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3 Abstract

4 In this paper, we give a complete characterization of binary matroids
5 with no Py-minor. A 3-connected binary matroid M has no Py-minor
6 if and only if M is one of the internally 4-connected non-regular minors
7 of a special 16-element matroid Yig, a 3-connected regular matroid, a
8 binary spike with rank at least four, or a matroid obtained by 3-summing
9 copies of the Fano matroid to a 3-connected cographic matroid M* (K3 ,,),
10 M*(K3,,), M*(K3,), or M*(K3",) (n > 2). Here the simple graphs
11 K3 é’n, and Ké”'n are obtained from K3, by adding one, two, or
12 three edges in the color class of size three, respectively.

s 1 Introduction

14 It is well known that the class of binary matroids consists of all matroids
15 without any Us 4-minor, and the class of regular matroids consists of matroids
16 without any Us 4, F7 or F7-minor. Kuratowski’s Theorem states that a graph
17 is planar if and only if it has no minor that is isomorphic to K33 or K5. These
18 examples show that characterizing a class of graphs and matroids without
19 certain minors is often of fundamental importance. We say that a matroid is
20 N-free if it does not contain a minor that is isomorphic to N. A 3-connected
21 matroid M is said to be internally 4-connected if for any 3-separation of M,
2 one side of the separation is either a triangle or a triad.

23 There is much interest in characterizing binary matroids without small
24 3-connected minors. Since non-3-connected matroids can be constructed by
25 3-connected matroids using 1-, 2-sum operations, one needs only determine
2% the 3-connected members of a minor closed class. There is exactly one 3-
27 connected binary matroid with 6-elements, namely, W3 where W,, denotes
28 both the wheel graph with n-spokes and the cycle matroid of W,,. There are
20 exactly two T-element binary 3-connected matroids, F7 and F7. There are
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Figure 1: A geometric representation of Py

three 8-element binary 3-connected matroids, Wy, Sg and AG(3,2), and there
are eight 9-element 3-connected binary matroids: M (K3 3), M*(K33), Prism,
M(Ks\e), Py, Py, binary spike Z4 and its dual Z}.

|E(M)| Binary 3-connected matroids
6 W3
7 Fr, FZ
8 Wy, Ss, AG(3,2)
9 M(Kg,g), M*(Kg’g), M(K5\€), P?"iS’I?’L, Pg, Pg, Z4, ZZ

For each matroid N in the above list with less than nine elements, with
the exception of AG(3,2), the problem of characterizing 3-connected binary
matroids with no N-minor has been solved. Since every 3-connected binary
matroid having at least four elements has a Ws-minor, the class of 3-connected
binary matroids excluding W3 contains only the trivial 3-connected matroids
with at most three elements. Seymour in [I1] determined all 3-connected
binary matroids with no Fr-minor (F%-minor). Any such matroid is either
regular or is isomorphic to F7 (F7). In [§], Oxley characterized all 3-connected
binary Wj-free matroids. These are exactly M (Ky), Fr, F¥, binary spikes Z,,
Zr, Zp\t, or Z,\y, (r > 4) plus the trivial 3-connected matroids with at
most three elements. It is well known that Fy, F¥, and AG(3,2) are the only
3-connected binary non-regular matroids without any Sg-minor.

In the book [3], Mayhew, Royle and Whittle characterized all internally
4-connected binary M (K3 3)-free matroids. Mayhew and Royle [5], and in-
dependently Kingan and Lemos [7], determined all internally 4-connected bi-
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nary Prism-free (therefore M (K5\e)-free) matroids. For each matroid N in
the above list with exactly nine elements, the problem of characterizing 3-
connected binary matroids with no N-minor is still unsolved yet. The problem
of characterizing internally 4-connected binary AG(3,2)-free matroids is also
open. Since Z; has an AG(3,2)-minor, characterizing internally 4-connected
binary Zs-free matroids is an even harder problem. Oxley [8] determined all
3-connected binary matroids with no Py- or Pj-minor:

Theorem 1.1. Let M be a binary matroid. Then M is 3-connected having
no minor isomorphic to Py or Py if and only if

(i) M is regular and 3-connected;
(ii) M is a binary spike Z., Z}, Z,\y, or Z\t for some r > 4; or
(i1i)) M = F; or F7.

Py is a very important matroid and it appears frequently in the structural
matroid theory (see, for example, [4, 8l [13]). In this paper, we give a complete
characterization of the 3-connected binary matroids with no Py-minor. Before
we state our main result, we describe a class of non-regular matroids. First
let K be the class 3-connected cographic matroids N = M*(K3,,), M*(K3,,),
M*(K3,), or M*(K3',) (n > 2). Here the simple graphs K3 ,, K3 ,,, and K3,
are obtained from K3, by adding one, two, or three edges in the color class of
size three, respectively. Note that when n = 2, N =2 W), or the cycle matroid
of the prism graph. From now on, we will use Prism to denote the prism
graph as well as its cycle matroid. Take any ¢ disjoint triangles 717,75, ..., T}
(1 <t<n)of N and t copies of F;. Perform 3-sum operations consecutively
starting from N and F7 along the triangles 7; (1 < i < t). Any resulting
matroid in this infinite class of matroids is called a (multi-legged) starfish.
Note that each starfish is not regular since at least one Fano was used (and
therefore the resulting matroid has an Fr-minor) in the construction. The
class of starfishes and the class of spikes have empty intersection as spikes are
Wy-free, while each starfish has a W4-minor.

Our next result, the main result of this paper, generalizes Oxley’s Theo-
rem and completely determines the 3-connected Py-free binary matroids.
The matroid Yig, a single-element extension of PG(3,2)*, in standard repre-
sentation without the identity matrix is given in Figure 2.

Theorem 1.2. Let M be a binary matroid. Then M is 3-connected having no
minor isomorphic to Py if and only if one of the following is true:

(i) M is one of the 16 internally 4-connected non-regular minors of Yi¢; or

(1i) M is reqular and 3-connected; or
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(i1i) M is a binary spike Z,, Z*, Z,\y, or Z,\t for some r > 4; or
(iv) M is a starfish.

R, PO 000
— —m OO FFEF OO
— O R O = ORFRFE O
OO, FOFKFHKFHERKRO
— == RO == OO

Figure 2: A binary standard representation for Y4

The next result, which follows easily from the last theorem, characterizes
all binary Py-free matroids.

Theorem 1.3. Let M be a binary matroid. Then M has no minor isomor-
phic to Py if and only if M can be constructed from internally 4-connected
non-reqular minors of Yig, 3-connected reqular matroids, binary spikes, and
starfishes using the operations of direct sum and 2-sum.

Proof. Since every matroid can be constructed from 3-connected proper minors
of itself by the operations of direct sum and 2-sum, by Theorem the
forward direction is true. Conversely, suppose that M = My & Ms, or M =
M @9 Ms, where M; and My are both Py-free. As Py is 3-connected, by [9,
Proposition 8.3.5], M is also Py-free. Thus if M is constructed from internally
4-connected non-regular minors of Yig, 3-connected regular matroids, binary
spikes, and starfishes using the operations of direct sum and 2-sum, then M
is also Py-free. ]

Our proof does not use Theorem 1.1 except we use the fact that all spikes
are Py-free which can be proved by an easy induction argument. In Section
2, we determine all internally 4-connected binary Py-free matroids. These
are exactly the 16 internally 4-connected non-regular minors of Yig. These
matroids are determined using the Sage matroid package and the computation
is confirmed by the matroid software Macek. Most of the work is in Section
3, which is to determine how the internally 4-connected pieces can be put
together to avoid a Py-minor.
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For terminology we follow [9]. Let M be a matroid. The connectivity
function Ap; of M is defined as follows. For X C FE let

Anr(X) = rar(X) + (B — X) — r(M). (1

~—

Let k € Z". Then both X and F — X are said to be k-separating if Ay (X) =
A (E—X) < k. If X and E— X are k-separating and min{| X|, |E — X |} > k,
then (X, E — X) is said to be a k-separation of M. Let 7(M) = min{ j :
M has a j-separation} if M has a k-separation for some k; otherwise let
T(M) = 00. M is k-connected if (M) > k. Let (X, E—X) be a k-separation of
M. This separation is said to be a minimal k-separation if min{|X|, |[E—-X|} =
k. The matroid M is called internally 4-connected if and only if M is 3-
connected and the only 3-separations of M are minimal (in other words, either
X orY is a triangle or a triad).

2 Characterizing internally 4-connected binary Py-
free matroids

In this section, we determine all internally 4-connected binary Py-free ma-
troids.

Theorem 2.1. A binary matroid M is internally 4-connected and Py-free if
and only if

(i) M is internally 4-connected graphic or cographic; or

(i) M is one of the 16 internally 4-connected non-regular minors of Yig;
or

(iii) M is isomorphic to Rig.

Sandra Kingan recently informed us that she also obtained the internally
4-connected binary Py-free matroids as a consequence of a decomposition result
for 3-connected binary Py-free matroids.

The following two well-known theorems of Seymour [II] will be used in
our proof.

Theorem 2.2. (Seymour’s Splitter Theorem) Let N be a 3-connected proper
minor of a 3-connected matroid M such that |E(N)| > 4 and if N is a wheel,
it 1s the largest wheel minor of M ; while if N is a whirl, it is the largest whirl
minor of M. Then M has a 3-connected minor M’ which is isomorphic to a
single-element extension or coextension of N.

Theorem 2.3. If M is an internally 4-connected regular matroid, then M is
graphic, cographic, or is isomorphic to Ryg.
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The following result is due to Zhou [I3], Corollary 1.2].

Theorem 2.4. A non-reqular internally 4-connected binary matroid other
than F7 and F7 contains one of the following matroids as a minor: Ny,

Ks, Ks Tio\e, and Tha/e.

The matrix representations of these matroids can be found in [13]. We use

X0 to denote the matroid I?/g)* It is straightforward to verify that among the
five matroids in Theorem only X19 has no Py-minor. We use £ to denote
the set of matroids consisting of the following matroids in reduced standard
representation, in addition to F7, F’7 and Y16. From the matrix representations
of these matroids, it is straightforward to check that each matroid in £ is a
minor of Yjg, and each has an Xjg-minor. Indeed, It is clear that (i) each
X; is a single-element co-extension of X;_; for 11 < ¢ < 15; (ii) each Y; is
a single-element extension of X; 1 for 11 < i < 16; (iii) each Y; is a single-
element co-extension of Y;_; for 11 < i < 16, and it is easy to check that (iv)
in the list X109, X1;, X159, X13, each matroid is a single-element coextension of
its immediate predecessor. Therefore, X7¢ is a minor of all matroids in £, and
each is a minor of Yj4. From these matrices, it is also routine to check that
the only matroid of £ having a triangle is F; (this can also be easily verified
by using the Sage matroid package).

1 110 1 110
i 1 (1) (1) 1101 1101 1
101 1 1 011 1 011 1
X10 00 1 1 X11 00 1 1 X{li 0 0 1 1 YH 0
0101 0101
01 0 1 0
100 1 0110 0111 1
1 0 01 1 0 01
1110 1110 11100
1101 11 01
11010
1 011 1 011
0 011 0 011 L o110
X9 X1y Yio: | 001 1 1
0101 0101 0101 1
0110 0111 0110 1
0111 1 0 01 100 11
1 0 01 1 111

SR OO = =

OO R R, O

— = = = = O

_ -0 OO
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1 110
iié? 1 1100 1101
Lo 11 11010 101 1
00 11 10110 0011
00111 010 1
Xz : 81(1)(1) Yisil g1 01 1 [X45 011 0 [V
0111 0110 1 01 1 1
Lo o1 01110 100 1
Lo 1o 1001 1 1010
1100
110 11100
110 1
1 1010
101 1
10110
0011
00111
0 101 01011
X15§PG(3,2)*2 01 10 Y15 (2)
0110 1
01 1 1
011 10
100 1
1001 1
1010
10101
1100 1 100 1
111 1

Proof of Theorem[2.1: 1If M is one of the matroids listed in (i) to (iii), then
M is internally 4-connected. All matroids in (i) or (iii) are regular, thus are
Py-free. Using the Sage matroid package, it is easy to verify that Yig is Po-free,
hence all matroids in (ii) are also Py-free. Let M be an internally 4-connected
binary matroid with no Py-minor. If M is regular, then by Theorem M is
either graphic, cographic, or isomorphic to Rjg, which is regular. Therefore,
we need only show that an internally 4-connected matroid M is non-regular
and Py-free if and only if M is a non-regular minor of Y35. Suppose that M is
an internally 4-connected non-regular and Py-free matroid. If M has exactly
seven elements, then M = F7 or M = F7. Suppose that M has at least eight
elements. By Theorem M has an Nyg, X0, X7y, Th2\e, or Ti2/e-minor.
Since all but X719 has a Py-minor among these matroids, M must have an X1g-
minor. We use the Sage matroid package (by writing simple Python scripts)
and the matroid software Macek independently to do our computation and
have obtained the same result. Excluding Py, we extend and coextend Xig
seven times and found only thirteen 3-connected binary matroids. These ma-
troids are X11, X{;, Y11, X12, X{9, Y12, X13, Y13, X14, Y14, X15 = PG(3,2)*, Y15,

= O OO O~

OO, P OO

_ OO~ O

O = = O F = F~=O

= O~ =+ OO




179 and Yjg; each having at most 16 elements; each being a minor of Yi4; and each
180 being internally 4-connected. As Xig is neither a wheel nor a whirl, by the
181 Splitter Theorem (Theorem, M is one of the matroids in £, each of which
182 is a non-regular internally 4-connected minor of Y345. Note that all non-regular
183 internally 4-connected minors of Yig are Py-free, hence £ consists of all inter-
18¢ nally 4-connected non-regular minors of Yig. O

s 3 Characterizing 3-connected binary Fy-free matroids

186 In this section, we will prove our main result. We begin with several lemmas.
17 Let G be a graph with a specified triangle T' = {e1, e2,e3}. By a rooted K} -
188 minor using T we mean a loopless minor H of G such that si(H) = Ky;
189 {e1,ez,e3} remains a triangle of H; and H\{e;,e;} is isomorphic to Ky, for
wo some distinct ¢, j € {1,2,3}. By a rooted K}-minor using T we mean a loopless
11 minor H of G such that si(H) = Ky; {e1, e2, e3} remains a triangle of H; and
192 H\e; is isomorphic to Ky, for some i € {1,2,3}. Let T be a specified triangle
13 of a matroid M. We can define a rooted M (Kj)-minor using 7" and a rooted
ws M (K} )-minor using T similarly. Moreover, in the following proof, any K}
105 is obtained from K4 by adding a parallel edge to an element in the common
106 triangle 7" used in the 3-sum specified in the context.

w7 Lemma 3.1. ([12]) Let T be a triangle of 3-connected binary matroid M with
ws at least four elements. Then T is contained in a M(Ky4)-minor of M.

19 Lemma 3.2. ([1]) Let T be a triangle of a binary non-graphic matroid M.
200 Then the following are true:

201 (i) If M is non-regular, then T is contained in a Fr-minor;

202 (i1) If M is regular but not graphic, then T is contained in a M*(K33)-
203 TANOT.

204 Let M; and Ms be matroids with ground sets £ and Es such that £ N

205 Eo =T and Mi|T = My|T = N. The following result of Brylawski [2] about
206 the generalized parallel connection can be found in [9, Propsition 11.4.14].

207 Lemma 3.3. The generalized parallel connection Py(My, M) has the follow-
208 ing properties:

209 (Z) PN(Ml,M2)|E1:M1 and PN(Ml,M2)|E2:M2.
210 (ii) If e € Ex — T, then Pn(My, M2)\e = Pn(Mi\e, Ma).

2

-

1 (’i’i’i) Ife e kb — Cll(T), then PN(Ml,MQ)/e = PN(Ml/B,MQ).
2 (z'v) Ife€ By — T, then PN(Ml,MQ)\e = PN(Ml,MQ\e).

2
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(’U) [f@ € By — CZQ(T), then PN<M1,M2)/€ = PN(Ml,Mg/e).
(vi) If e € T, then Px(My, Mz)/e = Py/.(Mi/e, Ma/e).
(’Uii) PN(Ml,MQ)/T: (MI/T)@<M2/T)

In the rest of this paper, we consider the case when the generalized parallel
connection is defined across a triangle T', where T' is the common triangle of
the binary matroids M; and M. Then Py (M, M) = Py(Ma, My) (see [9)
Propsition 11.4.14]). Moreover, N = M;|T = M|T = Uy 3. We will use T' to
denote both the triangle and the submatroid M;|T. Thus we use Pp(Mj, Ms)
instead of Py (M, Ms) for the rest of the paper.

Lemma 3.4. Let M = Pp(M;, Ps(Ms, Ms)) where M; is a binary matroid
(1 < i < 3); S is the common triangle of My and Ms; T is the common
triangle of My and Ms. Then the following are true:

(i) if E(My) N (E(M3)\E(Ms)) =0, then M = Ps(Pp(My, M), Ms);

(i) if E(My)NE(Ms) =0, then M @3 (My ®3 Ms) = (M ®3 Ms) &3 Ms.

Proof. (i) As B(My) 1 (E(Ms)\E(My)) = 0, T = (M) 1 E(Ps(My, M),
and T is the common triangle of M; and Pg(Ma, M3). Moreover, S = E(Ms)N
E(Pr(My, Ms)), and S is the common triangle of M3 and Pr(Mj, M2). By [9,
Proposition 11.4.13], a set F' of M is a flat if and only if FNE(M;) is a flat of
M, and F'N E(Ps(Mas, Ms)) is a flat of Ps(Ma, Ms). The latter is true if and
only if [FN(E(M2)UE(M3))|NE(M;) = FNE(M;) is a flat of M; for i = 2,3.
Therefore, F' is a flat of M if and only if FNE(M;) is a flat of M; for 1 < i < 3.
The same holds for Ps(Pp(My, Ms), M3). Thus M = Ps(Pp(My, Ms), Ms).

(ii) As E(My)NE(Ms) = (), we deduce that SNT = (), and the conclusion
of (i) holds. Therefore,

PT(Ml,Ps(MQ,Mg))\(S U T) = Ps(PT(Ml,MQ),Mg)\(S U T)
By Lemma [3.3] we conclude that
PT(Mla PS(M27 M3)\S)\T = PS(PT(Mh M2)\T7 M3)\S

That is, My @3 (MQ D3 Mg) = (Ml D3 MQ) B3 Ms. ]

Lemma 3.5. Let M = Pr(My, M) where M; is a binary matroid (1 <1i < 2)
and T is the common triangle of My and Ms. Then C* is a cocircuit of M if
and only if one of the following is true:

(i) C* is a cocircuit of My or Ms avoiding T';

(i1) C* = CTUCS where Cf is a cocircuit of M; such that C{NT = C5NT,
which has exactly two elements.
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Proof. By [9, Proposition 11.4.13], a set F' of M is a flat if and only if
F N E(M,) is a flat of M; for 1 < i < 2. Moreover, for any flat F' of M,
r(F)=r(FNE(My))+r(FNE(Ms))—r(FNT) (see, for example, [9, (11.23)]).
Let C* be a cocircuit of M and H = E(M) — C*. As M is binary, |C*NT| =
0,2, and thus |[H NT| = 3,1. First assume that |C* NT| = 0. As r(H) =
r(HNE(M))+r(HNE(Ms3))—r(HNT), then r(M)—1 = r(My)+r(Mz)—3 =
r(H) =r(HNE(M))+r(HnNE(M,)) —2. Thus,

r(My) + (M) — 1 = r(H N E(M))) + r(H N E(Ms)).

Therefore, either r(H N E(M;)) =r(M1) —1 and r(H N E(Ms)) = r(Ma),
or r(H N E(M)) = r(Mz) — 1 and r(H N E(M;)) = r(M;). In the former
case, as H N E(M;) and H N E(M3) are flats of M; and M» respectively, we
deduce that HNE(My) = E(Ms); HN E(M;) is a hyperplane of M; and thus
C* C E(M,) is a cocircuit of M; avoiding T'. The latter case is similar.

If |C*NT| =2, then [ HNT|=1. Asr(H) =r(HNE(M))+r(HnN
E(Ms))—r(HNT), we deduce that r(M)—1=r(M;)+r(M2)—-3=r(H) =
r(HNE(My)) +r(H N E(Msy)) — 1. We conclude that

r(Myp) +r(My) —2 = r(HN E(M))) +r(H N E(M)).

Now, for 1 < i < 2, HnN E(M;) is a proper flat of M;, so that r(H N
E(M;)) < r(M;) — 1. Therefore, 7(H N E(M;)) = r(M;) — 1 and r(H N
E(M3)) = r(Mz) — 1. We conclude that C} = E(M;) — H is a cocircuit of M;
and C* = CTUC; such that C7NT = C5NT, which has exactly two elements.
Note that the converse of the above arguments is also true, thus the proof of
the lemma is complete. ]

The following corollary might be of independent interest.

Corollary 3.6. Let M, and My be a binary matroids and M = M; ©3 My
such that My and My have the common triangle T. Then the following are
true:

(i) any cocircuit C* of M is either a cocircuit of My or My avoiding T', or
C* = C{ACS where C} is a cocircuit of M; (i = 1,2) such that C;NT = C5NT,
which has exactly two elements.

(i) if C* is either a cocircuit of My or Ma avoiding T, then C* is also
a cocircuit of M. Moreover, suppose that C; is a cocircuit of M; such that
CiNT =C5NT, which has exactly two elements. Then either C{ACS s a
cocircuit of M, or CYACS is a disjoint union of two cocircuits R* and Q* of
M, where R* and Q* meet both My and Ms.

10
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Proof. As M = M, @3 My = Pr(My, My)\T, the cocircuits of M are the
minimal non-empty members of the set 7 = {D — T: D is a cocircuit of
Pr(My, M)}, If C* is a cocircuit of M, then C* = D — T for some cocircuit
D of Pp(My, Ms). By the last lemma, either (a) D is a cocircuit of M or M,
avoiding T', or (b) D = Cf U C5 where C} is a cocircuit of M; (i = 1,2) such
that C7 NT = C5 NT, which has exactly two elements. In (a), C* = D, and
in (b), C* = C{AC;. Hence either (i) or (ii) holds in the lemma.

Conversely, if C* is either a cocircuit of M; or Ms avoiding T', then clearly
C* is also a cocircuit of M, as C* = C* — T is clearly a non-empty minimal
member of the set . Now suppose that C} (i = 1,2) is a cocircuit of M; such
that C7 NT = C5 NT, which has exactly two elements. If CTACS is not a
cocircuit of M, then it contains a cocircuit R* of M which is a proper subset
of CYAC;. Clearly, R* must meet both C} and C5. By (i), R* = R{AR3,
where R} is a cocircuit of M; (i = 1,2) such that Rf N T = R5 NT, which
has exactly two elements. Suppose that C; NT = C5 NT = {z,y}, then
RiNT = R5NT = {x,2z} or {y,z}, say the former. Moreover, Ry\T is a
proper subset of CY\T for ¢ = 1,2 as T" does not contain any cocircuit of
either My or My. As both M; and M, are binary, QF = C;AR} (i = 1,2)
contains, and indeed, is a cocircuit of M; such that QiNT = Q5N T = {y, z}.
Now it is straightforward to see that Q7AQ3 is a minimal non-empty member
of F and thus is a cocircuit of M. As C* = R* U Q*, (ii) holds. O

The 3-sum of two cographic matroids may not be cographic. However,
the following is true.

Lemma 3.7. Suppose that M; = M*(G1) and My = M*(G2) are both co-
graphic matroids with uw and v being vertices of degree three in G1 and Ga,
respectively. Label both uu; and vv; as e; (1 <1 <3) so that T = E(M;)N
E(Mj) = {eq, ea,e3} is the common triangle of My and Ms. Then Pp(My, Ms) =
M*(G), where G is obtained by adding a matching {ujv1, ugve, usvs} between
G1—u and G2 —v. In particular, M*(G1) @3 M*(G2) = M*(G/e, f,g) is also
cographic.

Proof. We need only show that Pr(M;, M) and M*(G) have the same set of
cocircuits. By Lemma C* is a cocircuit of M = Pp(Mj, M) if and only
if one of the following is true:

(i) C* is a cocircuit of M; or My avoiding T'. In other words, C* is either
a circuit of G or a circuit of Gy which does not meet T' (i.e., C* is a circuit
of either G1 — w or a circuit of Gg — v);

(ii) C* = Cf U C5 where C} is a cocircuit of M; such that Cf NT =
C5 NT, which has exactly two elements. In other words, C* = C} U C5 where
Cr (i = 1,2) is a circuit of G; containing u and v respectively, such that
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CiNT = C5NT, which contains exactly two edges. Now it is easily seen
that the set of cocircuits of M is exactly equal to the set of circuits of M(G)
(or the set of cocircuits of M*(G)). In particular, M*(G1) &3 M*(Ga) =
Pr(M*(Gh), M*(G2))\T = M*(G)\T = M*(G/e, f,g) is cographic. This
completes the proof of the lemma. O

The following consequence of the last lemma will be used frequently in
the paper.

Corollary 3.8. Suppose that M*(K3 ), M*(K3,,), M*(K3,) € K (m,n >
2). Then the following are true:

(1) M*(K3m) @3 M*(K3)) = M*(K3min—2);

(?’7’) M*(Kil’),m) D3 M*(K&n) = M*(Kil’),m—f—n—Q);

(111) P(M*(K3,m), M(K4)) is cographic and is isomorphic to M*(G) where
G is obtained by putting a 3-edge matching between the 3-partite set of K3 -1
and the three vertices of Ks.

(iv) M*(K3m) ©3 M(K})) = M*(K3,,) where K} is obtained from K,
by adding a parallel edge to an element in the common triangle T used in the
3-sum.

(v) if My = M*(K3,,), and My = M(K}), then depending on which
element in T is in a parallel pair in M(K}) and which extra edge was added
to Ké,m from Ks p,, the matroid My @3 Ms is either isomorphic to M* (Ké”m)
or M*(G), where G is obtained from Kém by adding an edge parallel to the
extra edge.

(vi) if My € K and My = M(K}), then either My &3 My € K or My @3
My =2 M*(G), where G has a parallel pair which does not meet any triad of
G.

(vii) if My € K and My € K, then either My ®3 My € K or My &3 My &
M*(G), where G has at least one parallel pair which does not meet any triad

of G.

Proof. (i)-(v) are direct consequences of Lemma Suppose that M; € K
and is isomorphic to M*(K3,,), M*(K3,,), M*(Kj,,), or M*(Kg:m) Then
either My @3 My = M*(K} ), M*(Kj.,,) or M*(Kj,,) and thus is in K (in
this case, M; is not isomorphic to M* (K. z;“m)), or isomorphic to M*(G), where

G is obtained from K3, Ky, or K:ls//m by adding an edge in parallel to an
existing edge added between two vertices of the 3-partite set of K3 ,,. Clearly,
this parallel pair does not meet any triad of G. We omit the straightforward

and similar proof of (vii). O
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Corollary 3.9. Let M be a binary matroid and M = M; ©3 My where M is a
starfish. Suppose that My is a starfish, or My = M(K}), or My = M*(G) € K:
G = K3, K3, K3, or K3, (n > 2). Then either M is also a starfish, or
M has a 2-element cocircuit which does not meet any triangle of M.

Proof. Suppose that the starfish M; uses s Fano matroids and M, uses t
Fano matroids where s > 1 and ¢t > 0. Clearly, in the starfish M, any
triangle is a triad in the corresponding 3-connected graph G| = K3, K:g’m,
K3, or K3, (m > 2) used to construct M;. We assume that first s = 1
and ¢ = 0. Then by the definition of the starfish, M; = F; &3 Ny, where
N1 =2 M*(G1), and either My = M(K}), or My = M*(G); G is 3-connected
where G = K3, Ky, K3, or K3, (n > 2). By Lemma we have that
M = (F7 D3 Nl) B3 My =2 F; D3 (Nl D3 Mg) (the condition of the lemma is
clearly satisfied). By Corollary we deduce that either Ny &3 My € K, or
it has a 2-element cocircuit avoiding any triangle of N &3 Ma. In the former
case, we conclude that M is a starfish. In the latter case, by Corollary M
has a 2-element cocircuit avoiding any triangle of M. The general case follows
from an easy induction argument using Lemmas [3.4 and Corollaries and

B3 O

Lemma 3.10. Suppose that M = M*(G) for a 3-connected graph G = K3,
K3, K3, or K3, (n>2), or M is a starfish. Then for any triangle T of
M, there are at least two elements e, e of T, such that for each e; (i =1,2),
there is a rooted Kj-minor using both T and e; such that e; is in a parallel

pair.

Proof. Suppose that M = M*(G) for a 3-connected graph G = K3, Kz’),’n,
35 or K3' (n>2). When n > 3, the proof is straightforward. When n = 2,
then G = Wy or K5\e, and the result is also true.

Now suppose that M is a starfish constructed by starting from N = M*(G)
for a 3-connected graph G = Kj,, Ky, K3, or K3, (n > 2) with ¢ (1 <
t < n) copies of F7 by performing 3-sum operations. Choose an element f;
of E(M) in each copy of F; (1 <4 <t). By the definition of a starfish, and
by using Lemma (iii),(v), M/ fi, fa, ... ft is isomorphic to N containing 7T'.

Now the result follows from the above paragraph. O
We will need the following result [I1} 11.1].

Lemma 3.11. Let e be an edge of a simple 3-connected graph G on more than

four vertices. Then either G\e is obtained from a simple 3-connected graph

by subdividing edges or G/e is obtained from a simple 3-connected graph by
adding parallel edges.
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Let G = (V,E) be a graph and let z,y be distinct elements of V U E.
By adding an edge between x,y we obtain a graph G’ defined as follows. If
and y are both in V| we assume zy ¢ F and we define G' = (V, E U {zy});
if zisin V and y = yi1y2 is in E, we assume x € {y1,y2} and we define
G = (VU{z},(E\{y}) U{zz,y12,y22}); if 2 = 129 and y = y1y2 are both
in E, we define G’ = (V U {u,v}, (E\{z,y}) U {uzx, uxe, uv,vy1, vys})

Lemma 3.12. Let G be a simple 3-connected graph with a specified triangle
T. Then G has a rooted K/ -minor unless G is K4, Wy, or Prism.

Proof. Suppose the Lemma is false. We choose a counterexample G =
(V, E) with |E| as small as possible. Let x,y, z be the vertices of 7. We first
prove that G — {z,y, z} has at least one edge.

Suppose G — {z,y, 2z} is edgeless. Since G is 3-connected, every vertex
in V — {x,y,z} must be adjacent to all three of x,y, z, which means that
G = Ky, for a positive integer n. Since G is a counterexample, G’ cannot
be K4 and thus G contains K3', which contains a rooted Kj-minor. This
contradicts the choice of G and thus G — {x,y, z} has at least one edge.

Let e = uwv be an edge of G — {z,y,z}. By Lemma there exists a
simple 3-connected graph H such that at least one of the following holds:

Case 1. G\e is obtained from H by subdividing edges;
Case 2. G/e is obtained from H by adding parallel edges.

Since H is a proper minor of G and H still contains T', by the minimality of
G, H has to be K4, Wy, or Prism, because otherwise H (and G as well) would
have a rooted K}-minor. Now we need to deduce a contradiction in Case 1
and Case 2 for each H € {Ky, W4, Prism}.

Let P' be obtained from Prism by adding an edge between two nonadja-
cent vertices. Before we start checking the cases we make a simple observation:
with respect to any of its triangles, P* has a rooted Kj-minor. As a result, G
cannot contain a rooted P*-minor: a P*-minor in which T remains a triangle.

We first consider Case 1. Note that G is obtained from H by adding
an edge between some «,(3 € V U E. By the choice of e, we must have
a,f ¢ V(T)U E(T). If H= K4 then G = Prism, which contradicts the
choice of G. If G = Wy or Prism, then it is straightforward to verify that G
contains a rooted Pt-minor (by contracting at most two edges), which is a
contradiction by the above observation.

Next, we consider Case 2. Let w be the new vertex created by contracting
e. Then G/e is obtained from H by adding parallel edges incident with w.
Observe that w has degree three in H, for each choice of H. Consequently,
as (G is simple, G has four, three, or two more edges than H. Suppose G has

14



415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

four or three more edges than H. Then H is G —u or G — v. Without loss of
generality, let H = G —u. Choose three paths P, P, P, in H from v to z,y¥, z,
respectively, such that they are disjoint except for v. Now it is not difficult
to see that a rooted Kj/-minor of G can be produced from the union of the
triangle 7', the three paths P, P,, P,, and the star formed by edges incident
with w. This contradiction implies that G has exactly two more edges than
H. Equivalently, G is obtained from H by adding an edge between a neighbor
s of w and an edge wt with t # s.

If H = K4 then G = Wy, which contradicts the choice of G. If H = Wy
then G = W5 or PT. In both cases, G contain a rooted Kj-minor, no matter
where the special triangle is. Finally, if H = Prism then G contains a rooted
P*-minor, which is impossible by our early observation. In conclusion, Case
2 does not occur, which completes our proof. ]

Lemma 3.13. Let M = M*(G) be a 3-connected cographic matroid with a
specified triangle T. Then M has a rooted K} -minor using T unless G = Ks
K3, K3, or K3, for some n > 1. In particular, if M*(G) is not graphic,

then n > 3.

Proof. Suppose that M does not contain rooted Kj-minor using 7. Note that
M*(G) does not have a rooted K} -minor using T if and only if G' does not have
a minor obtained from K, (where T is cocircuit) by subdividing two edges of
T. Now we show that T is a vertex triad (which corresponds to a star of degree
three). Otherwise, let G— E(T) = X UY, where T is a 3-element edge-cut but
not a vertex triad. If G = Prism, then clearly M*(G) has a rooted K/-minor;
a contradiction. If G is not isomorphic to a Prism, we can choose a cycle in
one side and a vertex in another side which is not incident with any edge of T.
Then we can get a rooted K/-minor; a contradiction again. Hence the edges of
T are all incident to a common vertex v of degree three with neighbors vy, vs,
and vs. A rooted Kj-minor using 7" exists if and only if G has a cycle missing
v and at least two of v1, v, and v3. Hence every cycle of G — v contains at
least two of v1, vz, and vz, and thus G —v —v; —v; is a tree for 1 <7 # j < 3.
Moreover, G — v — v1 — vo — v3 has to be an independent set. Otherwise, it is a
forest. Take two pedants in a tree, each of which has at least two neighbors in
v1, V2, or vg. Thus G — v contains a cycle missing at least two vertices of vy, vs,
and vg. This contradiction shows that G — v — v1 — v9 — v3 is an independent
set and thus G is K3, K3, K3, or K3, for some n > 1. In particular, if
M*(G) is not graphic, then n > 3. O
Lemma 3.14. Let M be a 3-connected binary Py-free matroid and M = My P3
My where My is non-reqular, and My and Ms have the common triangle T
Then
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(i) if My is graphic, then either My = M(G) where G is Wy or the Prism,
or My = M(K,) where M(K}) is obtained from M(Ky) (which contains T)
by adding an element parallel to an element of T ;

(i) if My is cographic but not graphic, then My = M*(G), where G =

K3n, K3,,, K3, or K3, for some n > 3.
Proof. Suppose that M = P(Mj, M3)\T, where T is the common triangle of
My and Ms. As M is 3-connected, by [I1], 4.3], both si(M7) and si(Ms) are
3-connected, and only elements of T' can have parallel elements in M; or Ms.
Then by Lemma T is contained in a Fr-minor in si(M7). Now My does
not contain a rooted K -minor using T, where K is obtained from this K
by adding a parallel element to any two of the three elements of T' (otherwise,
the 3-sum of M; and My contains a Py-minor).

If M, is graphic, then by Lemma si(Mz) = M(G) where G is either
W3, Wy or the Prism. When G is either Wy or the Prism, then it is easily seen
that M5 has to be simple, and thus My = Wy or Prism. If G = W3, then as M
is Py-free and My has at least seven elements (from the definition of 3-sum),
it is easily seen that My = M(K)).

If M5 is cographic but not graphic, then by Lemma si(Ms) = M*(G),
where G is K3, K3, Ki,, or K3, for some n > 3. If My is not simple,
then it is straightforward to find a rooted M (K )-minor using T in My, thus
a Py-minor in M; a contradiction. This completes the proof of the lemma. [J

Lemma 3.15. Let M be a 3-connected reqular matroid with at least siz ele-
ments and T be a triangle of M. Then M has no rooted M (K} )-minor using T
if and only if M is isomorphic to a 3-connected matroid M*(K3,), M*(K3,,),
M*(K3,,), M*(K3',) for somen > 1.

Proof. If M is isomorphic to a 3-connected matroid M*(K3,), M*(Kj,,),
M*(K3,,), M*(K3',) (n > 1), then it is straightforward to check for any
triangle 7', M has no rooted M (K} )-minor using 7.

Conversely, suppose that M is a 3-connected regular matroid with at least
six elements and 7T is a triangle of M, such that M has no rooted M (K})-
minor using 7. If M is internally 4-connected, then by Theorem [2.3] M is
either graphic, cographic, or is isomorphic to Rig. The result follows from
Lemmas and and the fact that Ry is triangle-free. So we may
assume that M is not internally 4-connected and has a 3-separation (X,Y")
where | X/, |Y| > 4. We may assume that | X NT| > 2.

Suppose that Y NT has exactly one element e. Then as T is a triangle,
(X Ue,Y\e) is also a 3-separation. If |Y| = 4, then Y — e is a triangle or a
triad. Moreover, r(Y) +r*(Y) — |Y| = 2. As M is 3-connected and binary,
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r(Y),r*(Y) > 3, and thus »(Y) = r*(Y) = 3. If Y — e is a triangle, then
it is not a triad, and thus Y contains a cocircuit which contains e. This is
a contradiction as this cocircuit meets T' with exactly one element. Hence
Y — e is a triad, and from r(Y) = 3, there is an element f € T,f # e
such that Y — f is a triangle. In other words, Y forms a 4-element fan. We
conclude that M = M; &3 M (K)) by [11, 2.9] where S is the common triangle
of My and M(K}), and M(K}) is obtained from M (K4) (containing T') by
adding an element e; in parallel to an element e of S. By switching the
label of e; to e in Mj, we obtain a matroid M| (2 M;) which is isomorphic
to a minor of M having triangle T. By [I1 4.3], si(M;) is 3-connected.
Hence by induction, si(M;) is isomorphic to a 3-connected matroid M* (K3 ,,),
M*(K3,,), M*(KY,,), M*(K3",) for some m > 1. As M has no rooted
M (K}/)-minor using T', we have that 7, (SUT) > 2. Moreover, the element
e1 is in two triangles of si(M;), so m < 3. Now using Lemma it is
straightforward to verify that M = Wy = M*(Kj,) and thus the Lemma
holds. Hence we may assume that |Y| > 5 and thus |Y'\e| > 4.

Therefore we may assume that M has a separation (X,Y") such that T C
X, and both X and Y have at least four elements. Hence by [I1, (2.9)],
M = My &3 My where M7 and Ms are isomorphic to minors of M having the
common triangle S, and T is a triangle of M;. Moreover, |E(M;)| < |E(M)|
for i = 1,2, and both si(M;) and si(Ms) are 3-connected [11) (4.3)]. First
assume that each element of S is parallel to an element of T'in M;. Then by
Lemma [3.1] si(M;) contains a rooted M (K4)-minor using 7. As each element
of T'in M is in a parallel pair, we conclude that M has a rooted M (K )-minor
using 7'; a contradiction.

So we may assume that at least one element of T is not parallel to an
element of S (as M is binary, there are at least two such elements). As
si(My) is a 3-connected minor of M, it has no rooted M (K/)-minor using 7'
By induction, si(M;) = M*(Kss), M*(Kj3 ), M*(K35,), M*(K3') for some
s > 2, or si(M;) = M(K4). Remove all elements of M; not in the set SUT
in Pg(Mj, M2). Then every element of T\ S is parallel to an element of S\T'.
Contracting all elements of S\T', we obtained a minor of M isomorphic to Ma
and T is a triangle of this minor. By induction again, si(My) = M*(K3,),
M*(K3,), M*(K3,), M*(K3',) for some ¢ > 2, or si(Ma) = M(Kj). Suppose
that si(M;) =2 M(Ky) for some ¢ = 1,2. Then as M; have at least seven
elements and M has no rooted M (K} )-minor using T, we deduce that M; =
M(K}). As M has no M(K})-minor containing 7', and M is 3-connected,
using Corollary it is routine to verify that M = M*(K3,), M*(K3,),
M*(K3,), or M*(K3",) for some n > 2. O

Corollary 3.16. Let M be a 3-connected binary non-reqular Py-free matroid.
Suppose that M = My B3 My such that My and My have the common triangle
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T. If My is regular, then My is isomorphic to a 3-connected matroid M*(K3.,),
M*(K3,,), M*(K3,), or M*(K3",) (n > 2), or My = M(K}) where M(K})
is obtained from M (Ky4) (containing T') by adding an element in parallel to an
element of T.

Proof. As M is 3-connected, by [I1, 4.3], both si(M;) and si(Ms) are 3-
connected, and only elements of T" can have parallel elements in My or Ms.
As M is non-regular and Ms is regular, si(M;) is non-regular and thus (by
Lemma has a Fr-minor containing the common triangle T of M; and
Msy. As M is Py-free, M has no rooted M (K} )-minor using 7. By Lemma
3.15, si(My) is isomorphic to a 3-connected matroid M*(K3,), M*(K3,),
M (KY,), M*(KY,) (n > 2), or M(Ks). Now using Lemma it is
straightforward to check that either My = M(K}), or M is simple, and
My = M*(Ks ), M*(KS,), M(KY,), or M*(KY,) (n > 2). O
Now we are ready to prove our main theorem.

Proof of Theorem [1.2 Suppose that a starfish M is constructed from a 3-
connected cographic matroid N by consecutively applying the 3-sum opera-
tions with ¢ copies of F7, where N = M*(G); G = K3, K3 ,,, K3, or Ki',
for some n > 2. First we show that M is 3-connected. We use induction on ¢.
When t =0, N is 3-connected. Suppose that M is 3-connected for t < k < n.
Now suppose that ¢t = k. Then M = My &3 F, where F' = F; and M; and F
share the common triangle T'. Take an element f of E(F) N E(M). Then by
Lemma M/ f = P(My, F/e)\T = My, which is a starfish with t = k — 1,
and thus is 3-connected by induction. If M is not 3-connected, then f is either
in a loop of M, or is in a cocircut of size one or two. Clearly, M does not have
any loop, thus f is in a cocircuit C* of M with size one or two. As P(My, F)
is 3-connected, it does not contain any cocircuit of size less than three. Hence
C*UT contains a cocircuit D* of P(M;, F'). As P(My, F) is binary, D*NT has
exactly two elements, and thus D* has at most four elements. As T contains
no cocircuit of either M7 or F, by Lemma [3.5] F' = F; has a cocircuit of size
at most three meeting two elements of T'. This contradiction shows that M is
3-connected.

Next we show that if M is one of the matroid listed in (i)-(iv), then M
is Py-free. By Theorem and the fact that all spikes and regular matroids
are Py-free, we need only show that any starfish is Py-free. We use induction
on the number of elements of the starfish M. By the definition, the unique
smallest starfish has nine elements, and is isomorphic to Py. Clearly, Py is
Py-free. Suppose that any starfish with less than n (> 10) elements is Py-free.
Now suppose that we have a starfish M with n elements. Suppose, on the
contrary, that M has a Py-minor. Then by the Splitter Theorem (Theorem
, there is an element e in M such that either M\e or M /e is 3-connected
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having a Py-minor. Note that the elements of a starfish consists of two types:
those are subsets of E(N) (denote this set by K), or those are in part of copies
of F7 (denote this set by F'). Then E(M) = K UF. First we assume that
e € F. Then M = M; &3 My, where M; is either one of M*(K3,,), M*(K§7n),
M*(K3,,), or M*(K3",), or a starfish with fewer elements; My = F7, and
e € E(M,). By the construction of the starfish and Lemma M/e = M,
and is either cographic or a smaller starfish and therefore does not contain
a Py-minor; a contradiction. Therefore M\e is 3-connected and contains a
Py-minor. But then by Lemma M\e = P(My, M(K4))\T. By Corollary
as M\e is 3-connected, we conclude that M\e is a smaller starfish and
therefore is Py-free. This contradiction shows that e € K.

If e is in a triangle of M, then M /e is not 3-connected, and thus M\e
is 3-connected and contains a Py-minor. Each triangle of M is correspond-
ing to a triad in G. By Lemmas [3.3] and [3.4] again, we can do the deletion
N\e first, then perform the 3-sum operations with copies of F;. Note that
N\e = M*(G/e) where G = K3,, K3,, Ki,, or K3, (n > 2). As M\e
is 3-connected and thus simple, we deduce that n > 3, N = M*(K3,) or
M*(K3,), and N\e = M*(K3, ), or M*(K3", ;). Therefore, M\e is an-
other starfish and does not contain any Py-minor by induction; a contradiction.
Finally assume that e € K is not in any triangle of M. Then e is not in any
triad of G. Hence if n = 2, then G = K3'y. As G/e has parallel elements,
the matroid N\e has serial-pairs, and thus M\e is not 3-connected, we con-
clude that M /e is 3-connected having a Py-minor. Note that N = M*(K3,,),
M*(K3,,), or M*(K3',) (n > 2), and thus N/e = M*(K3,), M*(K},,), or
M*(K3,,), which is still 3-connected. We conclude again, by Lemma that
Me is a smaller starfish than M, thus cannot contain any Py-minor. This
contradiction completes the proof of the first part.

Now suppose that M is a 3-connected binary matroid with no Py-minor.
We may assume that M is not regular. If M is internally 4-connected, then
the theorem follows from Theorem Now suppose that M is neither regular
nor internally 4-connected. We show that M is either a spike or a starfish.
Suppose that |E(M)| < 9. As M is not internally 4-connected, M is not Fx
or F¥. Hence |E(M)| > 8. Then M is AG(3,2),Sg, Z4, Z; (all spikes), or Py,
which is the 3-sum of Fr and Wy = M *(K;Q), thus is a starfish. We conclude
that the result holds for |[E(M)| < 9. Now suppose that |E(M)| > 10. As
M is not internally 4-connected, M = M; @3 My = P(M;, M2)\T, where M;
and My are isomorphic to minors of M ([11} 4.1]) and T' = {z,y, z} is the
common triangle of M; and My. Moreover, |E(M;)| < |E(M)| for i = 1,2,
and both si(M;) and si(Msz) are 3-connected [I1, (4.3)]. The only possible
parallel element(s) of either My or M; are those in the common triangle. As M
has no Py-minor, and M; and Ms are isomorphic to minors of M, we deduce
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that neither si(M;) nor si(Msz) has a Py-minor. By induction, the theorem
holds for both si(Mj) and si(Maz). As M is not regular, at least one of si(M;)
and si(Ma), say si(My), is not regular.

Claim: M; (and My) is simple unless both si(M;) and si(Ma) are spikes.

Suppose not and we may assume that x in T has a parallel element x; in
M. By Lemma (3.2, T is in a Fr-minor of M; plus a parallel element x;. By
induction, si(Ms) is either regular and 3-connected, or one of the 16 internally
4-connected non-regular minors of Yig (thus is F7 since it has a triangle); or
is a spike or a starfish. Moreover, si(M;) is either one of the 16 internally
4-connected non-regular minors of Yig (thus is F7); or is a spike or a starfish.
Suppose that si(M3) is not a spike. Then either si(M3) is regular or is a
starfish. By Lemmas and E either My = M(K}) where M(K}) is
obtained from M (K,) (which contains T') by adding an element parallel to
an element of T, or T is in a rooted M (K))-minor of My using T' (obtained
from M(K4) containing T by adding an element parallel to either y or z).
In either case, as M is simple, we conclude that M contains a Py-minor, a
contradiction. Hence si(Ma) is a spike thus contains an Fr-minor containing
T. Now if si(M;) is not a spike, then si(M7) is a starfish. Again using Lemma
3.10} it is easily checked that M has a Py-minor; a contradiction. Therefore
M, is simple unless both si(M;) and si(Ma) are spikes. A similar argument
shows that My is also simple unless both si(M;) and si(Ma) are spikes.

Case 1: si(Ms) is regular. By Lemma Mo is either graphic or cographic.
Moreover,

(i) if My is graphic, then either My = M(G) where G is Wy or the Prism,
or My = M(K}) where M(K}) is obtained from M(K,) (which contains T
by adding an element parallel to an element of T'; and

(ii) if My is cographic but not graphic, then M = M*(G), where G = K3 5,

K3, K5, or K3’ for some n > 3.

By the above claim, both M; and Ms are simple. Moreover, M is 3-
connected, non-regular, and Py-free. By induction, M; is either one of the
16 internally 4-connected non-regular minors of Yig (therefore is F7 as M;
has a triangle); or Mj is a spike or a starfish. That is, either M is a spike
or a starfish. If M is a starfish, by Lemma [3.9) M = M; &3 M> is also a
starfish. Thus we may assume that M; is a spike which contains a triangle.
Then M; is either F7, Ss, Zs (s > 4) or Z\ys for some s > 5. Suppose that
M; is F7. Then M = F; &3 M, is either Sg (not possible as M has at least
10 elements) or a starfish by the definition of a starfish. Suppose that M is
Zs (s > 4) or Zs\ys for some s > 5 and suppose that Ms is not isomorphic to
M (K}). Then M has a Zy-restriction containing 7. Clearly, such restriction
contains a Fj-minor which is obtained from F7 (which contains T') by adding
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an element parallel to the tip of the spike, say = in T. By Lemma [3.10
T is in a M(K})- minor of My which is obtained from K, containing T by
adding an element parallel to an element z # = of T. Thus we can find a
Py-minor in M, a contradiction. Suppose that M is Zs (s > 4) or Z\ys
for some s > 5 and suppose that My = M(K}). If the extra element e of
M (K}) added to M (Ky) is not parallel to z in My, then using the previously
mentioned FJ-minor of M; containing 7" and the M (K})-minor containing e,
we obtain a Py-minor of M; a contradiction. Now it is straightforward to see
that M = Zsi9\yst2 (s > 4) which is a spike, or Zsi9\ys, ys+2 (s > 5). The
latter case does not happen as {ys, ys+2} would be a 2-element cocircuit, but
M is 3-connected. Finally we assume that M; & Sg = Fr @3 M (K}) with tip
z. Then M = (F; @3 M(K})) ®3 Ma. By Lemma [3.4] M = F; &3 (M (K}) ®3
Ms). By Corollary M is isomorphic to a 3-connected cographic matroid
M*(K3,), M*(K3,), M*(K3,,), or M*(K3",) (n > 2), or My = M(K}). If
My = M(K}), then |[E(M)| = 9; a contradiction. Thus Mj is not isomorphic
to M(K}). By Corollary B.8) M(K}) €3 Mz = M*(G), where G = K3 ., K7,
or K3, for some n > 2, or M(K}) ©3 Mp contains a 2-element cocircuit which
does not meet any triangle of M (K)) @3 Ms. In this case, by Corollary
this 2-element cocircut would also be a cocircuit of M. As M is 3-connected,
we conclude that the latter does not happen, and that M is still a starfish.

Case 2: Neither My nor Ms is regular. By induction and the fact that both
M; and Mj have a triangle, that si(M7) is either a spike containing a triangle
or a starfish, and so is si(Ma).

Case 2.1: Both si(M;) and si(Ms) are starfishes. By the above claim,
both M; and M> must be simple matroids. Now by Lemma M is also a
starfish.

Case 2.2: One of si(M;) and si(Maz), say the former, is a spike. Suppose
that si(My) is a starfish. By the claim, both M; and My are simple. As M,
contains the triangle T', it is either Zs (s > 3) or Z\y, for some s > 4. If M; =
Z3 = Fy, by the definition of a starfish, M is also a starfish. If M} = Z (s > 4)
or Zs\ys for some s > 5, then M; contains a Z, as a restriction which contains
T. But Zy contains a F/-minor containing 7' where F7 is obtained from F; by
adding an element in parallel to the tip z of M. By Lemma [3.10] 7" is in a
M (K})-minor of My which is obtained from M (K4) containing T' by adding
an element parallel to y or z. We conclude that M contains a Py-minor, a
contradiction. Now suppose that M = Z4\ys = Sg = Fr®3 M (K)) with tip z.
Then M = (F7 D3 M(Kz,;)) @3 M>. By Lemma M = F;®3 (M(Kfl) D3 MQ)
By Corollary B.9] M (K}) @3 My is either a starfish, or M (K}) @3 M and thus
M contains a 2-element cocircuit. As M is 3-connected, we conclude that the
latter does not happen, and that M is still a starfish by the definition of a
starfish.
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Hence we may assume that si(Maz) is also a spike. As si(Maz) contains a
triangle also, it is either Z; (t > 3) or Z;\y; for some ¢ > 4. Suppose that
si(My) and si(Mz) do not share a common tip, say si(M;) has tip = and
si(My) has tip z. Then neither matroid is isomorphic to F7 as any element of
T can be considered as a tip then. We first assume either si(M;) or si(Ma), say
si(My), has at least nine elements. Then M; has a Zy-restriction containing
T, thus has a F/-minor (with a parallel pair containing x) containing 7". The
matroid si(Mz) has a Sg-restriction, thus has a M (K))-minor (with a parallel
pair containing z) containing 7. By Lemma we conclude that M has
a Py-minor; a contradiction. Hence both si(M;) and si(Msy) have exactly
eight elements and both are isomorphic to Ss. Now if either M7 or My is
not simple, then similar to the argument above, one can get a Py-minor; a
contradiction. Hence both matroid are simple. Now it is straightforward to
see that M = Fy ®&3 Wy @3 Fr, which is a starfish.

Therefore we may assume that si(M;) and si(Msy) share a common tip,
say z. First assume that a non-tip element in T, say ¥, is in a parallel pair of
either My or My, say M;. As M is both simple and Py-free, it is easily seen
that M has to be simple. Since any element of 1" can be considered as a tip
in Fr7, we deduce that both si(M;) and My have at least 8 elements. If one of
these two matroids has at least 9 elements, then it contains a Z4-restriction
containing T'. Such a restriction contains a Fj-minor containing 7" with x
being in a parallel pair. At the same time, si(M;) contains a M (K4)-minor
containing T for ¢ = 1,2. Noting that y is in a parallel pair of M7, we deduce
that M contains a Py-minor; a contradiction. Hence we may assume that
both si(M;) and Mj contain exactly 8 elements. Now it is easily seen that M;
contains a Fy-minor containing 7" with y being in a parallel pair. At the same
time, si(Mz) contains a M (K)-minor containing 7" with = being in a parallel
pair. This is a contradiction as M now contains a FPy-minor.

So from now on we may assume that if M; or My is not simple, then only
x could be in a parallel pair. Indeed, as M is simple, at most one of M; and
Ms> is not simple. Suppose that one of M; and M, say Mj, is not simple,
then either M = Z 1y, M = Zgi\ys, M = Zg i )\y;, or M = Zs14\ys, y;, all of
which are spikes except the last matroid. The last matroid, M = Zsi\ys, ys,
however, contains a cocircuit {ys,y;}, contradicting to the fact that M is 3-
connected. Finally assume that both M; and Ms are simple. Then M =
Zsrt\x, M = Zs )\, ys, M = Zg 4\, y;, or M = Zg4\x,ys, y, all of which
are spikes except the last matroid. The last matroid, M = Z .\, ys, s,
again, contains a cocircuit {ys,y;}; a contradiction. This completes the proof
of Case 2.2, thus the proof of the theorem. ]
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