motivation

We present optimal algorithms which can be used in designing
practical systems controlling motion of many rigid bodies moving in

space without collisions.




Motivation

o C. A.l. Zapata and J. Gonzélez, ‘Multitasking collision-free
motion planning algorithms in Euclidean spaces’, arXiv preprint
arXiv:1906.03239 (2019).
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Notations




Consider a multi-robot system consisting of £ mobile robots

Ry, ..., R, which are rigid bodies and we consider them as compact
subsets of R? (d > 2), moving in Euclidean space R? without
collisions.
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Consider a multi-robot system consisting of &£ mobile robots

R1,..., Ry, which are rigid bodies and we consider them as compact
subsets of R? (d > 2), moving in Euclidean space R? without
collisions.

We will suppose that the diameters of all robots are equal to » > 0,

i.e., diam(R;) =r > 0,foranyi=1,... k.

The orientation-position determines the pose of a rigid object. The
orientation of the local frame of the object and the position of the
object are respect to the world frame.
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Configuration space

Recall that in general the configuration space or state space of a
system S is defined as the space of all possible states of S.

A more common task for mobile robots is to request them to navigate
in an indoor environment, as shown in Figure above.

In this work the task of each robot consists of the point that can be
reached by the pose of the robot, that is, a robot might be asked to
perform tasks such as arriving at a particular place with a particular
orientation. Thus, the workspace of this & robots coincides with the
configuration space (SO(d))* x F,(R?, k) and the work map is the
identity map.




Configuration space

The configuration space to the multi-robot system is the product
(SO(d))* x F,(R%, k),

el I TS e e
and (p1,...,px) € Fp(R% K}

where F.(R%, k) = {(p1,---,08) € RY)* | | pi —p; ||> 2r for i # 5}
is the configuration space of all possible arrangements of &
nonoverlapping disks of radius r in R¢, equipped with subspace
topology of the Cartesian power (R?)".




To give collision-free optimal algorithms we need to know the smallest
possible number of regions of continuity for any collision-free motion

planning algorithm, that is, the value of the topological complexity a la
Farber TC((SO(d))* x F,.(R%, k)).
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Principal results: Topological complexity




In this paper we compute the value of TC((SO(d))" x F,.(R<, k)) for
d=2,3.
Theorem (Principal theorem)
Let k£ > 2, we have
(S HRE R R =g sl
2 TR S e = B =1




In this paper we compute the value of TC((SO(d))" x F,.(R<, k)) for
d=2,3.

Theorem (Principal theorem)

Let £ > 2, we have
(S HRE R R =g sl
2 TR S e = B =1

Furthermore, we present optimal tame motion planning algorithms in
(SO(d))* x F,(R?, k) with 3k — 2 (for d = 2) and 5k — 1 (for d = 3)
regions of continuity, respectively. These algorithms work for any

k > 2 and they are easily implementable in practice.




Tame motion planner in a product

In general, to get a motion planning algorithm in the product X x Y
requires partitions of unity subordinate to covers from motion planning
algorithms to X and Y, respectively (M. Farber, 2003). However, we
will recall here (see M. Farber, 2004) a simple explicit construction of

a tame motion planning algorithmin X x Y with TC(X) + TC(Y) — 1
domains of continuity, under an additional assumption. This of course
suits best our implementation-oriented objectives.
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Tame motion planner in a product

Lets := {s; : F; - PX}} , be an optimal tame motion planner in X
andleto := {o; : G; — PY}T", be an optimal tame motion planner in
Y. Assume that the motion planner s, satisfies the following condition:

"Topologically disjoint condition’- the closure of each set F; is
contained in the union F; U - - - U F}, in other words, it require that all
sets of the form F; U - - - U F; be closed.

Similarly, we will assume that o is a tame motion planner in Y such
that all sets of the form G U - - - U G are closed.

Then we will set

| i e D i
it+j=¢




Tame motion planner in a product

The sets W, are ENRs and form a partition of

(EEseeE e it =P e G et G | Ea SERITBHGHS
guarantee that each product F; x G; is closed in Wy, where [ = i + j.
Since different products in the union 1 are disjoint, we see that the
maps s; x o, where i + j = £, determine a continuous motion

planning strategy over each set W,.




Tame motion planner in a product

The sets W, are ENRs and form a partition of

(EEseeE e it =P e G et G | Ea SERITBHGHS
guarantee that each product F; x G; is closed in Wy, where [ = i + j.
Since different products in the union 1 are disjoint, we see that the
maps s; x o, where i + j = £, determine a continuous motion

planning strategy over each set W,.

Furthermore, we note that the motion planner in X x Y as above also
satisfies the 'Topologically disjoint condition’, i.e., all sets of the form
Wy U ---U W, be closed.




Lemma (TC for products)

Let K be a field and X and Y be any path-connected finite CW
complexes. If TC(X) = zclx(X) +1and TC(Y) = zclk(Y) + 1, then

VG ) = TGy 4= Ty — 1.

Furthermore, TC(X x Y) = zclg(X x Y) + 1.
In particular, forany £ > 2, TC(X x --- x X) = kTC(X) — (k —1).
| ————

k times




By [M. Farber, 2003], we have

2, formn odd;
3, forneven.

TC(S") = zclz,(S") + 1= {

Moreover, it is easy to see TC(RP?) = zclz, (RP?) + 1 = 4. Hence, we
have the following statement.




Lemma
For any k£ > 2, one has

LI e S e e S e s e e
e D

k times k times

2. TO(RP? x --- x RP?) = zclz, (RP? x --- x RP?) +1 =3k + 1.

k times k times




Lemma (Homotopy type of F,.(R?, k))

Forany r > 0 and k > 2, one has F,.(R?, k) and F(R% k) are
homotopy equivalent.




Proof of Theorem 1

We recall that TC is a homotopy invariant, so by Lemma 4, it is
sufficient to calculate the topological complexity

TC((SO(d))* x F(R4,k)). By [M. Farber and S. Yuzvinsky, 2004], we
have

ok —2, ifd=2;
o9k —1, ifd=3.

TC(F(R%, k) = zclz,(F(R%, k) +1 = {

Then by Lemmas 2 and 3 we obtain our principal theorem. J
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Algorithms




In this section, we present optimal tame motion planning algorithms in:

(1) product of odd-dimensional spheres,
(2) product of 3-dimensional real projective spaces,
(3) the configuration space F,(R?, k). Here, the algorithms will be

induce from the algorithms given by [C. A. |. Zapata and J.
Gonzalez, 2019],

(4) the product (S')* x F,.(R?, k) and (RP?)* x F,.(R3, k).
All the algorithms are easily implementable in practice.




On product of odd-dimensional spheres

Let v denote a fixed unitary tangent vector field on S™, say
V(Z1,Y1,- -5 To, Yo) = (—Y1,Z1, .- -, —Yp, Tg) Withm + 1 = 2¢.




On product of odd-dimensional spheres

Let v denote a fixed unitary tangent vector field on S™, say
V(Z1,Y1,- -5 To, Yo) = (—Y1,Z1, .- -, —Yp, Tg) Withm + 1 = 2¢.

A tame motion planning algorithm to S™ is given by
s:={s;: U; —» PS™}2_,, where

= {(91,02) € " s ™ ‘ B = —92},
By = {(91,92) € " x ‘ 01 7& —92},




On product of odd-dimensional spheres

For all (61,62) € Fy,

(1 - 2t)91 + 2tv (61

(
e = o 1L TRER
(

(2 = 2t)v(61) + (2

”1)

1)6s ||’

H (1 — t)91 + thy
e e

for all (01,02) € Fs.

We note that

Flﬂngﬁ,Fl F; and Fz Sl




On product of odd-dimensional spheres

Let k > 2andforeach ¢ =k, ..., 2k define a tame optimal motion
planning algorithm p = {p, : W, — P(S™)¥} where

Wy = |_| [ R

i1+4-+ip=l




On product of 3-dimensional projective spaces

We recall that the topological complexity TC(RP?) = 4 and for any
ARG AR e

k times




On product of 3-dimensional projective spaces

We recall that the topological complexity TC(RP?) = 4 and for any
ARG AR e

k times

Will give an optimal tame motion planning algorithm on

RP? x --- x RP? having 3k + 1 domains of continuity Xy, ..., Xu

-

k times
such that each X, satisfies the 'Topological disjoint condition’, i.e.,




On product of 3-dimensional projective spaces

For our purposes, using the idea from [M. Farber, 2004], we give an
optimal tame motion planning algorithm on RP? having 4 domains of
continuity E1, Eq, E3, E4 such that each E; satisfies the 'Topological

disjoint condition’.




On product of 3-dimensional projective spaces

Here we consider the real projective space RP? = -

quotient space from S? under the antipodal action.
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On product of 3-dimensional projective spaces

Here we consider the real projective space RP? = -

quotient space from S? under the antipodal action.

Consider the open covering
UpU-:. - UUz = RPY,
whereforeachi=1,...,d+1,U; = {[z1,...,2411] € RP?: z; # 0}.

Foreachi=1,...,d + 1 define amap ¢; : U; — R? by

Ti—1 Ti+1 Td+1
gai[ml,...,xd+1]: EEREREEEanE y Gidb oy

One has ¢; is a homeomorphism, because it has a continuous inverse
given by

1/11'(21,‘1, oG




On product of 3-dimensional projective spaces

Consider the linear homotopy H : R? x [0, 1] — R? given by

iR e bR =S




On product of 3-dimensional projective spaces

Consider the linear homotopy H : R? x [0, 1] — R? given by

iR e bR =S

Now, foreachi=1,...,d + 1, U; is contractible. In fact, we can
define the homotopy H' : U; x [0,1] — RP? by

e e T L e




On product of 3-dimensional projective spaces

On the other hand, foreach: =1,...,d + 1, set

SRR G e e

On has f; are well-defined smooth functions.




On product of 3-dimensional projective spaces

On the other hand, foreach: =1,...,d + 1, set

SRR G e e

On has f; are well-defined smooth functions.

The support of f; being the closure of U;. Indeed the set
{[x1,-..,%k1] € RPL: fi([x1,...,2ry1]) # O} is the subset Us.
Moreover, for any [z] € RP?,

fle]+ -+ fapale] = 1.




On product of 3-dimensional projective spaces

Let a subset V; c RP? wherei =1,...,d + 1, be defined by the
following system of inequalities

2j
(@+1)d+2)

Tl forall j <1,

7
Note that each ———————— is a regular value of the function f;, so
@+ 1)d+2) 9 fi

each V; is a manifold with boundary and hence an ENR.




On product of 3-dimensional projective spaces

Furthermore, one easily checks that:

o V; is contained in U;; therefore, the homotopy
H': U; x [0,1] — RP? restricts onto V; and defines a homotopy
H' over Vj;

o the sets V; are pairwise disjoint, V; N V; = @ for i # j;
o iU:--UVg =RP4.

o eachV; satisfies the "Topological disjoint condition’, i.e.,
ViC Ujgi V.




On product of 3-dimensional projective spaces

Now, recall that RP? is a Lie group under the quaternionic product

(IL‘, (yla —Y2, —Y3, _y4)>a
z, (y27 Y1, Y4, _y3)>7

[£1, %2, 3, 4] - (U5, Y2, Y3, ¥4] =

[
(
(z, (Y3, —Y4, Y1, Y2)),
(z, (ya, 3, —y2,y1))],

with unit [1, 0, 0, 0] and inverse (given by the quaternionic conjugation)
[1’1, x2,T3, .CC4]_1 T [xla —Zx2, —3, —1'4].




On product of 3-dimensional projective spaces

Forrd = 1,2, 3,4l &a1

E; = {([z], ly]) e RP® x RP®: [z][y] " € Vi}.

Itis clear that E; U E; U E3 U E4 = RP3 x RP3, the sets E; are
pairwise disjoint, each E; is an ENR and each E; satisfies the
"Topological disjoint condition’.




On product of 3-dimensional projective spaces
Fori=1,2,3,4 set
E; = {([z],[y]) e RP} xRP3: [z][y]" € V;}.

Itis clear that E; U E; U E3 U E4 = RP3 x RP3, the sets E; are
pairwise disjoint, each E; is an ENR and each E; satisfies the
"Topological disjoint condition’.

Then we may define o; : E; — P (RP?) by the formula

oi([z], [y]) = H*([=]l] 7, 0) - [w). ©)

It is a continuous motion planning over E;. Hence,
o ={s; : E; — P (RP3)}!_, is an optimal tame motion planner on

RP? and each F; satisfies E; C |, ; Ei.




On product of 3-dimensional projective spaces

Letk > 2andforeach ¢ =k, ..., 4k define

X, = |_| OB i
i14-+ip=l

One has that each X, is an ENR and Xy, ..., X4 form a partition of

gz e R IRI PR e YRR
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k times k times




On product of 3-dimensional projective spaces

Letk > 2andforeach ¢ =k, ..., 4k define

X, = |_| OB i
i14-+ip=l

One has that each X, is an ENR and Xy, ..., X4 form a partition of

gz e R IRI PR e YRR

Ly -
k times k times

We have thus constructed a tame motion planning algorithm (say o) in
RP? x --- x RP? having 3k + 1 regions of continuity Xy, ..., Xu.

k trrges H
Furthermore, each X, satisfies X, C J;, X;.




Algorithms on F (R4, k) for any d > 2

Section
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Section
IR AT A S At e g G g A S aTeR e

€2

i

€1 2

@ o) 5 af
Figure: Section over F(R — Q.., k) x F(R — @, k). Vertical arrows pointing
upwards (downwards) describe the first (last) third of the path T¢:¢",
whereas horizontal arrows describe the middle third of I¢-¢".
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On the configuration space F,. (R, k)

In this section we present a tame motion planning algorithm on
F.(R4, k) having 2k — 1 domains of continuity. The algorithm works
forany r > 0, d > 2 and k > 2; this algorithm is optimal when d is odd.




On the configuration space F,.(R<, k)

In this section we present a tame motion planning algorithm on
F.(R4, k) having 2k — 1 domains of continuity. The algorithm works
forany r > 0, d > 2 and k > 2; this algorithm is optimal when d is odd.

Note that the optimal tame motion planning algorithm
w = {w;: Yy — PF(RY, k)}25, in F(RY, k) induces an optimal tame
motion planning algorithm in £, (R%, k), say

&= {&r: Zy — PF,(R%, k)}2%,, where each Z, is given by
Zy=(ix i)™ (¥o)

and each local motion planner w, by

Ha(p),
we(p,q) = § p(we(p,q)(3t — 1)),
H3—3t( )a

Wi W= O
A IA - IA
S & S8
A TA - IA
= eano Cal




On the configuration space F,. (R, k)

Similarly, the optimal tame motion planning algorithm

Q={Q: M, —» PF(R% k)}2*, in F(RY, k) (for d even) induces an
optimal tame motion planning algorithm in £,.(R<, k) (for d even), say
Q = {Q: Ny - PF.(R% k)}3%,, where each N, is given by

Ny = (i x §) 7" (M)
and each local motion planner €, by

H I_:r?)t( )7
Qe(p,q) = 4 p(Qe(p,q)(3t — 1)),
ﬁ3—3t( )7




On the product (S!)* x F,.(R2%, k) and (RP3)* x F,.(R3, k)

The optimal tame motion planning algorithms in (S')* x F,.(R?, k) and
(RP?)* x F.(R3, k) are given, one more time, by the construction
given assembling the algorithms above.




On the product (S!)* x F,.(R2%, k) and (RP3)* x F,.(R3, k)

The optimal tame motion planning algorithms in (S')* x F,.(R?, k) and
(RP?)* x F.(R3, k) are given, one more time, by the construction
given assembling the algorithms above.

We note that the results and motion planning algorithms described in
this work can also be extended to the case of higher topological
complexity (in the sense of Rudyak) and obtain multitasking
collision-free optimal motion planning algorithms for rigid bodies.
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