
Test II

Name: KEY

1. Evaluate

∫∫∫
E

(
x

y
+ 8z

)
dV , where E = {(x, y, z)| 0 ≤ x ≤ 1, 0 ≤ y ≤ x, 0 ≤ z ≤ y}.

∫∫∫
E

(
x

y
+ 8z

)
dV =

∫ 1

0

∫ x

0

∫ y

0

(
x

y
+ 8z

)
dzdydx =

∫ 1

0

∫ x

0

(
x

y
z + 4z2

)∣∣∣∣y
0

dydx

=

∫ 1

0

∫ x

0
(x+ 4y2)dydx =

∫ 1

0

(
xy +

4y3

3

)∣∣∣∣x
0

dx

=

∫ 1

0

(
x2 +

4x3

3

)
dx =

(
x3

3
+
x4

3

)∣∣∣∣1
0

=
2

3

2. Evaluate

∫∫∫
E
x dV , where E is the solid in the first octant that lies under the paraboloid z = 2− x2 − y2.

Use cylindrical coordinates: x = r cos θ, y = r sin θ, z = z. Then the paraboloid is z = 2− r2.

So 0 ≤ z ≤ 2− r2, 0 ≤ θ ≤ π/2, 0 ≤ r ≤
√

2, dV = rdzdrdθ.∫∫∫
E
x dV =

∫ π/2

0

∫ √2
0

∫ 2−r2

0
r cos θ rdzdrdθ =

∫ π/2

0

∫ √2
0

(2− r2)r2 cos θdrdθ

=

(∫ π/2

0
cos θdθ

)(∫ √2
0

(2r2 − r4)dr

)

=

(
sin θ

∣∣∣π/2
0

)(
2r3

3
− r5

5

∣∣∣∣
√
2

0

)
= (1− 0)

(
4
√

2

3
− 4
√

2

5

)
=

8
√

2

15

3. Evaluate

∫∫∫
E
z dV , where E is the solid hemisphere x2 + y2 + z2 ≤ 4, z ≥ 0.

Use spherical coordinates: x = ρ sinφ cos θ, y = ρ sinφ sin θ, z = ρ cosφ, dV = ρ2 sinφ dρdθdφ.

Then the domain is : 0 ≤ ρ ≤ 2, 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π/2. So∫∫∫
E
z dV =

∫ π/2

0

∫ 2π

0

∫ 2

0
ρ cosφ ρ2 sinφ dρdθdφ =

(∫ π/2

0
cosφ sinφ dφ

)(∫ 2π

0
dθ

)(∫ 2

0
ρ3dρ

)

=

(
1

2
sin2 φ

∣∣∣∣π/2
0

)
(2π)

(
ρ4

4

∣∣∣∣2
0

)
=

1

2
· 2π · 4 = 4π



4. Evaluate

∫
C
x sin(yz) ds, where C is the line segment from (0, 0, 0) to (1, 2, 3).

The vector equation for C: 〈x, y, z〉 = 〈0, 0, 0〉+ t ( 〈1, 2, 3〉 − 〈0, 0, 0〉 ) = t 〈1, 2, 3〉, 0 ≤ t ≤ 1.
So the parametric equations for C: x = t, y = 2t, z = 3t, 0 ≤ t ≤ 1.∫
C
x sin(yz) ds =

∫ 1

0
t sin(2t · 3t)

√
(x′)2 + (y′)2 + (z′)2 dt =

√
14

∫ 1

0
t sin(6t2)dt (u = 6t2, du = 12tdt)

=
√

14

∫ 6

0
sin(u)

1

12
du =

√
14

12
(− cosu)

∣∣∣∣∣
6

0

=

√
14

12
(− cos 6 + cos 0) =

√
14

12
(1− cos 6)

5. Let F(x, y) = 2xy2i + (2x2y + 1)j.
(a) Is there a function f for which ∇f = F? If the answer is yes, find such an f ; if the answer is no, explain why.

P = 2xy2, Q = 2x2y + 1 ⇒ ∂P

∂y
= 4xy and

∂Q

∂x
= 4xy ⇒ yes, F is conservative and so f does exist.

Now we find f with fx = P and fy = Q.

From fx = P ⇒ f =

∫
fxdx =

∫
2xy2dx = x2y2 + g(y).

This implies fy = d
dy (x2y2 + g(y)) = 2x2y + g′, and thus, by fy = Q, we have

2x2y + 1 = 2x2y + g′(y) ⇒ g′(y) = 1 ⇒ g(y) = y + C ⇒ f(x, y) = x2y2 + y + C

(b) Evaluate

∫
C

F · dr, where C is the curve y =
2x+ sin(πx)

1 + x2
from (0, 0) to (1, 1).

Since F = ∇f ,∫
C

F · dr =

∫
C
∇f · dr = f(end)− f(start) = f(1, 1)− f(0, 0) = (1212 + 1 + C)− (0202 + 0 + C) = 2



6. Evaluate line integral

∫
C

(
√

1 + x2 − y2)dx+ (
√

1 + y2 − x2)dy,

where C is the rectangle from (0, 0) to (2, 0) to (2, 1) to (0, 1) to (0, 0).

Let D be the rectangle enclosed by C. Then D = {(x, y) : 0 ≤ x ≤ 2, 0 ≤ y ≤ 1}

By Green’s Theorem,

∫
C

(
√

1 + x2 − y2)dx+ (
√

1 + y2 − x2)dy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dA =

=

∫ 2

0

∫ 1

0
(−2x+ 2y)dydx =

∫ 2

0
(−2xy + y2)

∣∣∣∣1
0

dx =

∫ 2

0
(−2x+ 1)dx = (−x2 + x)

∣∣∣∣∣
2

0

= −4 + 2 = −2

7. Evaluate surface integral

∫∫
S

(xy − x− y + z)dS, where S is the parallelogram with parametric equations

x = u− v, y = u+ v, z = 1 + 2u, 0 ≤ u ≤ 2, 0 ≤ v ≤ 1.

ru × rv =

∣∣∣∣∣∣
i j k
1 1 2
−1 1 0

∣∣∣∣∣∣ = −2i− 2j + 2k ⇒ |ru × rv| =
√

12

∫∫
S

(xy − x− y + z)dS =

∫∫
D

((u− v)(u+ v)− (u− v)− (u+ v) + (1 + 2u))
√

12 dA =

=
√

12

∫ 2

0

∫ 1

0
(u2 − v2 + 1)dvdu =

√
12

∫ 2

0

(
u2v − 1

3
v3 + v

)∣∣∣∣1
0

du =
√

12

∫ 2

0
(u2 +

2

3
) du =

√
12

(
1

3
u3 +

2

3
u

)∣∣∣∣2
0

= 4
√

12 = 8
√

3


