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Introduction
M ̶ the space of states of a robot.

M×M ̶ initial and terminal states of a robot

P(M) ̶ the space of robot motions (strings in M)

A robot motion planning algorithm is a (local) section of the

Serre path fibration π : P(M) → M×M given by π(ℓ) = (ℓ(0), ℓ(1)).

Def. (M. Farber)

tc(M) := min

{
n≥0

∃ {Ui; 0≤i≤n} open cover of M×M &
∃ si local section of π on Ui, 0≤i≤n

}

Monoidal Condition if the initial and terminal states of a

robot are the same, then the robot does not actually move.

Def. tcM(M) :=

(
similar to tc(π), while each local section
must satisfy the monoidal condition above

)
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Fibrewise Technology

T ̶ the category of topological spaces.

T ∗
B

̶

T ∗
B
(M) ̶ the full-subcategory of T ∗

B
with objects over M.

d : T → T B

B
̶ d(M) is the fibrewise space pr1 : M×M → M with

the diagonal map ∆ : M → M×M as its cross sec-
tion, which is an object in T B

B
(M) and also in T ∗

B
(M).

Prop. 1 tc(M) = cat*B(d(M)) the fibrewise L-S cat in T ∗
B
.

2 tcM(M) = catBB(d(M)) the fibrewise L-S cat in T B

B
, which is

a fibrewise homotopy invariant but (maybe) not a homotopy invariant.
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Results

By definition, we have cat(M) ≤ tc(M) ≤ cat(M×M) ≤ 2 cat(M),

while we only have tc(M) ≤ tcM(M) ≤ tc(M)+1 ≤ 2 cat(M)+1.

Main Thm. (I-Tsutaya) tcM(M) ≤ 2 cat(M) for M a finite

polyhedron.

(Farber) For an odd sphere Sodd, we have tc(Sodd) = 1.

For an even sphere Sev, we have tc(Sev) = 2.

For W a wedge of two or more spheres, we have tc(W) = 2.

By Main Thm, we have tcM(W) ≤ 2 cat(W) = 2 for W a wedge of

spheres, and we also have tcM(Sodd) = 1 which is due to Farber.

Cor. If W is a finite wedge of spheres of positive dimensions,

we have tcM(W) = tc(W).
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Outline of the proof 1/2

We construct a covering of M×M by open sets on which there

exists a (local) section satisfying the monoidal condition.

1 We choose a nice categorical covering of M.

2 We define an open covering of M×M using the covering

obtained at the stage (1), which is due to R. Fox. The proof

is performed following the book by Cornea-Lupton-Oprea-Tanré

on L-S cat in the context to show cat(X×Y) ≤ cat(X)+cat(Y).

3 We define a kind of tubular nbd of ∆M in M×M using the

idea of J. Milnor, when M is a finite simplicial complex.

4 We construct a set of local sections satisfying the monoidal

condition on each open set defined at the stage (2) using the

deformation defined at the stage (3).
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Prob. Can we remove the finiteness condition from Main Thm?
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