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Transferring the Representation «,,

The unitary operator U allows us to transfer the
representation, w, on H, to an equivalent representation,
Ao, ON L2 (RT, 2%dx):

Ta(9)Uf =UXa(9)f.

Theorem Suppose f € L*(R™,du,) is twice differentiable.
Then

1 Aa(eN)f(t) = FL(ED?* + (2t + (a+1))D + (t + a+ 1)) f(¢)
2. Xa(e7)f(t) = F(tD?* — (2t — (a+1))D+ (t — (a+ 1)) f(2)
3. Ma(e®)f(t) = (tD* + (a+1)D — t) f(t)

We define /2 (t) = L7 (y.0)
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Representation implied Recursion Relations

Theorem WIith notation as above we have

(& = e "LY(2t).

n

Furthermore,
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3. (tD* — (2t — (a+1))D + (t — (a+ 1)))0* = 2(n + 1)£>_;.
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These formulas, in turn, imply the following recursion
relations for the Laguerre polynomials L¢.

1. (tD?* + (a—t+1)D +n)L%(t) = 0,

2. tDLS(t) = nL%(t) — (n+ )L (1),

n—1

3. tDLY(t) =(n+ 1)L (1) — (n+a+1—t)L3(1).
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Summary

= Thus the representation theory of Si(2,R) encodes the
classical differential recursion relations for the Laguerre
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Summary

= Thus the representation theory of Si(2,R) encodes the
classical differential recursion relations for the Laguerre

polynomials.

= The formula for the generating function falls right out of the

representation theory here presented.

= Further analysis (of a less representation nature) gives the

recursion relations in the o parameter.
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dimensional Euclidean

Jordan Algebra with unit e.

Q:{ZC2Z£C€J}O:a
symmetric cone.

Let H be connected
component of the

subgroup of GL(J) that
leaves () invariant.

Let L be the fixed point
subgroup of e.

The H acts transitively on
Qand Q= H/L.

EXAMPLE

J = Herm(n) with product
AoB=1(AB+ BA) and
e=1

()= Herm™(n)

H = GL(n,C) acting on (2
by g -z = gzg”
L=U(n)

Herm™(n) ~
GL(n,C)/U(n)
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Generalized Power Functions

The expansion formula for the Laguerre polynomials involve Fauraut-Koranyi
Gamma functions, a binomial coefficient, and powers of x. JOEEN AlgeiEe

} Generalized Power
Each of these objects have analogues on Jordan algebras.

Let J be a Euclidean Jordan algebra of dimension d. If J has l'l]ﬁc‘flg:‘ma

rank r then there are r principle minors, Generalized
Binomial
Coefficient
Al’ AQ’ Tt AT‘ Generalized
o o . Laguerre
Let m = (mg,...,m,) be a multi-index of positive integer Polynomials
such that my > mo > --- > m,, > 0. Define Orthogonality

Ap = A{”l_m s AT
Let

() = /L A (i) di.

1Ym IS @ nonzero L-invariant polynomials on J of degree
lm| = m1 +mo + - - - + m, and are referred to as generalized
power functions.



The Gamma Function

The function A, is the determinant function on J and usually Fauraut-Koranyi

denoted by A. Furthermore, if d = dim(J) then A= dg is the é";ﬁ:{‘aﬁz'gibg‘;‘j‘ver

H-invariant measure of (). Functions

The Gamma

Function

The classical Gamma function is given by Ceneralized
Inomia

0 _t,s5 1 Coefficient

F(S) = fO e t° ;dt. Generalized
Laguerre

Polynomials

Orthogonality




The Gamma Function

The function A, is the determinant function on .J and usually

denoted by A. Furthermore, if d = dim(J) then A~ dz is the
H-invariant measure of €.

The classical Gamma function is given by
[(s) = [, e "t 1dt.
For the cone () we have

Ta(s) = [pe Tt As(t) A(t)~Fdt,

where tr Is the trace operator on J and s is a multi-index.
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The Gamma Function

The function A, is the determinant function on .J and usually

denoted by A. Furthermore, if d = dim(J) then A~ dz is the
H-invariant measure of €.

The classical Gamma function is given by

For the cone 2 we have

[(s)= [, et 1dt]

Ta(s) = [pe Tt As(t) At)~Fdt,

where tr Is the trace operator on J and s is a multi-index.
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Generalized Binomial Coefficient

The usual binomial coefficient can be defined by the rule Fauraut-Koranyi
Jordan Algebras
n n Generalized Power
n __ k Functions
(1 + :U) _ Z L L. The Gamma
k=0 Function
Generalized
Since (1 + x)™ is a polynomial of degree n it is a linear E‘g‘é’f?i“;?;m
combination of {1, x,...,2"}. The coefficient of z* thus Generalized
. . . . . Laguerre
uniquely define the binomial coefficients. Polynomials

Orthogonality
The L-invariant function ¢y, is a polynomial of degree |m|
and the collection {¢y, : |m| < «} spans the set of all
L-invariant polynomials of degree < «a. The L-invariant
polynomial ¢y, (e + x) has degree |m| and is thus a linear
combination of terms of the form ¢, where |n| < |m|. The
generalize binomial coefficients , are thus defined such that

bmle+a) = 3 (’f) ().

n|<|m|



Generalized Laguerre Polynomials

Recall the classical Laguerre polynomial: Fauraut-Koranyi
Jordan Algebras
n ( ) - Generalized Power
o o I'n+a+1 k Functions
Ln (33) o I'(k+a+1) L (—33) The Gamma
k=0 Function
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Generalized Laguerre Polynomials

Recall the classical Laguerre polynomial: Fauraut-Koranyi
Jordan Algebras

n - Generalized Power
Q o I'(n+a+1) k Functions
Ly(z) = (—x)

I'(k+a+1) The Gamma
k=0 Function
Generalized

Faraut and Koranyi define the generalized Laguerre g':gf?('ﬁm

polynomial by the formula: Generalized
Laguerre

m Polynomials
La@= > 2Em <n>wn<—x>. Oriosoraly

n|<|m|




Generalized Laguerre Polynomials

Recall the classical Laguerre polynomial: Fauraut-Koranyi
Jordan Algebras

n - Generalized Power
o . I'(n+a+1) k Functions
Ly, (ZE) — T(k+o+1) | L (_ZE) The Gamma
Function
Generalized
Faraut and Koranyi define the generalized Laguerre Binomial

Coefficient
Generalized

Laguerre

m Polynomials
La@= > e ( )%(—x). ortosenally

polynomial by the formula:




Generalized Laguerre Polynomials

Recall the classical Laguerre polynomial: Fauraut-Koranyi
Jordan Algebras

n - Generalized Power
o o I'(n+a+1) o0\k Functions
Ln (33) o I'(k+a+1) L ( ZE) The Gamma
k=0 Function
Generalized

Faraut and Koranyi define the generaljzed Laguerre gggf?;im

polynomial by the formula: Generalized
A Laguerre
Polynomials

Lfn(:c) _ l'o(r+m) (I:: wn(_x). Orthogonality

I'g(rv+n)

n|<|m|




Generalized Laguerre Polynomials

Recall the classical Laguerre polynomial: Fauraut-Koranyi
Jordan Algebras

n - Generalized Power
Q o I'(n+a+1) k Functions
Ly(z) = (—x)

I'(k+a+1) The Gamma
k=0 Function
Generalized

Faraut and Koranyi define the generalized Laguerre g':gf?('ﬁm

polynomial by the formula: Generalized

Laguerre

Polynomials

(@)= Y paii <m> (). Pty

n

n|<|m|




Orthogonality

= Let L?(Q,du,) be the space of square integrable functions
on Q with respect to the measure du, = A~ % (z)dz.
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Orthogonality

= Let L?(9, du,) be the space of square integrable functions
on Q with respect to the measure du, = A~ % (z)dz.

» Let ¥ (z) = e~ " (@) LY (22). These are the generalized
Laguerre Functions .
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Orthogonality

= Let L?(9, du,) be the space of square integrable functions
on Q with respect to the measure du, = A~ % (z)dz.

» Let ¥ (z) = e~ " (@) LY (22). These are the generalized
Laguerre Functions .

= THEOREM The set
{fm(r) :m >0}

IS an orthogonal basis of

L (9, dpn, )"
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Tube-type domains and Hermitian groups

Let T(Q2) =2+ J C Jc. Let Aut(T(£2)) be the group of Representation
biholomorphic automorphisms of 7'(Q) and G = Aut(T(2))..
If K is the fixed point group for the point ie € T'(2) then K is Highest Weight
a maximal compact subgroup of G and REPESEENETE
Some K-finite
T(Q) = G/K. \'II%(ZOREZstriction
Principle
The groups H and L that are associated with (2 are g?f;:_hnlitf;al
Irricultes
subgroups of G. The subalgebra
L
8c
The groups G that can arise have been classified. Some of A basis of g&
the groups that arise in this way are: The action on HZ
Transfer of action
Recursion
u SZ(Q, R) Relations
= SU(n,n)
= Sp(n,R)
= SO*(4m)



Highest Weight Representations

In a manner analogous to the usual upper half plane we may  Representation

define a Hilbert space H, of holomorphic functions on 7'(Q2): I;‘;;’gpe P

Highest Weight
Representations
Some K-finite

vectors
The Restriction

M, = {F . T(Q) — C : d,,/T F(2)]? A" Fdz < oo} .

(©2)

A - [l . P . . I
H, isnonzeroifandonly ifv > 1+ a(r — 1), where a is a Té?hcr',?cz
constant that depends on the Jordan algebra .J. difficulties
The subalgebra
L
9c

There Is a unitary highest weight representation, «,,, of G on
‘H, given by

A basis of gé*

The action on H L
Transfer of action

m(g)F(2) = J(g~,2)2a F(¢g7 %), Recursion

Relations
where J(g, z) is the complex Jacobian of the action g - z. This
representation is a highest weight representation.



Some K-finite vectors

= The generalized power functions, ¢,, extend to Jc and Representation

: . Theory
their Cayley transform: R

Highest Weight
Z — 6) Representations
Y

z+e Some K-finite
vectors

_ I ] The Restriction
are in 'H;;. These functions play a role analogous to Principle

Tn.o(x) fOr SL(2,R). Technical

difficulties
The subalgebra

8¢
- L
A basis of g

The action on H

Transfer of action
Recursion

Relations

G (2) = Az + €) " then (




Some K-finite vectors

= The generalized power functions, ,, extend to Jc and Representation
; . Theory
their Cayley transform: R
Highest Weight

_ c —€ Representations
. 1%
Qm,y(Z) - A(Z + 6) wm ? Some K-finite
zZ+te
vectors

. _ The Restriction
are in HL. These functions play a role analogous to Principle
Yn,a(@) for SL(2, R). dffculies
The subalgebra
L
9c

m THEOREM The set
A basis of gé

:m >0
{qmﬂ/ - } The action on H L

is an orthogonal basis of H?. Transfer of action

Relations




The Restriction Principle

For F' a holomorphic function on 7°(€2) we define the Representation
e Theory
restriction map | e R T
RF(%) = F(Z:E) Highest Weight
i _ ] Representations
Then R Is a densely defined, closed, and has dense image. Some K-finite

vectors

Polarization of R* gives e Pemioan

Principle
Technical

THEOREM The map,

difficulties
The subalgebra

LR = [ 0 (@) d, &
Q A basis of g7

: : : : The action on HZ
defines a unitary isomorphism of L?(Q, dyu, ) onto H,,. e e

Recursion

Let )\, be the representation of G equivalent to 7, via L, . Relations



Technical difficulties

The representation theoretic interpretation of the differential Representation
recursion relations in the SL(2,R) case relied on having Ihemy .
.. . ype-type Domains
explicit formulas for the action of 7, (x) and how they act on Highest Weight
v Recall Representations
nyar Some K-finite

1. 7o(e) - F(2) = i((a+ 1)2F(2) + (1 + 22)F'(2)). ——

The Restriction

2. mo(et) - F(2) = (a+ 1)(ZE2)F(z) + EEL F/(2),
3. male) - F(2) = (o + 1)(52)F(2) + LS F/(2),

and
1. m0(€°)  Yna=—-2n+a+ Dyp.a-

2. 7Ta(€+) " TYn,a = —Z(TL + Oé)f}/n—l,o“
3. ma(€7) Yna = =N+ 1)Ynt1,a-

Principle
Technical
difficulties

The subalgebra
og

- L
A basis of g

The action on H L

Transfer of action
Recursion

Relations




The subalgebra g¢

In general we can compute formulas for the operators m, (),
x € gc, but we do not have explicit formulas for their action
on ¢m . Part of the problem arises from the fact that =, (x)

does not leave HZ invariant for all z € gc.

However, the subalgebra
gé ={rcgc:Ad()x ==z, foralll € L}

does leave HZ invariant and is, furthermore, a three
dimensional subalgebra isomorphic to SL(2,C).

Representation
Theory

Type-type Domains
Highest Weight
Representations
Some K-finite

vectors
The Restriction

Principle
Technical
difficulties

The subalgebra
L
8c

A basis of gé

The action on H L

Transfer of action
Recursion

Relations




A basis of g~

Since L C K the center of K, ¢, is a subset of g&. As G is a
Hermitian group the center of ¢ is spanned by a single vector,
X°. The operator ad X° on gc has only the eigenvalues 0, 1,
—1.

= The 0-eigenspace is tc

= The +1-eigenspace is denoted p™

= The —1 eigenspace is denoted p—.

The intersection of g& and b, the Lie algebra of H, is one
dimensional and spanned by a single vector Z°. It turns out
that Z° = XT 4+ X, where Xt c¢ptand X~ €p.

LEMMA The Lie algebra g& is spanned by X°, X and X~
and g& N gis spanned by 1 X°, Z° = X* + X, and
(X —X7).
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Representations
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The Restriction

Principle
Technical

difficulties
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A basis of g
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The action on H~

THEOREM We have Representation
Theory

Type-type Domains
T (X°)m,y = (rv + |m|)Gm Highest Weight
Representations
and Some K-finite

vectors
The Restriction

Principle
m Technical

(@]
T (Z°)qm,y = E dm—e;,v difficulties
m — €; The subalgebra

8¢
- L
A basis of g

j=1
a a, . :
- Z(V +mj — 5(] - 1))Cm(])Qm+ej,V°
j=1

The action on H -

Transfer of action
. : . Recursion
Observe that the action of Z° and ¢, ,, involves both a shift Relations

upward and a shift downward in the multi-indices. But it is
known that this is precisely the role of p~ and p™; their
actions are the so-called raising and lowering operators (or
creation and annihilation operators).




Since Z° = Xt + X~ we have the following corollary.

COROLLARY

m
7TV(X+)Qm,1/ — Z m dm—e;j,v
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Transferring the actionto  L?(Q, du,)

THEOREM Representation

o Theory
L,(lm) =Tq (V)qma’/’ Type-type Domains

Highest Weight
Representations

THEOREM Some K-finite

)‘V(Zo)f(x) — (VT =+ E)f(:l?), \'I{i(g(gizstriction

i Principle
where FE is the Euler operator: Technical

Ef(z) = & f(tz)|=1 = & f(exp(tZ°))]i=1. The subaigebra
96

THEOREM A basis of gé

. )\, (Xo)ffn — (fry + 2 ‘m‘)ﬁ?n The action on H L

+H\ypr — N7
= A (X)L =2 (me-
J

Recursion
= A\ (X)), = Z;:1 Cm(j)€;l+€j

o > (mj —1+v— %(] — 1))€¥n_€j Relations



Differential Recursion Relations for

SU(n,n)

For SU(n,n) we have determine explicitly the formulas for

the algebraic action. When applied to X°, X and X~ and to

the Laguerre functions we obtain the following differential
recursion relations.

m tr(sVV + vV — )0y, = —(rv + 2|m|) Y.
= Ltr(sVV 4+ (v] +25)V + (V] + 5))0%,(s) =

—Z§_1< o >(mj—1+v—(j—1))€¥n 0

m—"}/j

n Str(sVV A+ (I —=25)V+(s—vI))ly, = —> 51 cm(4) 40 ety

Notice the similarity to the classical case:
» (tD?+ (a+1)D — t)f® = —(2n + o + 1)£2,

» (tD?*+ (2t + (a+1)D + (t+a+1))f% = =2(n + a)l>_;,
" (tD?* —

Representation
Theory

2t —(a+1)D+(t— (a+1)))l5 = -2(n+ 1)L, ;.
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Highest Weight
Representations
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= \With the unit disk playing the role of the upper half plane Conclusions
and the interval (0, 1) playing the role of the cone R* we Setings !
get a similar theory involving the Meixner-Pollacyk Directions
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polynomials.

= Since G/K has a realization as a bounded symmetric
domain the result extend.
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Results in Other Settings

= \With the unit disk playing the role of the upper half plane
and the interval (0, 1) playing the role of the cone R™ we
get a similar theory involving the Meixner-Pollacyk
polynomials.

= Since G/K has a realization as a bounded symmetric
domain the result extend.

= The Spherical-Fourier transform transfers these results to
a space on Weyl-group invariant functions on an r
dimensional space ag.. The recursion relations take the
form of difference equations.

Conclusions
Results in Other

Settings
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Directions

= Related analysis suggests that such generalizations Conclusions
should extend to generalizations of other special functions  Sognge -
like the Hermite and Legendre polynomials.
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= Related analysis suggests that such generalizations Conclusions
Results in Other

should extend to generalizations of other special functions Settings
like the Hermite and Legendre polynomials.

= \We have only dealt with the so-called scalar highest weight
representations. Is there an analogue with extensions to
vector valued Laguerre functions?




Directions

= Related analysis suggests that such generalizations Conclusions
should extend to generalizations of other special functions 553;;:;38'” Other
like the Hermite and Legendre polynomials.

= \We have only dealt with the so-called scalar highest weight
representations. Is there an analogue with extensions to
vector valued Laguerre functions?

= The Laguerre functions defined by Faraut and Koranyi are
L-invariant. How does the theory change when one
considers functions that transform according to a character
of L?
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