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Abstract

Let P; denote the complement of a path on seven vertices. We determine all 4-connected graphs that

do not contain P as a minor.

1 Introduction

In this paper, a graph G is called H-free, where H is a graph, if no minor of G is isomorphic to H. Many
important problems in graph theory can be formulated in terms of H-free graphs. For instance, the four
color theorem can be equivalently stated as: all K5-free graphs are 4-colorable. To solve problems involving
H-free graphs, it is often desirable to explicitly determine all H-free graphs. In this area, the two most
famous open problems are to determine Kg-free and Petersen-free graphs. Notice that both graphs have

fifteen edges.

For each 3-connected graph H with at most eleven edges, all H-free graphs have been completely de-
termined. A survey of these results can be found in [3]. For 3-connected graphs with twelve edges, the
characterization problem is solved for the cube [5], the octahedron [2, 6], and the Wagner graph Vg [7]. In
addition, 4-connected Octt-free graphs are also determined [4], where Oct™ is the unique 13-edge graph
obtained from the octahedron by adding an edge. In this paper we consider P;-free graphs, where Pr, a
15-edge graph, is the complement of a path on seven vertices. Our result makes P; the large graph H for
which 4-connected H-free graphs are completely determined. In contrast, 6-connected Kg-free graphs are
not determined (although there is a conjecture on these graphs) and nothing is known about 6-connected

Petersen-free graphs.

To state our main result we need to define a few classes of graphs. For each integer n > 3, let DW,, denote
a double-wheel, which is a graph on n + 2 vertices obtained from a cycle C, by adding two adjacent vertices
and connecting them to all vertices on the cycle. Let DW = {DW,, : n > 3}. For each integer n > 5, let C2
be a graph obtained from a cycle C), by joining all pairs of vertices of distance two on the cycle. Notice that
C2? = DW3 = K35, and C? is nonplanar when n is odd. Let Co = {C3, : n >3}, C1 = {C3,,, : n > 2}, and
C =CpUC;. Let K consist of graphs that are 4-connected nonplanar minors of some K4 ,. In other words,
these are 4-connected nonplanar graphs obtained from some K4, (n > 1) by adding edges to the color class
of size four. Tt is routine to check that K contains exactly one graph (K35) on five vertices, two (Kg\e, DWy)

on six vertices, six (K} 3, K75, K3 3, K{ 5, K7 3, K§ 5 in Figure 4.2) on seven vertices, and eleven on n (n > 8)
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vertices. Given a graph G, the line graph of G, denoted by L(G), is the graph with vertex set F(G) and
edge set {zy : z,y € E(G) are adjacent in G}. Our main result is the following.

Theorem 1.1. A J-connected graph G is Pr-free if and only if either G is planar or G belongs to DW U
CiUKU{Ksg, L(K33),I'1,T3,T'5,T'y,Ts}, where I'y, ..., T'5 are the five graphs shown below.

P e B DS

Figure 1.1: Graphs I'y, I's, I's, I'y, T'5

This theorem implies the following.

Corollary 1.2. A j-connected graph G is C2-free if and only if either G is planar or G belongs to DWW U
KU{Ks, L(K33), I'1,I'2,T'3,T4,T'5}.

We remark that Theorem 1.1 is not a complete characterization of P;-free graphs, since we do not know
those Pr-free graphs that have a low connectivity. As observed in [2], Pr-free graphs are precisely graphs
constructed by 0-, 1-, 2-, and 3-sums starting from K, K,, K3, K4, and internally 4-connected P;-free
graphs. It follows that we need to determine all internally 4-connected P;-free graphs in order to obtain a
complete characterization. Theorem 1.1 determines all 4-connected Pr-free graphs, but it seems that there
are still many internally 4-connected ones that are not 4-connected. For instance, consider graphs obtained
from two disjoint copies of K5, by adding a perfect matching in between. All such graphs are internally

4-connected and Pr-free.

We close this section by providing an outline of the rest of the paper. In the next section we explain how
our approach works. In particular, we introduce a chain theorem for 4-connected graphs, which says that all
4-connected graphs are “extensions” of certain basic graphs. Our proof of Theorem 1.1 will be divided into
two parts. First, in Section 3, we determine P;-free extensions of every basic graph that is not K5. Then,
in Section 4, we determine Pr-free extensions of K5. Finally, we prove Theorem 1.1 and Corollary 1.2 in the

end of Section 4.

2 Basic lemmas

Our main tool is a chain theorem for 4-connected graphs. To explain this result, we need a few definitions.
A 3-connected cubic graph with at least six vertices is called internally 4-connected if it has four disjoint
paths between any two cycles of the graph. Let £ denote the class of line graphs of internally 4-connected
cubic graphs.

All graphs considered in this paper are simple. In particular, we use G/e to denote the graph obtained
from G by first contracting e and then deleting all but one parallel edges from each parallel family. The
reverse operation of this modified contraction is called splitting a vertex, which is formally defined as follows.

Let v be a vertex of a graph G. Let Ng(v) denote the set of vertices of G that are adjacent to v, which are
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also known as neighbors of v. Let X,Y C Ng(v) such that X UY = Ng(v) and |X|,|Y| > 3. Let G’ be
obtained from G\v by adding two adjacent vertices z,y and then joining x to all vertices in X and y to all
vertices in Y. We call G’ a split of G. Now we can state the chain theorem [8] that we will use.

Theorem 2.1. Every 4-connected graph can be obtained from a graph in CUL by repeatedly splitting vertices.

We also make the following observation.

Lemma 2.2. If G’ is obtained from a 4-connected graph G by splitting a vertex v, then G’ is also 4-connected.

Proof. Suppose, to the contrary, that G’ has a vertex cut S of size at most three. Let z,y and X,Y be as
in the definition of vertex split. Since G = G’ /zy is 4-connected, exactly one of x,y, say x, is in S. Then,

for the same reason, y is an isolated vertex in G’ — S, which contradicts the assumption |Y| > 3. O

The above two results suggest an algorithm for generating all 4-connected graphs. We begin with graphs
in CU L, which are known to be 4-connected. In the general step, we split each vertex of each constructed
graph in all possible ways. Theorem 2.1 implies that graphs generated by this procedure include all 4-
connected graphs, and Lemma 2.2 ensures that the generated graphs are precisely all 4-connected graphs.

We will follow this algorithm to generate all 4-connected P;-free graphs.

When analyzing cubic graphs we will need the following version of Menger theorem, which can be found
in Section 3.3 of [1].

Lemma 2.3. Let G be a graph and let P be a set of k disjoint paths of G between disjoint A, B C V(G). If
G has a set Q of k+ 1 disjoint paths between A and B, then Q can be chosen so that each end of a path in
P is also an end of a path in Q.

A graph G is a subdivision of a graph H if G is obtained from H by repeatedly deleting an edge zy, and

adding a new vertex z and two new edges zx, zy. The next is an easy lemma which was also observed in [6].

Lemma 2.4. If a subdivision of H is a subgraph of G then L(H) is a minor of L(G).

We also need the following result from [4].

Theorem 2.5. If a nonplanar graph G is obtained from a 4-connected planar graph by splitting a vertez,

then G contains P; as a minor.

3 Extensions of large graphs

Let Ext(G) be the class of Pr-free graphs that are either G or obtained from G by repeatedly splitting
vertices. By Theorem 2.1 we need to determine Ext(G) for every G € C U L. In this section we consider
extension of graphs in (C — {K5}) U £, and we will consider Fxt(K5) in the next section.

We first consider planar graphs in C U £. The result follows from Theorem 2.5 and Lemma 2.2.

Lemma 3.1. If G € CU L is planar then all graphs in Ext(G) are planar.

Next we consider nonplanar graphs in L.
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Lemma 3.2. L(K33) is C2-free.

Proof. Since L(K33) is connected, if C? is a minor of L(K3 3), the minor can be obtained by contracting
two edges e, f and then deleting some edges. Let e = zy and let zyz be the unique triangle containing e (see
Figure 3.1). Notice that z is cubic in L(K3 3)/e, so f has to be incident with z. If f is not in the triangle zyz
then L(K33)/e/f has a cubic vertex, which cannot contain C2. If f is in the triangle zyz then L(K33)/e/f
is isomorphic to I';. To obtain C%, we have to delete one edge from I'y. However, any edge deletion results
in a cubic vertex, which implies that L(Kj33) is C?-free. O

R

I

Figure 3.1: Contracting edges of L(K3 3)

Lemma 3.3. If G is an internally 4-connected nonplanar cubic graph, then either G = K33 or G contains

a subdivision of Vg.

Proof. This result follows from the characterization of Vs-free graphs [7]. However, instead of explaining
this characterization, we can provide a short proof of this lemma.

Since G is cubic and nonplanar, G contains a subgraph H that is a subdivision of K3 3. Let 21,22, 23,91,
Y2, Y3 be the cubic vertices of H and let P;;, where ¢,j € {1,2,3}, be the z;y;-path of H corresponding to
edge x;y; of K33. If |[V(H)| = 6 then G = K33 since G is connected. So we may assume that Pj; has
interior vertices. Since G is 3-connected, G — {x1,y1} has a path @ between P;; — {x1,y1} and H — V(P11).
If an end of @ is on P;; for some i,j € {2,3} then H UQ is a subdivision of V5. So we may assume that @
has an end on Pj». Let A be the cycle contained in Pi; U P12 UQ and let B be the union of P;; for ¢ = 2,3
and j = 1,2,3. By Lemma 2.3, since G is internally 4-connected, G has four disjoint paths @1, Q2, @3, Q4
between A, B and such that y; (i = 1,2,3) is an end of @Q);. Now it is easy to check that the union of A, B
and Q1, @2, @3, Q4 contains a subdivision of Vg. O

Lemma 3.4. If G € L is nonplanar then Ext(G) = 0, unless G = L(K33), and in this case Ext(G) = {G}.

Proof. We first observe that the line graph of any planar cubic graph is planar. So if G € £ is nonplanar
and G = L(H), then H is nonplanar. If H is not K3 3, by Lemma 3.3, H contains a subdivision of Vg. Notice
that L(Vg) contains a P;-minor (see Figure 3.2), so we deduce from Lemma 2.4 that G contains a P;-minor,
which proves Fxt(G) = 0.

Figure 3.2: Vg and a Py-minor of L(Vg)
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Figure 3.3: Up to symmetry, L(K3 3) has two minimal splits, both of which contain a P;-minor by contracting
the thick edges.

Next we consider the case H = K33. Since P; can be obtained from C2 by joining two nonadjacent
vertices, by Lemma 3.2, L(K33) is P?-free. To complete the proof, we show that any split of L(Kj33)
contains a Py-minor. Clearly, we only need to consider the cases that both the two new vertices have degree
four, because other splits contain these special splits. Up to symmetry, there are two such splits, and both
of them contains a Pr-minor, as illustrated in Figure 3.3. O

Finally we consider nonplanar graphs in C — { K5}, which are exactly graphs in C; — {K5}.

Lemma 3.5. For every integer n > 3, 022”+1 is Pr-free.

Proof. If a simple connected graph G = (V, E) has an embedding in the projective plane, then by Euler
formula, the embedding has k = |E| — |V| 4+ 1 faces. If the size of the faces are fi, fo, ..., fi, then 2|F| =
fi+ fa+ ...+ f > 3k = 3|E| — 3|V| + 3, which implies |E| < 3|V| - 3.

For any graph G, let G 4+ u denote the graph obtained from G by adding a new vertex u and joining u
to all vertices of G. Then P; + u is not projective since it has 8 vertices and 22 > 3|V| — 3 edges. However,
it is easy to see that C2, 41 can be embedded in the Mdébius strip with all vertices on the boundary, hence
C3%,.1 + u admits is projective embedding. As a result, G + u is projective for every minor G of C3,,; and

thus P is not a minor of C3, ;. O

Lemma 3.6. For anyn >3, Ext(C3,.,) = {C3,.1}.

Proof. By Lemma 3.5, we only need to show that very split of C3,,, (n > 3) contains a P;-minor. We
prove this by induction on n. First, every split of C? contains a P;-minor because it contains a split, that

both new vertices have degree four, as shown in Figure 3.4. Next, suppose n > 3. We claim that every split

.......................................................................................................................................

Figure 3.4: Up to symmetry, C2 has four minimal splits, all of which contain a P;-minor by contracting the
thick edges.

of C3, ., contains a split of C3,_; as a minor. Let {v1,va,...,v2,41} be the vertex set of C3,,, such that
forall 1 > i > 2n+ 1, N(v;) = {vi—2,0i—1, Vi1, Vit2}, where the indices are taken modulo 2n + 1. Since
all vertices of C3, 41 are symmetric, we choose to split vertex v4 and let G’ be the resulted graph. Then we
contract edges vo,—1V2,+1 and ve,v1. Let G” be the resulted graph, and let v}, _;,v] be the new vertices
obtained from contracting va, 102,41 and va,v1, respectively. Then Ngi (v, 1) = {van—3, van—_2,v], 2},

and Ng»(v]) = {vapn—_2,vh, 1,v2,v3}. Since n > 3, vap_1, Vant+1, V2n, v1 are not adjacent to vy. So G” is a
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split of C2, _,, which proves the claim. Now the induction hypothesis implies that G’ contains a P;-minor,

which completes our induction and thus the lemma is proved. O

4 Extensions of Kj

In this section we determine all graphs in Ext(Ks).

Lemma 4.1. E$t(K5) =DWUKU {Kﬁ, 1—‘1,1—‘2,1—‘3,1—‘4,1—‘5}

We divide the proof of Lemma 4.1 into a sequence of lemmas.

Lemma 4.2. Every graph in DW is C2-free.

Proof. Each double-wheel has at most two vertices whose deletion results in a graph of maximum degree
at most two. This is a property preserved by all its minors. It is easy to check that C? does not have this

property, so it is not a minor of any double-wheel. O

Lemma 4.3. Every graph in K is C?-free.

Proof. Every K, , has at most four vertices that cover all edges of the graph. This is a property preserved
by all its minors. It is easy to check that C? does not have this property, so it is not a minor of any G € K

since G is a minor of some Ky . O

Lemma 4.4. All graphs in {Kg, I'1,T2,T3,[4,T5} are C2-free.

Proof. It is clear that Kg is C2-free since Kg has fewer vertices than C%. Since |V(T'1)| = |V(C2?)],
|E(T1)| = |E(C2)| + 1, and T'y\e has a cubic vertex for every edge e, it follows that I'y is C2-free. For
i = 2,3,4,5, notice that T'; has eight vertices, see Figure 4.1. If I'; contains a P;-minor, we may assume
that one of its edges is contracted. Some edges of I'; cannot be contracted since its contraction destroys
the 4-connectivity of the graph. In I'y, we can contract only edge 14, 25, 36, or 78, and the resulted graph
is isomorphic to I';. In I's, we can contract only edge 14, 25, 28, 36, 57, or 78, and the resulted graph is
isomorphic to I'; or K 5’73, where K 5’13 is a graph in K as shown in Figure 4.2. In I'y, we can contract only
edge 14, 25, 28, 36, 57, or 78, and the resulted graph is isomorphic to I'; or Kjf_rg, where Kff_rg is a graph in
K as shown in Figure 4.2. In I'5, we can contract only edge 14 or 78, and the resulted graph is isomorphic
to I'y. By Lemma 4.3, T'5, '3, 'y, I'5 are C2%-free. O

Figure 4.1: T'5,T'3,T'y, and I's

In the next few lemmas we determine all extensions of K5. The process is illustrated in Figure 4.2. We
first determine all three splits of K5. Then we determine all P;-free splits of each of these three. We will

repeat this procedure and further determine all P;-free splits of these 7-vertex graphs. Finally, we show that
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Figure 4.2: Pr-free splits of K5 on 6, 7, and 8 vertices
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any further split will create a P;-minor except for graphs in DW UK. In the following, we will denote graphs

in K with seven or eight vertices by K f“ as shown in Figure 4.2.

Lemma 4.5. The only splits of K5 are K¢, Kg\e, and DWy.

Proof. When a vertex of K5 is split, the degree sum of the two new vertices could be 8, 9, or 10, and these

correspond to DWy, Kg\e, and Kg, which proves the lemma. O

Lemma 4.6. Every split of K¢ contains a Pr-minor.

Proof. To prove this lemma, we may assume that both the two new vertices have degree four. Up to
symmetry, K¢ has only one such split, which contains P; as a spanning subgraph (this is more clear if we
consider the complements of the two graphs). o

The proof of this lemma is easy since the conclusion is simple. In proving the remainder lemmas we will
see more cases. Typically, when we split a vertex we first consider the case when both the two new vertices
have degree four. Then we view other splits as obtained from these minimal splits by adding edges. The
following is a useful lemma for this approach. Let G + e denote a graph obtained from a graph G by adding

an edge e between two nonadjacent vertices.

Lemma 4.7. (i) DW5 + e contains a P;-minor;
(ii) T; + e contains a Py-minor, unless i = 4 and I'y + e is isomorphic to I's;
) Kiﬁg + e, where e is added to the color class of size 3, contains a Pr-minor, unless i = 4;

(iv) K}Q + e, where e is added to the color class of size 4, contains a Pr-minor, unless i = 11.

Proof. Part (i). Notice that the complement of DWj5 + e is P5 together with two isolated vertices, which is
a subgraph of Py, so DWs + e contains P; as a subgraph.

Part (ii). Notice that the complement of I'y + e is Ps together with one isolated vertex, which is a
subgraph of Pr, so I'| + e contains P; as a subgraph. For i = 2,3,4,5, I'; can be obtained from I'; by
splitting the degree-5 vertex, as shown in Figure 4.1, where the two new vertices are 7 and 8. If e is incident
to neither 7 nor 8, then I'; 4+ e contains a I'; 4+ e-minor by contracting 78. So in each I';, we only need to
consider the addition of those missing edges e that are incident with every edge f of I'; with I'; / f isomorphic
to I';. We use labels in Figure 4.1. In T, since I'y/f is isomorphic to I'y for f € {14,25,36,78}, 'y + e
contains a P;-minor. In 'z, since '3/ f is isomorphic to I'y for f € {25,28,57, 78}, we only consider adding
e = 58. The resulted graph contains a P;-minor because it contains I's + e as a spanning subgraph. In I'y,
since T'y/ f is isomorphic to T'y for f € {25,28,57, 78}, we only consider adding e € {27,58} and the resulted
graph is isomorphic to I's. In I's, since I's/f is isomorphic to I'y for f € {14, 78}, we only consider adding
e € {18,47}. Notice that these two additions are isomorphic. Suppose e = 18, then by contracting 23, the

resulted graph is isomorphic to P;.

Part (iii). Since K{ 3+ e is isomorphic to K3 5, by Lemma 4.3, K{ 5 + ¢ is Pr-free. For i =1,2,3,5, Kj 3
contains K 213 as a subgraph. We only need to consider Kgg + e. Notice that the complement of K 213 +e
consists of Py with one edge and one isolated vertex, which is a subgraph of P;, so K 2)3 + e contains Py as
a subgraph.

Part (iv). Since Kil4 + e is isomorphic to Kigp by Lemma 4.3, Kil4 +eis Pr-free. Fori=1,...,9, Ki4
contains Kigl as a subgraph. We only need to consider Ki_% + e. Notice that there is an edge f in Kio4 +e
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incident to two degree-4 vertices in K i% +e. Then K i% + e contains a K 23 + e-minor by contracting f. So

K igl + e contains a Pr-minor. (]

Lemma 4.8. The only P;-free splits of Kg\e are Kig, K4213, and Kig.

Proof. We first claim that splitting a degree-4 vertex of Kg\e must result in a P;-minor. To prove this
we may assume that both the two new vertices have degree four. Up to symmetry, Ks\e has only one such
split. The complement of the split is Ps together with two isolated vertices, which is a subgraph of Pr, so
the split contains P as a subgraph.

Next we consider splitting a degree-5 vertex of Kg\e. Note that this vertex has two degree-4 and three
degree-5 neighbors. Suppose both the two new vertices, z!, 22, have degree four. Up to symmetry, there are
only three such splits, which we denote by G1, G2, and G3. The first two splits, G; and G, contain Py as a
spanning subgraph, as shown in Figure 4.3(a). The third split, G5 is isomorphic to K 23, as shown in Figure
4.3(b), which is P;-free by Lemma 4.3. Notice that one of the two new vertices, say ', belongs to the set
of four vertices that cover all edges of K7 5.

Now suppose at least one of the two new vertices has degree exceeding four. Then this split, denoted by
G, is obtained from G1, G3, or G3 by adding edges. If G contains G or G then G contains a Pr-minor. So
we assume that G is obtained from G3 by adding edges. If we only add edges incident with x!, then G is
isomorphic to Ki.s or Kig, see Figure 4.3(c), both of which are Pr-free by Lemma 4.3. If we also add edges
incident with 2% then, by Lemma 4.7(iii), G’ contains a P;-minor because G contains Ki,S +e(i=1,2,3) as

a spanning subgraph. Hence, the only P;-free splits of Kg\e are Kig, Kig, and Kig. O

@@

-
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S ¥

i Kz % Kéa

(b) ©

3
43

Figure 4.3: (a) Splits of a degree-5 vertex in Kg\e, in which both the two new vertices have degree four and
they have a minor Pr; (b) a split of a degree-5 vertex in Kg\e, which is isomorphic to K3 3; (c) splits of a

degree-5 vertex in Kg\e, which are isomorphic to Ki)3 and KZ,3~

Proofs for Lemmas 4.9, 4.11, and 4.12 are of the same flavor. We generate all possible splits and we
identify the ones that are P;-free. Since these lemmas only talk about graphs with fewer than ten vertices,
the conclusions can be verified by a computer. We did reproduce the process (splitting vertices and testing for
minors) using Mathematica and we found that our conclusions do agree with results produced by computer.
So readers who are comfortable with computer-assisted proofs can fast forward to Lemma 4.13 for a summary

and then move on to the next lemma where we will deal with graphs of unbounded size.

Lemma 4.9. The only P;-free splits of DW, are T'y, DWs, KZ73, K273, Kfi3, K273, and KE,3'

Proof. We first consider splitting a degree-4 vertex of DW,. Note that this vertex has two degree-4 and two
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degree-5 neighbors in DW,. Suppose both the two new vertices have degree four. Up to symmetry, there are
only three such splits, which we denote by G1, G2, and G3. The first two splits, G; and G, contain Py as a
spanning subgraph, as shown in Figure 4.4(a). The third split, G5 is isomorphic to DWj5, as shown in Figure
4.4(b), which is Pr-free by Lemma 4.2. Notice that both the two new vertices in this split are in the cycle
Cs5 of DW5. Now suppose at least one of the two new vertices has degree exceeding four. Then this split,
denoted by G, is obtained from G, G2, or G3 by adding edges. If G contains G; or G5 then G contains a
P;-minor. So we assume that G is obtained from G3 by adding edges. Then G contains a P; minor because

G contains DW5 + e in Lemma 4.7(i) as a spanning subgraph.

Next we consider splitting a degree-5 vertex. Note that this vertex has four degree-4 and one degree-5
neighbors in DWj. Suppose both the two new vertices, x!, 22, have degree four. Up to symmetry, there are
only four such splits, which we denote by G, Go, G3, and G4. The first split, G, contains P; as a spanning
subgraph, as shown in Figure 4.4(c). The last three splits, G2, G3, and G4, are isomorphic to I'y, Kig, and
K 23, respectively, as shown in Figure 4.4(d), which are Ps-free by Lemmas 4.3 and 4.4.

Now suppose at least one of the two new vertices has degree exceeding four. Then this split, denoted by
G, is obtained from Gy, G2, G3, or G4 by adding edges. If G contains G then G contains a Py;-minor. If G is
obtained from Gy by adding edges, then G contains I'; + e in Lemma 4.7(ii) because 2! and z? are degree-4
vertices in I';. So G contains a P;-minor. We assume that G is obtained from G5 or G4 by adding edges.
Notice that one of the two new vertices, say x', belongs to the set of four vertices that cover all edges of Ki)3
(i = 4,6). If we only add edges incident with z', then G is isomorphic to K7 3, K3 3, or K7 3, as shown in
Figure 4.4(e), which are P;-free by Lemma 4.3. If we also add edges incident to x2, then G contains KZLg +e
(i=2,...,6) in Lemma 4.7(iii) as a spanning subgraph. So G contains a P;-minor. Hence, the only Pr-free
splits of DWj are 'y, and Kj 5 for i = 2,...,6). O

48
R

Figure 4.4: (a) Splits of a degree-4 vertex in DWj, in which both the two new vertices have degree four and

Y

©

they have a minor Py; (b) a split of a degree-4 vertex in DW,, which is isomorphic to DWj; (c) a split of a
degree-5 vertex in DW,, which has a minor Pr; (d) splits of a degree-5 vertex in DW,, which are isomorphic
to I'1, K}, and K 3; (e) splits of a degree-5 vertex in DWy, which are isomorphic to K7 3, K3 5, and K7 5.

Lemma 4.10. Let x be a degree-4 vertex of a graph G, which does not have a 4-cycle with vertex set Ng(x).

Then every split G' of G at x contains a G+ e-minor, for some e between two nonadjacent vertices of Ng(x).
Proof. We only need to consider the case that both the two new vertices ' and 22 have degree four, because

other splits contain these special splits. Then there are y1,y2 € Ng(x) such that y; € Ng/(2!) — Ngr(22),
and yo € Ng/(2?) — Ng/(2'). Since x has degree four in G, we let Ng/(z') N Ngr(2?) = {ui,us}. since
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Y1u1Y2us is not a 4-cycle of G, we may assume by symmetry that yiu; is not an edge in G. So G’ contains

a G + yu;-minor by contracting x'y. O

Lemma 4.11. The only Pr-free splits of 'y are T's, I's, Ty, and T's, and no split of T'; (i=2,...,5) is
Pr-free.

Proof. We first claim that splitting a degree-4 vertex of I'y must result in a P;-minor. Let 2 be a degree-4
vertex of I'y. Since I'y does not have a 4-cycle with vertex set N, (z), by Lemma 4.10, every split G’ of T’y at
x contains a I'y + e-minor. By Lemma 4.7(ii), G’ contains a P;-minor. Next we consider splitting a degree-5
vertex of I';. Suppose both the two new vertices have degree four. Up to symmetry, there are only three
such splits, which we denote by G1, G2, and G3. These splits are isomorphic to I's, I'y, and I's, respectively,
as shown in Figure 4.1, where the two new vertices are 7 and 8. By Lemma 4.4, these splits are Pr-free.
Now suppose at least one of the two new vertices has degree exceeding four. Then this split, denoted by G,
is obtained from G1, Gs, or G3 by adding edges. If G is obtained from G; or G3 by adding edges, then G
contains I'; + e for some i = 2,5 in Lemma 4.7(ii) as a spanning subgraph. So G contains a P;-minor. We
assume that G is obtained from G5 by adding edges. Since G5 is isomorphic to I'y, G contains I'y + e as a
spanning subgraph. By Lemma 4.7(ii), either G is isomorphic to I's or G' contains a P;-minor. So the only
P;-free splits of I'; are 'y, T's, T'y, and T's.

Next, we consider splits of I';, 4 = 2,...,5. For i = 2,5, every vertex x in ['; has degree four and I'; does
not have a 4-cycle with vertex set Np,(x). By Lemma 4.10, every split G’ of T'; at = contains a I'; + e-minor.

Then by Lemma 4.7(ii), G’ contains a P;-minor.

In Ty, every vertex z in I'y has degree four and I'y does not have a 4-cycle with vertex set Np,(z).
By Lemma 4.10, every split G’ of I'y at x contains a 'y + e-minor. We first claim that G’ have a minor
Iy + e, which is not isomorphic to I's. To prove this we may assume that both the two new vertices, z!
and 22, have degree four. We use labels in Figure 4.1. By symmetry, G’ is obtained from I'y by splitting
either 4 or 5. For splitting 4, Nr,(4) = {1,5,6,8} and we may assume that 1 € Ng/(z'). Notice that
Ng/(z') — {1,22} C {5,6,8}, and in Ty, 1 is not adjacent to any vertices in this set. Since z' and z?
have degree four, there is y € Ng/(2') — Ng/(2?). Then G’/x'y contains 'y + 1u for some u € {5,6,8}
as a spanning subgraph, and T'y + lu is not isomorphic to I's. For splitting 5, Nr,(5) = {2,4,6,7} and
for each i = 1,2, either {2,7} C Ng/(2%) or {4,6} C Ng/(z?). Since x! and 2? have degree four, there is
y € Ngr(z') — Ngr(2%). Notice that in Ty, {2,7} is not adjacent to {4,6}. Then G’/z'y contains 'y + uv
for some u € {2,7} and v € {4,6} as a spanning subgraph, and "4 4+ uv is not isomorphic to I's. By Lemma

4.7(ii), G’ contains a Py-minor.

] [ [ I () [

SECR-REoR

Figure 4.5: Splits of a degree-5 vertex in I's, in which both the two new vertices have degree four, contain a

P;-minor by contracting the thick edges.

In T's, for every degree-4 vertex z, I's does not have a 4-cycle with vertex set N, (z). By Lemmas 4.7(ii)

and 4.10, every split of I's at x contains a P;-minor. For splitting a degree-5 vertex in I's, we claim that
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such splits contain a P;-minor. To prove this we may assume that both the two new vertices have degree

four. Up to symmetry, I's has only six such splits, which contain a P;-minor, as shown in Figure 4.5. O

In Lemma 4.12 and Lemma 4.15, we will consider splits of graphs in K. We will use the following
terminology in both cases. For any graph K in IC, let X be a set of four vertices that cover all edges of K,
and let Y = V(K) — X. Let G be a split of K, where a vertex x in X is split into z*,2%. Then there are
two possibilities. If ! or x2 is adjacent to no vertex in Y then we call G a clean split of K. It is clear that
if G is clean then G belongs to K. A non-clean split is called a mized split. In other words, G is a mixed
split if both z! and 22 have a neighbor in Y.

Lemma 4.12. Let G be a split of Kj 3, i=1,...,6.
(i) If G is obtained by splitting a vertex in Y then G contains a Pr-minor.

(ii) If G is mized then either G contains a P;-minor or G is isomorphic to T, for some j = 3,4.

Proof. Part (i). Suppose G is obtained by splitting some y € Y into y! and y?. We may assume that y!
and y? have degree four. Then G has a minor P; because G contains a split as shown in Figure 4.6(a) as a

subgraph.

Part (ii). Suppose G is mixed. For the case i = 1,2, 5,6, we show that G contain a P;-minor. To prove
this we may assume that ! and 22 have degree four. Since a subgraph of Ki.s induced by X is connected,
2! or 2 must be adjacent to a vertex in X\z, say #!. Notice that there is a path of K}i,s with vertex set X.
Then there is an edge in X\z. By considering common neighbors of 2 and z? in Y, there are six special
splits of Kig that G contains at least one of them as a subgraph, see Figure 4.6, where in Figure 4.6(a), z*

and 22 are z and y', respectively. As shown in Figure 4.6, these splits contains a Py-minor and so does G.

For the case ¢ = 3, x has either degree four, five, or six in K 273. We first claim that if x has degree four
or five then G contains a P;-minor. To prove this we may assume that 2 and z2 have degree four. If = has
degree four, then Ng(z) =Y U{z1} for some 21 € X — {z}. Up to symmetry, there are only two such splits
that G can be isomorphic to, and each split contains a graph in Figure 4.6(b) or (c¢) as a subgraph. So G
contains a P;-minor. If 2 has degree five, then Ng(x) = Y U {z1, 22} for some z;, 72 € X — {2}, and z; is
adjacent to x3. Up to symmetry, there are only three such splits that G can be isomorphic to, and each split
contains a graph in Figure 4.6(a), (d), or (e) as a subgraph. So G contains a P;-minor. We now consider
the case that x has degree six in Kff_rg. Suppose x! and 22 have degree four. Then Ng(x') N Ng(z?) = 0.
Since G is mixed, up to symmetry, there are only two such splits that G can be isomorphic to, which we
denote by G; and G3. Then G contains a graph in Figure 4.6(f) as a subgraph, and G2 is isomorphic to
I's. Note that 2! and z? are corresponding to vertices 3 and 6 of I's in Figure 4.1, respectively. Suppose
z' or x2 has degree exceeding four. Then G is obtained from Gy or G by adding edges. If G contains G
then G contains a P;-minor. So we assume that G is obtained from G by adding edges. Then G contains

a P;-minor because G contains I's + e in Lemma 4.7(ii) as a subgraph.

For the case i = 4, = has either degree four or six in K 273. We first claim that if x has degree four then
G contains a Py;-minor. To prove this we may assume that 2! and 2 have degree four. Up to Symmetry,
there are only two such splits that G can be isomorphic to, and each split contains a graph in Figure 4.6(b)
or (c) as a subgraph. So G contains a Pr-minor. We now consider the case that z has degree six in Kis.
Suppose z! and x? have degree four. Then Ng(x!) N Ng(22?) = (). Since G is mixed, up to symmetry, there
is only one such split and it is isomorphic to I'y. Note that 2! and 22 are corresponding to vertices 3 and 6

1

of Ty in Figure 4.1, respectively. Suppose z! or 22 has degree exceeding four. Then G is obtained from T4

12



338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

by adding edges. By Lemma 4.7(ii), either G is isomorphic to I's or G contains a Pr-minor. O

X2 oy X2

1

S

(b)

yl Xl 2 Xl X2 Xl X2 1
Xe [ _oY° 0 o
t% %@ % 2,
= o~ y =x2 =~
X2 Xl . Xl ;(2 Xl <
y'a) )
y2
@ © (d)

X
\

€ ()

Figure 4.6: A black vertex denotes a vertex in X. (a) A split of a vertex y € Y of K} 5, which has a minor P;
by contracting the thick edge; (b-f) splits of a vertex x € X of K}LB, which have a minor P; by contracting
the thick edges.

Lemma 4.13. FEvery G € Ext(K5) satisfies at least one of the following.
(i) G € {Kg, DWy,T'1,T2, T3, T, Ts};
(1) G € K with |[V(G)| < 7;
(i1i) G € Ext(DWs5);
(iv) G € Ext(K) for some K € K with |V(K)|=8.

Proof. The result follows from Lemmas 4.5, 4.6, 4.8, 4.9, 4.11, and 4.12. o

In the last two lemmas of this section we consider the two infinite families contained in Fat(K5).

Lemma 4.14. Ext(DW5) = {DW,, :n > 5}.

Proof. Since C? is a subgraph of P;, by Lemma 4.2, every double-wheel is Py-free. Thus it is enough for us
to show that, for each n > 5, the only Pr-free split of DW,, is DW,,41. Suppose DW,, is constructed from

cycle vyvs...v, and two adjacent vertices uy,us. Let G be a split of DW,,.

Suppose G is obtained by splitting u;. Let u} and u? be the two new vertices. If n > 6 then at least one
of u},u?, say u}, has degree exceeding four. Let v; be a neighbor of u}. If possible we choose j such that v; is
not a neighbor of u?. Then G’ = G /vjv,41 is a split of DW,,_1, because G’ /u}u? = DW,,_; and both u},u?
have degree at least four in G’. By repeating this process we see that G contains a minor that is obtained
from DWj5 by splitter a degree-6 vertex. Note that DWj5 has two possible splits at u; and both contain a

Pr-minor (see Figure 4.7). Therefore, G contains a P;-minor. Now suppose G is obtained by splitting v;.

________________________________________

Figure 4.7: Splitting a degree-5 vertex u; of DWj5 such that both new vertices have degree five.
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Figure 4.8: Splitting a degree-4 vertex vy of DW,, gives either DW,, ;1 or a graph containing a P;-minor.

If G\ujus is nonplanar, by applying Theorem 2.5 to G\ujus we deduce that G contains a Pr-minor. So we
assume that G\ujus is planar. Then there are two cases as shown in Figure 4.8 with ¢ = 2. So either G is

isomorphic to DW,, ;1 or G contains a P;-minor. O

Lemma 4.15. If K € K has at least eight vertices and G is a Py-free split of K, then G belongs to K.

Proof. Suppose the lemma is false. Then there exist K € K with |V (K)| > 8 and a P;-free split G of K with
G ¢ K. We choose such a K with |V (K)| as small as possible. Recall that we denote by X = {x1, z2, 3,74}
a set of four vertices that cover all edges of K and we let Y = V(K) — X = {y1, 92, ..., yn}. If G is obtained
by splitting some y;, say, j = 1, we consider G’ = G/{x1y4, 21Ys, ..., T1Yn}. Since n > 4, G’ satisfies the
assumption in Lemma 4.12(i), which implies that G’ contains a P;-minor. This is a contradiction since G is
P;-free. This contradiction shows that G is not obtained by splitting any vertex in Y, and thus G is obtained
by splitting a vertex x; € X. Since G is not in K, G must be a mixed split. Without loss of generality, let

i =1, let z1 and z? be the two new vertices, and let y; (j = 1,2) be a neighbor of :le

We first claim that in each G/z;y; (i = 2,3,4 and j = 3,4,...,n), at lease one of z{, 7 has degree
smaller than four. Suppose on the contrary that both z} and 2% have degree at least four in G/z;y;. Since
(Glziy;)/ria? = (G/xia?)/zy; = K/zy; € K, it follows that G/z;y; is a mixed split of K/z;y;. To
proceed we consider two cases. First, assume n = 4. Then K/x;y; = Kfi3 for some k = 1,2,...,6. By
Lemma 4.12(ii) and our assumption that G is Pr-free, it follows that G /x;y; is isomorphic to either I' or
I'y. However, by Lemma 4.11, G contains a Pr-minor, a contradiction. Next, assume n > 5. Observe that
G/z;y; ¢ K, because if Z is a set of four vertices covering all edges of G/z;y;, then some vertex in ¥ — {y;}
is not in Z, which implies {z2, 23,24} C Z, and thus a contradiction since we have to cover x%yl and :v%yg
with only one vertex. This observation shows that K/x;y; is a smaller counterexample, which contradicts
the choice of G and K, and this contradiction completes the proof of our claim.

The above claim implies that for each edge z;y; (i = 2,3,4 and j = 3,4, ...,n), there exists k € {1,2}
such that :v’fxiyj is a triangle and ¥ is a degree-4 vertex in G. In particular, each z; (i = 2,3,4) is adjacent
to at least one of z1,22. Consequently, dg(x1) + dg(x?) > |Y| + (|X| — 1) +2 > 9, which implies that
only one of z1, 2%, say, 1, has degree four. Now we conclude that z}z;y; is a triangle for all i = 2,3,4 and
j = 3,4, which contradicts dg(z1) = 4 and this contradiction proves the lemma. O

Proof of Lemma 4.1. The result follows from Lemmas 4.13, 4.14, and 4.15. o

Proof of Theorem 1.1. By Theorem 2.1, Lemmas 3.1, 3.4, and 3.6, we only need to determine Ext(K5).
Then the result follows from Lemma 4.1. O
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4.4,

Proof of Corollary 1.2. Since Cy, 41 (n > 4) contains a C3, ;-minor, by Lemmas 3.2, 4.2, 4.3, and
the result follows from Theorem 1.1. O
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