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Overview

Overview Special Functions and Representation Theory
m (Classical) Generating Functions: some Examples
= Reproducing Kernel Hilbert Spaces: H(S,V)

= Bounded operators O : L?(X,du) — H(S,V)

= Kernels and Generating Functions

= Restriction Principle

= Highest Weight Representations

Generating Functions (revisited)
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Generating Functions

weweel | Suppose a, () is a sequence of real valued functions. The
Generating

e |generating function associated to {ax : k=1,2,...} is an
analytic function, a(z, x), such that

Laguerre
. © @)
Hermite k
Generalizations CL(Z,ZE) — E a,k(:z:)z .
Goals k—0
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Laguerre

vl | Laguerre Polynomials
Generating
Functions
Generating
Functions 1 dn
o . T .~

Hermite - *
Generalizations

Goals
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Laguerre

Classical :
Generating Laguerre Polynomials

Functions
Generating
Functions 1 - d"™

LY(z) = —e®ax™*—
Hermite 72 dx™

S UL | Generating Function:
Goals

(e~ FaTe).

Tz

(1—2)"%tez-1 = ZL%‘(;U)Z’" |z| < 1.
k=0
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Hermite

sl | Hermite Polynomials
Generating

Functions
Generating

Functions
Laguerre

Generalizations
Goals
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Hermite

sl | Hermite Polynomials
Generating

Functions
Generating
Functions
Laguerre

Generalizations

S | Generating Function:

2 = g
6(—2 +2z2z) _ ZHk(gj)% z e C.
k=0 '
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Generalizations

Each of these formulae are classical and easy to prove in that
Cnedion It is possible to compute the Maclaurin series for the generat-
el ing function to produce the corresponding series.

Functions

Nl [N some generalizations one finds that the powers z™ that

Functions

PR appear in the series

Hermite Z a, (CU)Zn
mn

Goals

are replaced by a more general class of functions.
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Generalizations

Classical
Generating
Functions
Generating
Functions
Laguerre

Hermite

Goals

Each of these formulae are classical and easy to prove in that
It is possible to compute the Maclaurin series for the generat-
Ing function to produce the corresponding series.

In some generalizations one finds that the powers z™ that
appear in the series
Zan(az)z"

are replaced by a more general class of functions.

Generalize Laguerre functions: ¢£ are certain distin-
guished function defined of symmetric cones and are paired
with generalized power functions W¥,,, that lie in a reproducing
kernel Hilbert Space. The generating function takes the form

1 1
A(e—z)"’/ e~ (#ol0+20=2™D) g — N g2 (2)Bpm(2).
K

mn
= ()m
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Goals

GESE M Goals:
pdslll 1. Place these formulas in a more general context. Specifically,

Functions

Generating we show that a bounded operator © defined on an L? space
(s with values in a reproducing kernel Hilbert space is
Hermite necessarily given by a kernel from which is derived a
Generalizations generating function for an appropriately chosen system of

functions in L2.

2. When the L? space and the reproducing kernel Hilbert
space are equivalent realizations of a highest weight
representation we obtain new characterizations of the
generating functions and relationships amongst the given
systems in terms of operations involving the representation.
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Reproducing Kernel Hilbert Spaces

Reproducing
Kernel Hilbert SUppOSG

Sl = S- |ocally compact Hausdorff space
= V' - complex Hilbert space with inner product (- |-),,

Let H(S, V') be a Hilbert space of continuous V-valued func-
tions on S.

We say H(S,V) is a reproducing kernel Hilbert Space if
for each z € S the linear map E, : H(S,V) — V given by
E.(f) = f(z) is continuous and has dense range. This as-
sumption implies that the adjoint

Q('7 Z) = E:
IS continuous, injective, and has the reproducing property:
(f(2) |v)y = (f |Q(, 2)v),
foreach f € H(S,V)andv e V.
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Vector-valued L2

spaces

Linear Operators
gl RKHS-valued operators on an L? space

Generating

Function
proof
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Vector-valued L? spaces

Bounded
Operators

Linear Operators
Proposition
proof
Generating

Function
proof

Let W be a finite dimensional complex Hilbert Space and
Herm™ (W) the convex cone of nonnegative definite opera-

tors on W; i.e. each E € Herm™ (W) is a bounded operator
and satisfies

(Bw |w)y, > 0,
for each w € W.

Let X be a measure space with positive measure p and v
a Herm™ (1W)-valued measurable on X. We write du, (z) =

v(x)dpu.

Let L?(X, W, du, ) denote the space of measurable W -valued
functions f such that

1f]I* = /X (v(z)f(z) | f(z)) du(z) < .
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Linear Operators

il | A linear map © on L3(X, W, du,) with values in H(S,V) is

Operators _ . / .
VRSN | said to be an integral transform given by a kernel K = K© if

spaces © can be written in the form

Proposition
proof / K Z 33 ( )d,LL( )
Generating

Function

Jeel |for all z € S. Pointwise, the kernel K(z,x) is a map from W
to V.
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Propositian

smbsdll | Proposition: Suppose © : L*(X,W,du,) — H(S,V) is a

Operators ) _ _ /
e Pl | bounded linear map. Then © is an integral transform given by

_ Sl |akernel K. Foreachz € Sandv € Vthemap z — K(z,x)*v
Linear Operators is in L2(X W d,u )

proof
Generating

Function
proof
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proof

Bounded letzeSandv € V. Then

Operators
Vector-vall;zzféz (@f(z) ‘ ”U) — (@f | Q(, z)v)
Linear Operators = (f | @*(Q('a Z)U)) .

Proposition

Generating

Fung;[iooor; | et kz,v — @*(Q(,Z)’U) Then kz,’u c LQ(X, W, d,u,,), for all
zeSandveV.

For each x € X the map
v k() VoW
IS a linear and hence continuous.

Let B(V, W) be the space of W-valued linear maps on V" and
let s.(xz) € B(V,W) be given by s,(z)v = k, ,(x).

Let K(z,x) € B(W,V) be the adjoint of s, (x).

Generating Functions and Highest Weight Representations



mius \We then have
Operators

Vector-valued L2 (@f(Z) ‘v) — (f ‘ kz,v)

spaces
Linear Operators

Proposition = /X (l/(:lj)f(aj) ‘SZ(ZIZ)”U) d,u(a:)

EEE I&Am@m@m@mm@

proof

and hence
0f(2) = | K(zo)u(a)f(@)duto)

forall f € L*(X, W, du,) and z € S.

Since K(z,-)*v = k,, forall z € S and v € V we have
K(z,)*v e L*(X,W,du,)

Generating Functions and Highest Weight Representations



Generating Function

Bounded
Operators

Vector-valued L2
spaces

Linear Operators
Proposition

proof

proof

Theorem [Davidson 2004]: Suppose H C L*(X, W, du,)
IS a separable Hilbert subspace and © : H — H(S,V) is a
bounded linear map into a reproducing kernel Hilbert space
with kernel K©. Suppose {e; : i € I} is a basis of H that has
a dual basis {¢; : i € I}. Set &, = ©¢; € H(S,V). Then

K®(z,)*v = Z(U|Ez(z)) €,

el

where convergence is with respect to the L?-norm.
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proof

Bounded
Operators

Let v € V. For each z € S we have K®(z,-)*v € H and

Vector-valued L2 o o
spaces K (Z,°)*U — Z(K (Z,-)*U‘éi) €;

Linear Operators

Proposition i€l
proof .
Generating — Z(U|@€Z(Z)) €;
Function icl
= ) _(vEi(2)) e

el
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proof

Bounded
Operators

Let v € V. For each z € S we have K®(z,-)*v € H and

Vector-valued L2 o o
spaces K (Z,°)*U — Z(K (Z,-)*U‘éi) €;

Linear Operators

Proposition i€l
proof .
Generating — Z(U|@€Z(Z)) €;
Function icl
= ) _(vEi(2)) e
el

We will call K®(z,-)*v the generating function for
{ei:iEN}.
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Restriction Princ.
Bargmann-Segal
Laplace Transform

Cayley Transform Restriction Principle

Laguerre functions
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Olafsson-Orsted Restriction Principle

Restriction M - complex manifold

o IR Reproducing Kernel Hilbert Space of holomorphic

Bargmann-Segal functions on M
Laplace Transform

Cayley Transform u X = tOta”y real Smean”:OId Of M
sl = 2 { — L2(X,du) defined by RF(z) = D(z)F(z), where
D(x) is some positive multiplier.

Suppose R is densely defined, injective, dense range. Then
we can polarize R*:

R* =UVRR*,
to get a unitary map U : L*(X,du) — H.
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Bargmann-Segal Transform: an Exampile

Restriction M = C, 'H= Fock space of C.
Principle
m X =R,

Restriction Princ.
2
TRl " R:H — L*(R,dx) given by RF(z) = e 2 F(x).

I fi . . .
Lj;j;{jj:;;;”; Polarization: R* = Uv RR* where U : L*(R, dx) — H is
given by

Uf(Z) _ C/ €_x2+2xz_Z2/2f(£U) dll?,
R
the Bargmann-Segal transform.

Define hy(z) = e=* Hy(v/2z). Then hy(z) =
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AaEl | Applying the theorem, a change of variable, and conjugation

Principle i ) i _
Smemeewl | gives the classical generating function:

Laplace Transform

) k
2 Z
Cayley Transform e~ ? t2zx _ E H; (LB) -
Laguerre functions —0 k!

Generating Functions and Highest Weight Representations



The Laplace Transform: an Example

Restriction M = {Z cC: RE(Z) > 0}, Ha (M) IS the Hilbert space of
et Principle holomorphic functions £ on M such that
estriction Princ.
Bargmann-Segal

Cayley Transform
Laguerre functions

|F)J? = / F(2)2 e dudy.
M

| X :R+,
» R:H— L*(R",2%dz) given by RF (z) = F(x).

Polarization: R* = U+ RR* where
U=L:L*R",z%dx) — H, is given by

Bii(z) = / T et i) et

the Laplace transform.
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Cayley Transform

Cayley Transform: Let D be the unit disk. The Cayley

e Transform ¢ : D — M is defined by ¢(z) = t=£. Itinduces a

gL unitary operator C : H, (M) — Ha (D), defined by

Restriction Princ.
Bargmann-Segal

Laplace Transform CF(Z) _ (1 - Z)_(a_H)F (1 + Z)
1—2)"

Laguerre functions

where H, (D) is the space of holomorphic functions ' on D
such that

Tak / F)? (1 - |2)*2d-.
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Cayley Transform

Cayley Transform: Let D be the unit disk. The Cayley

e Transform ¢ : D — M is defined by ¢(z) = t=£. Itinduces a

gL unitary operator C : H, (M) — Ha (D), defined by

Restriction Princ.
Bargmann-Segal

Laplace Transform CF(Z) _ (1 - Z)_(a_H)F (1 + Z) |

: 1 —2
Laguerre functions

where H, (D) is the space of holomorphic functions ' on D
such that

|F)I? = / F)? (1 - |2)*2d-.

Cayley-Laplace Transform The map
©=CoLl:L*R", 2%zx) — Hy(D)
defines a unitary operator given by

14w

0f(z) = (1—z)—<a+1>/ e TR f(4) ot
R+
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Laguerre functions

Resineton Laguerre functions: (¢(z) = e *L%(2z) € L*(R*,z%dx) and
Principle

~emmemeswall  fOrms an orthogonal system.

Bargmann-Segal

PR el A calculation the gives that ©(£9)(z) = 2".

Cayley Transform

Applying the theorem and conjugation gives:

(1—2)~HDem1=0t = § g2 (1),
n=0
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Laguerre functions

Resineton Laguerre functions: (¢(z) = e *L%(2z) € L*(R*,z%dx) and
Principle

~emmemeswall  fOrms an orthogonal system.

Bargmann-Segal

PR el A calculation the gives that ©(£9)(z) = 2".

Cayley Transform

Applying the theorem and conjugation gives:

O
e Tmut = Z&‘fb‘(t)z
n=0

(1—=2)"

This is equivalent to

(1 —z)" % Lez- —ZLO‘ )z"  |z| < 1.
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Introduction

MEUNIERES
Highest Weight

Representations Highest Weight Representations

Realization
Intertwining

Operators
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Introduction

JEEAERE = | aguerre functions ~ Highest Weight representation theory
Representations of SL(Z,R) - SU(l, 1)_
ACIWLEYEEE = Hermite functions ~ Highest Weight representation theory of
Highest Weight .
the metaplectic group.

Representations
Geometric

Realization
Intertwining

Operators
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Preliminaries

Highest Weight G - Hermitian Symmetric Group
Representations )
maaneael = /{ - maximal compact subgroup

el ® D = G/K - Complex manifold and G acts of D by
Representations biholomorphic diffeomorphisms.

R‘ZZ.‘.’;‘E.E:? Let g, and &, be the Lie algebra of G and K, resp.
Let g and £ be the complexification of the g and ¢.

Intertwining
Operators

Our assumptions imply
g=prStop_.

" Py =Py
D Cpy
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Highest \Welght Representations

JPIESAVEVIE = Suppose 7 is an irreducible representation of G on H.
RO o 0w extends to g, ; the derived representation.

Introduction ) .
Preliminaries 0 7 extends to g by complex linearity.

= Suppose there is a nonzero vector v € H such that 7(x)v = 0
Geometric for all z € p,. (Say v is annihilated by p..) Then = is called a

Realization

Intertwining highest weight representation.

Operators

Let V' be the set of all vectors in H annihilated by p. Then K
acts on V irreducibly by A\(k) = ©(k)|, .

The association
T — A

IS a correspondence:

irred h.w.repsof G < irredrep of K

irred unitary h.w.repsof G < A Cirred rep of K [EHW,J]

Generating Functions and Highest Weight Representations - p. 30/36



Geometric Realization

JPUEEAVERTE  For each A € A we can associate a RKHS, H(D, V) on which
RSt acts by a multiplier representation T = T:

Introduction
Preliminaries

Highest Weight T(g)F(z) = J(g_l, Z)_lF(g_lz).

Representations

(T,H(D, V)y)) is call the Geometric Realization of T' = T).

Intertwining
Operators
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Intertwining Operators

Now suppose 7 = 7y IS any irreducible unitary highest weight

TRl representation on H = H. Then there is a unitary operator
Representations

Introduction O:H— H(D7 V)

Preliminaries

dolsemaesd Which intertwines the representations. The operator has the
Representations

e following characterization:
Realization

Generating Functions and Highest Weight Representations



Intertwining Operators

Now suppose 7 = 7y IS any irreducible unitary highest weight

TRl representation on H = H. Then there is a unitary operator
Representations

Introduction O:H— H(D7 V)

Preliminaries

dolsemaesd Which intertwines the representations. The operator has the
Representations

e following characterization:

R | Theorem [Fabec,Davidson 1995]: Letz € p,. Letv € V
and formally define

00

m(z)"

qzvzz A v.
n=0

Then g, : V — H converges in H if and only if z € D. Further-
more,

In other words,
(OF(2) |v) = (F | q.v),
forall ze D,veV,and F € H.

Generating Functions and Highest Weight Representations



Generating
Functions
Laguerre Functions

Generating Functions: revisited
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Generating Functions

gl | Theorem [Davidson 2004]: Suppose

Functions:
revisited

O : L*(X,W,du) — H(D,V)

sl | is a unitary operator between equivalent highest weight rep-

resentations. Then the kernel K = K© associated with ©
satisfies
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Laguerre Functions

LUl The group SL(2,R) acts on L?(R™T, z*dz) by a unitary highest
il weight representation and is equivalent to the geometric

I realization H, (D) with intertwining operator
tndtional © = C o £ : L2(R*, 2%dx) — H. (D) given by by

Of(z)=(1- z)_(O‘H)/ e_%tf(t) tdt.

R+

= p, =CE™T and for f € L*(R™, z*dx) we have

m(ET)f(t) = (=tD*+ (2t —a — 1)D + (o — 1 — 1)) f(2).

m(ET) () = (n+ )65, (1).
= Inductively,
T(E+)"
n!

(@) = ().
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Generating
Functions:
revisited
Generating
Functions

Kz )t = autg = 3 T2 Zf“

n
n=0

= Complex conjugation connects this back to the classical
formula:

(1—2)" =t =N ()

Generating Functions and Highest Weight Representations
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