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Abstract

In this series of two papers we examine the classical problem of ranking a set of players
on the basis of a set of pairwise comparisons arising from a sports tournament, with the
objective of minimizing the total number of upsets, where an upset occurs if a higher ranked
player was actually defeated by a lower ranked player. This problem can be rephrased as the
so-called minimum feedback arc set problem on tournaments, which arises in a rich variety
of applications and has been a subject of extensive research. In this series we study this N P-
hard problem using structure-driven and linear programming approaches. Let T' = (V| A)
be a tournament with a nonnegative integral weight w(e) on each arc e. A subset F of arcs
is called a feedback arc set if T\F contains no cycles (directed). A collection C of cycles
(with repetition allowed) is called a cycle packing if each arc e is used at most w(e) times by
members of C. We call T' cycle Mengerian (CM) if, for every nonnegative integral function
w defined on A, the minimum total weight of a feedback arc set is equal to the maximum
size of a cycle packing. The purpose of these two papers is to show that a tournament is
CM iff it contains none of four Mobius ladders as a subgraph; such a tournament is referred
to as Mobius-free. In this first paper we present a structural description of all Mobius-free
tournaments.
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1 Introduction

Consider a sports tournament in which each of n players is required to play precisely one game
with each other player, and assume that each game ends in a win or a loss. After completion of
the tournament, it is desirable to find a ranking of all n players that minimizes the number of
upsets, where an upset occurs if a higher ranked player was actually defeated by a lower ranked
player. This problem can be rephrased as the so-called minimum feedback arc set problem on
tournaments, and will be investigated in the more general weighted setting in this series of two
papers.

Let G = (V, A) be a digraph with a nonnegative integral weight w(e) on each arc e. A subset
F of arcs is called a feedback arc set (FAS) of G if G\F contains no cycles (directed). The
minimum-weight FAS problem (or simply FAS problem) is to find an FAS in G with minimum
total weight. Digraph G is called a tournament if there is precisely one arc between any two
vertices in G. The FAS problem on tournaments, abbreviated FAST, dates back to as early
as the 1780s when Borda [7] and Condorcet [11] each proposed voting systems for elections
with more than two candidates. Since the FAST arises in a rich variety of applications in
sports, databases, and statistics, where it is necessary to effectively combine rankings from
different sources, FAS’s in tournaments have been studied extensively from the combinatorial
[17, 18, 31, 35], statistical [30], and algorithmic [1, 2, 12, 26, 33, 34] points of view, and thus have
produced a vast body of literature. In [1], Ailon, Charikar, and Newman proved that the FAST
is N P-hard under randomized reductions even in the unweighted case. In [3], Alon showed that
this unweighted version is in fact N P-hard; in [10], Charbit, Thomassé, and Yeo established this
result independently. In [26], Mathieu and Schudy devised a polynomial time approximation
scheme (PTAS) for the FAST. Given these results, it is natural to ask the following question:
When can the FAST be solved exactly in polynomial time? Inspired by the title of Mathieu and
Schudy’s paper [26], this is equivalent to asking: Which tournaments can be ranked with no
errors? The purpose of this series of two papers is to resolve this problem using structure-driven
and linear programming approaches.

We introduce some terminology before proceeding. Let G = (V, A) be a weighted digraph
as described above. A collection C of cycles (with repetition allowed) in G is called a cycle
packing of G if each arc e is used at most w(e) times by members of C. The cycle packing
problem consists in finding a cycle packing with maximum size, which can be viewed as the
dual version of the FAS problem. Let 1,,(G) be the maximum size of a cycle packing, and
let 7,(G) be the minimum total weight of an FAS. Clearly, 1,(G) < 7,(G); this inequality,
however, need not hold with equality in general (as we shall see in a moment). We call G cycle
Mengerian (CM) if v,,(G) = 7w (G) for every nonnegative integral function w defined on A. It is
worthwhile pointing out that a characterization of CM digraphs can yield not only a beautiful
minimax theorem but also a polynomial-time algorithm for the FAS problem on such digraphs,
by a general theorem of Grétschel, Lovész, and Schrijver [20]. So the study of CM digraphs has
both great theoretical interest and practical value. Initiated in the early 1960s [13, 35], it has
inspired many minimax theorems in combinatorial optimization, such as Lucchesi and Younger
[25], Seymour [28, 29], Geelen and Guenin [19], Guenin [21, 22], Guenin and Thomas [23], Cali,
Deng, and Zang [8, 9], and Ding, Xu, and Zang [15, 16]. Interestingly, such minimax theorems
have also found applications in the design of approximation algorithm; see, for instance, Mnich,



Williams, and Végh [27]. Despite tremendous research efforts, only some special classes of CM
digraphs [4, 5, 21, 23, 25] have been identified to date, and a complete characterization seems
extremely hard to obtain.

Let Ds be the digraph obtained from K5 (the complete graph with five vertices) by replacing
each edge ij with a pair of opposite arcs (7, j) and (4, 7). Applegate, Cook, and McCormick [4] and
Barahona, Fonlupt, and Mahjoub [5] independently proved that D5 is CM, thereby confirming a
conjecture posed in both Barahona and Mahjoub [6] and Jiinger [24]. This theorem is equivalent
to saying that every tournament with five vertices is CM.

In this series of two papers we shall give a complete characterization of all CM tournaments.
We call a tournament Mdébius-free if it contains none of K33, K33, M5, and Mz depicted in
Figure 1 as a subgraph. (Actually, M?Z arises from M5 by reversing the direction of each arc.)
This class of tournaments is so named because the forbidden structures are all Mobius ladders.
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Figure 1. Forbidden Structures

Theorem 1.1. A tournament is CM iff it is Mébius-free.

Observe that every CM tournament is Mobius-free: Let T' = (V, A) be a tournament con-
taining a member D = (U, B) of {K33, K3 3, M5, M3}. Define w(e) = 1 if e € B and w(e) = 0
if e € A\B. It is a routine matter to check that

e v,(T) = 1 while 7,,(T') = 2 if D is K33 or Kj 3, and

o v, (T) = 2 while 7,(T") = 3 if D is M5 or M.

So T does not satisfy the desired minimax relation. Our theorem asserts that actually these
four Mobius ladders are the only obstructions to CM tournaments. Since the whole proof takes
about 100 pages, we split this work into two papers. In this first paper we give a structural
description of all Mobius-free tournaments.

Let us define a few more terms before presenting our structural theorems. Let G = (V, A)
be a digraph. For each v € V, we use d(v) and dg(v) to denote the out-degree and in-degree



of v, respectively. We call v a near-sink of G if its out-degree is one, and call v a near-source
if its in-degree is one. For simplicity, an arc e = (u,v) of G is also denoted by uv. Arc e is
called special if either w is a near-sink or v is a near-source of G. A dicut of G is a partition
(X,Y) of V(G) such that all arcs between X and Y are directed to Y. A dicut (X,Y) is trivial
if | X|=1or|Y|=1. Recall that G is called weakly connected if its underlying undirected graph
is connected, and is called strongly connected or strong if each vertex is reachable from each
other vertex. Clearly, a weakly connected digraph G is strong iff G has no dicut. Furthermore,
a weakly connected digraph G is called internally strong if every dicut of G is trivial, and is
called internally 2-strong (i2s) if G is strong and G\v is internally strong for every vertex v. By
definition, a strong digraph is internally strong.

Let Ty = (V1, A1) and Tp = (Va, A2) be two tournaments. We say that 77 is smaller than Ty
if |V1] < |Va|. Suppose that both T} and T3 are strong, with |V;| > 3 for ¢ = 1,2, and suppose
further that (ai,b1) is a special arc of T} with d;l (a1) = 1 and (b2, a9) is a special arc of Ty with
dr, (a2) = 1. The 1-sum of T} and T3 over (ai,b1) and (be, az) is the tournament arising from
the disjoint union of T7\a; and T5\az by identifying by with b (the resulting vertex is denoted
by b) and adding all arcs from T7\{a1, b1} to To\{a2,b2}. We call b the hub of the 1-sum. See
Figure 2 for an illustration. Note that if |V;| = 3 for i =1 or 2, then T is a triangle (a directed
cycle of length three), and thus 7' = T5_;.
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Figure 2. 1-sum of 77 and T5.

Let C3 (resp. Fp) denote the strong tournament with three (resp. four) vertices (see Figure
3), let Iy, Fy, F3, Fy, F5 be the five tournaments depicted in Figure 4, and let G1, G2, G3 be the
three tournaments shown in Figure 5. In these two papers, we reserve the symbols

76 = {C3aF07F17F2>F37F47G17G21G3}
and
71 = {037F0,F27F37F47G27G3} = %\{Fl,Gl}

Now we are ready to present the main results of this paper. (Obviously, to verify that a
tournament 7" is CM, we may restrict our attention to the case when T is strong.)

Theorem 1.2. Let T = (V, A) be an i2s tournament with |V| > 3. Then T is Mdbius-free iff
T €7To.

Theorem 1.3. Let T = (V, A) be a strong Mobius-free tournament with |V| > 3. Then either
T € {F1,G1} or T can be obtained by repeatedly taking 1-sums starting from the tournaments
m Ti.



Throughout this paper we shall repeatedly use the following notations and terminology.
U1 U2
A Uy gm
C3 FO
Figure 3. Strong tournaments with three or four vertices.
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Figure 4. vivg,v5v1 € F1; vov1,v1v5 € Fy; vov1, v5v1 € F3; vgva € Fy; vovg € F.
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Figure 5. vgvy € G9 and vavg € Gs.

For a digraph G, we use V(G) and A(G) to denote its vertex set and arc set, respectively, if
they are not specified. For each U C V(G), we use G[U] to denote the subgraph of G induced
by U, and use 61 (U) (resp. 6 (U)) to denote the set of all arcs from U to V(G)\U (resp. from
V(G)\U to U); we write 67 (U) = §"(u) and 6 (U) = 6~ (u) if U = {u}. Moreover, we use
G /U to denote the digraph obtained from G by first deleting arcs between any two vertices in
U, then identifying all vertices in U, and finally deleting the parallel arcs except one from each
vertex to each other vertex; we say that G/U is obtained from G by contracting U. Note that
G /U may contain pairs of opposite arcs but contains no parallel arcs. For each arc e = (u,v)



of G, the digraph obtained from G by contracting e, denoted by G/e, is exactly G/{u,v}. A
strong component of G is a maximal strong subgraph, where the adjective maximal is meant
with respect to set-inclusion rather than size. Note that each vertex of G belongs to exactly one
strong component. Thus the strong components of G can be ordered as Ay, As,..., Ay, such
that the arcs between A; and A; are all directed from A; to A; for any 1 <14 < j < p; we refer to
(A1, As, ..., Ap) as a strong partition of G. The reverse of G, denoted by G*, is obtained from
G be reversing the direction of each arc.

By a cycle or a path in a digraph we always mean a directed one. Let P be a directed path
from a to b and let ¢ and d be two vertices on P such that a,b,c,d (not necessarily distinct)
occur on P in order as we traverse P in its direction from a. Then P[c,d] denotes the subpath
of P from c to d, and P(c,d) = Ple,d]\{c,d}. Let C be a directed cycle. For each vertex a on
C, we use a~ (resp. a’) to denote the vertex precedes (resp. succeeds) a as we traverse C' in
its direction. For each pair of vertices a and b on C, we use Cla,b] to denote the segment of C
from a to b.

The remainder of this paper is organized as follows. In Section 2, we exhibit some important
properties enjoyed by the 1-sum operation. In Section 3, we prove a chain theorem, which
says that every ¢2s tournament can be constructed from some small tournaments by repeatedly
adding vertices so that all the intermediate tournaments are also i2s. In Section 4, we give a
structural description of all strong Mobius-free tournaments based on this chain theorem.

2 Preliminaries

In this section, we show that if a strong tournament is not i2s, then it can be expressed as
the 1-sum of two smaller strong tournaments (so the connectivity can be lifted by using this
operation). We also prove that being M&bius-free is preserved under 1-sum operation and under
contracting special arcs.

Lemma 2.1. Let T = (V, A) be a strong tournament. If T is not i2s, then T is the 1-sum of
two smaller strong tournaments.

Proof. Since T is not i2s, it contains a vertex b such that 7'\b has a nontrivial dicut
(X,Y). As T is strong, there exist a; € Y and az € X such that {(a1,b),(b,a2)} C A. Set
T, =T\(Y\a1), To = T\(X\a2), and rename b as b; in T; for i = 1,2. Clearly, a; has out-degree
one in 77 and a9 has in-degree one in T5. From the definition we see that 7" is the 1-sum of 77 and
T over (a1, b1) and (bg, az). Furthermore, T; is strong and has fewer vertices than T for i = 1,2. 1

Let us show that being Mobius-free is maintained under the 1-sum operation.

Lemma 2.2. Let T = (V, A) be the 1-sum of two tournaments Ty and Ty. Then T is Mobius-free
iff both T1 and Ty are Mobius-free.

Proof. Since both T7 and T3 are sub-tournaments of 7', the “only if” part holds trivially. To
establish the “if” part, assume the contrary: T' contains a member D of {K33, K} 5, M5, M3};
subject to this, the number of vertices in D is minimum. Let b be the hub of the 1-sum. Then
b is contained in D. Observe that



(1) if D = Kj3, then (u3,ug) € A (see the labeling in Figure 1), for otherwise 7" would
contain K3 3, contradicting the minimality assumption on D.

Set D' = D U {(us,ug)} if D = K33 and set D' = D otherwise. It it a routine matter to
check that D’ is i2s (while K3 5 is not). Since T is the 1-sum of 7} and T and since T' contains
D' by (1), either T1\b or T5\b contains precisely one vertex from D’\b. Therefore, either T} or
T, contains a subgraph isomorphic to D’ and hence is not Mobius-free. |

In the remainder of this section, we show that being Mobius-free is also preserved under the
operation of contracting a special arc. (Recall that the resulting digraph may contain pairs of
opposite arcs.) This lemma will not be used in subsequent sections but will be employed in our
second paper.

Lemma 2.3. Let T = (V, A) be a Mobius-free tournament with a special arc a = (x,y). Then
T/a is also Mébius-free.

Proof. Replacing T by its reverse T™ if necessary, we may assume that x is a near-sink of 7.
Thus y is the only out-neighbor of z. Let z be the vertex obtained by identifying = and y in T'/a
and let F = {K33, K33, M5, M;}. Assume the contrary: T'/a contains a subdigraph D € F.
Then z is in D. We use D’ to denote the digraph obtained from D\z by adding two vertices x
and y and adding all arcs in {(z,y)} U{(y,u) : (z,u) € A(D)}U{(u,z) : uw € V(D)\z}. Clearly,
D’ is a subgraph of T. We propose to prove that

(1) T contains a member of F.

We have a computer-assisted verification of (1). Nevertheless, the proof given below is
computer-free.

Let us label the vertices of D as in Figure 1. Depending on the structure of D, we distinguish
among four cases.

Case 1. D = K3 3. In this case, symmetry allows us to assume that z = u4 or us.

e 2 = uy. Then uy and us are the only out-neighbors of y in D’. Thus the union of the three
cycles ujugusuguy, ryuiuse, and ryususr forms a K33 in 7T

e 2 = u5. Then ug is the only out-neighbor of y in D’. If (u4,y) € A, then the union of the
three cycles ujusugusuy, usyuguzuy, and uyusryugu, forms a K§73 in T'. Similarly, if (ug,y) € A,
then the union of the three cycles ujuousguquy, uiuoyuguy, and ugxryugusuy also forms a Ké’g
in T. So we assume that {(y,u4), (y,u2)} € A. Thus the union of the three cycles usuizyuy,
uuguzu4ty, and uguzxryus forms a Kz in 7.

Case 2. D = K§73. In this case, we may assume that (us,ug) € A, for otherwise the present
case reduces to Case 1.

e 2 = uy. Then us and ug are the only out-neighbors of y in D’. It follows that the union of
the three cycles usuqusugurus, xyususz, and ryusugxr forms a K§,3 inT.

e 2 = uz. Then uy is the only out-neighbor of y in D'. If (ug,y) € A, then the union of
the three cycles ujususuguy, yususugy, and ryugsuiusz forms a K§,73 in T if (ug,y) € A, then
the union of the three cycles ujuousugui, yusuiusy, and ryususugxr also forms a K§73 inT. So
we assume that {(y, ue), (y,u2)} C A. It follows that a K33 is formed in 7" by the three cycles
TYUsUIT, TYUU5T, and ULU2UsUUT -



e 2z = uy. Then u; and us are the only out-neighbors of y in D’. Thus the union of the three
cycles ujugususuy, ryusuer, and ryujusr forms a Kz 3 in 7'

e 2z = ug. Then u; and w7 are the only out-neighbors of y in D’. It follows that the union of
the three cycles ujususuquy, xyurususx, and ryujugx forms a K{” inT.

e z = uj. Then uy is the only out-neighbor of y in D’. If {(u4,y), (us,y)} C A, then the
union of the three cycles yususuqy, yuousugy, and usususugurus forms a K§73 in T. So we
assume that at least one of (y,u4) and (y,ug) is in A.

Consider the first subcase when (y,us) € A. If (ug,u2) € A, then the union of the three
cycles xyususx, xyuguse, and ususzugusugus forms a Ké,3 in T if (y,uy) € A, then the union
of the three cycles xyurusz, ryususz, and usuqusugurus forms a K§73 in T'. So we assume that
{(u2,u6), (ur,y)} € A. If (us,ug) € A, then a Kj 3 is formed by the three cycles yugugury,
uzuqueurug, and ryuguzusx; if (ug, us) € A, then a Kj 5 is formed by the three cycles yuougury,
ususuguyug, and ryusususx. So we further assume that {(ug, us), (us,us3)} C A. It follows that
the union of the three cycles usuguqususz, ryususx, and ryususugr forms a K. :’573.

Consider the second subcase when (y,ug) € A. If (u7,uz2) € A, then the union of the
three cycles xyugugx, usususuruz, and zyusurr forms a Ks3; if (y,us3) € A, then a Ké’g
is formed by the three cycles xyugurx, ryususr, and usugusugurus; if (ug,ug) € A, then a
Ké’g is formed by the three cycles xyugurx, usuqugur, and ryusususx. So we assume that
{(ug,u7), (us, y), (us,ua)} S A. If (us,u3) € A, then a K3 is formed by the three cycles
UZUGULUSUZ, TYUsUsT, and xyusususx; if (u4, ug) € A, then a K33 is formed by the three cycles
TYuguzx, rYususr, and usugugusug. So we further assume that {(us,us), (u2,uq)} € A. Now
if (y,us) € A, then the union of the three cycles ususugurus, ryusugz, and ryusurugz forms a
K§73; if (us,y) € A, then the union of the three cycles yusurusy, yusususy, and ugugusugurus
also forms a K3 5.

e z = us. Then ug is the only out-neighbor of y in D'. If (y,us) € A, then the union of the
three cycles ujugusugu, ryuguge, and ryuguix forms a K33 in T'. So we assume that (u2,y) €
A. If (ug,y) € A, then the union of the three cycles yuguiugy, uiugususui, and yugurusugy
forms a K3 5 in T. So we also assume that (y,us) € A. If (u1,u7) € A, then a Kj 5 is formed by
the three cycles ujuyuguquy, xyusuix, and ryuguyuzz. So we further assume that (uy7,u;) € A.
If (y,u7) € A, then a K§’3 is formed by the three cycles uiususuquy, uiuoyuruy, and ryurusugT.
Similarly, if (y,us) € A, then a K§73 is formed by the three cycles ujususuqui, ryusuqx, and
ryuguiugz; if (y,u;) € A, then a K§73 is formed by the three cycles zyujusx, ryugurx, and
ujugusuguyur. Thus it remains to consider the subcase when {(u7,v), (us,y), (ui,y)} € A. If
(u2,u7) € A, then a K3 5 is formed by the three cycles ujuayugus, yusuruzy, and uiuguruzusus .
So we assume that (u7,uz) € A. If (ug,us) € A, then a Kj 5 is formed by the three cycles
Yugu U1 Y, Uiuususul, and yuguruguzy. So we also assume that (ug,ug) € A. If (uq,uy7) € A,
then a K{H is formed by the three cycles yugqugu1y, uiususugu, and yugurususgy. So we further
assume that (u7,us) € A.

From the above observations, we conclude that w; has a unique in-neighbor ug in the sub-
tournament 7" of T induced by V(D'). If {(ug, u2), (u2,us)} C A, then an MZ is formed by the
five cycles yuqu1y, uiuguaui, ugusugug, usugurug, and yusurury. If (ug, us) € A, then a K33
is formed by wjugusuguy, ususugurus, and ujusuguruy; if (ug,us) € A, then the union of the
three cycles ujusugugu1, yusuguzy, and yusueu1y also forms a Kz 3 in 7.

e 2 = u7. Then ugz is the only out-neighbor of y in D'. If (ug,y) € A, then the union of



the three cycles ujususuguy, uiusususuy, and yugususugy forms a K:’)),g in T; if (y,u;) € A,
then a K33 is formed in T by the three cycles wjususugui, ryuiusz, and ryugusr. So we
assume that {(y,ue), (u1,y)} € A. If (u1,u3) € A, then a Kj 5 is formed by zyuguir, ryususr,
and ujugugusugu; if (ug,ug) € A, then the union of the three cycles xyuguiz, ryususx, and
ujUgU3ULUgU, forms a K§73 in T if (y,u2) € A, then the union of the three cycles ujugusuguy,
zyusurz, and ryususx forms a K33 in T'. So we further assume that {(us, u1), (ug, ua), (u2,y)} C
A. Depending on whether (us,y) € A, we distinguish between two subcases.

Consider the first subcase when (us,y) € A. If (us,uz) € A, then a Kj 5 is formed in T by
the three cycles ujususuguy, yusugury, and yugugugusy. So we assume that (ug,uq) € A. If
(ug,u2) € A, then a K33 is formed by the three cycles ugususugug, yugusuy, and yusususy.
So we further assume that (ug,us) € A. If (u4,y) € A, then a K33 is formed in 7' by the three
cycles uugugusut, yusugusy, and yuguiugy in T if (y,us) € A, then a K3 5 is formed in T' by
the three cycles xyuguiz, ryuqusz, and ujusususuguy.

Consider the second subcase when (y,us) € A. If (y,us4) € A, then a K34 is formed by
the three cycles zyusugr, ryusuiz, and ujususugusur. So we assume that (ug,y) € A. If
(u2,up) € A, then a K3 3 is formed by the three cycles ujusugusui, yususuay, and yuguiugy. So
we also assume that (ug,uz) € A. If (ug,us) € A, then a Kj 5 is formed in T' by the three cycles
UpUaUsUcU2, TYUsU2T, and Tyugususz; if (us,uz) € A, then a K33 is formed in T by the three
cycles zyugusz, ryususz, and usususugug. Thus we further assume that {(ug, u2), (us, us)} C A.
It follows that a Ké’g is formed in T" by the three cycles uousuguqus, yusususy, and yususuguly.

Case 3. D = Ms. In this case, u; and ug are symmetric, so are us and us.

e 2 = uy. Then vertices uy and us are the only out-neighbors of y in D'. If (us,y) € A, then
an Mj is formed in T by the five cycles usugusus, yususy, yususy, uiuousu, and ujusugusui. If
(y,u3) € A, then a K§73 is formed in T by the three cycles xyusuiz, xyusugr, and uiusuzugusuy.

e 2 = us. Then u; and uz are the only out-neighbors of y in D’. If (u4,u1) € A, then
a K33 is formed by the three cycles ujususugui, ryuiusx, and ryugusr. So we assume that
(ur,uq) € A. If (y,uq) € A, then a K33 is formed by the three cycles ujuqugusuy, ryususz, and
zyuzuix. Thus we further assume that (ug,y) € A. It follows that an M; is formed in 7" by the
five Cycles ULU2U3UT, U2UIULU2, YUIULY, TYUIT, and TYUiux.

e 2 = ug. Then us is the only out-neighbor of y in D'. If {(ug,y), (us,y)} C A, then an
M5 is formed in T by the five cycles uguqusus, yusugy, ususuqto, uiuousul, and yusuiuy.
Otherwise, if (y,u2) € A, then a K3 3 is formed in T' by the three cycles ayusuix, xyuguzz, and
ujugugugusuy; if (y,us) € A, then a K§73 is formed in T by the three cycles zyusuix, ryususz,
and uqusuzU4USUT -

e 2z = u3. Then uy, ug, and ug are the only out-neighbors of y in D’. If {(us, ), (u2,y)} C A,
then an M5 is formed in T by the five cycles yugusy, yuausy, yususy, yuiusy, and uiusugusi] .
Suppose at least one of (y,us) and (y,uz) is in T. If both (y,us) and (y,ug) are in T, then a
K3 3 is formed by the three cycles ujusugusu1, ryusuix, and xyususx. So we assume that either
{(y,U5)(UQ,y)} CAor {(y7u2)7 (U5,y)} C A

Consider the first subcase when {(y,us), (u2,y)} € A. 1If (ug,us) € A, then a Kj3 is
formed in T by the three cycles zyusuiz, ryugusx, and ujusuguqusui. SO we may assume
that (u4,ue) € A. If (ug,uq) € A, then a K33 is formed in T" by the three cycles ujuqususuy,
ryusurx, and zyugugz. If (ug,u1) € A, then a K§73 is formed in T by the the three cycles



ULUUUSUT, YULULUY, and TYU4UEUST .

Consider the second subcase when {(y,u2), (us,y)} € A. If (ug,us) € A, then a Kj 5 is
formed in T by the three cycles zyuqusz, xyususx, and ujugugususuy. If (u,ug) € A, then a
K§73 is formed in T' by the three cycles xyuougx, ryuiusx, and ujususugusur. So we assume that
{(ug,ug), (ug,u1)} € A. Then a Ké’g is formed in T" by the three cycles ujusugusuy, yusugusy,
and TyuquiusT.

Case 4. D = M;. In this case, u; and ug are symmetric, so are uy and us.

e 2z = u3. Then us and ug are the only out-neighbors of y in D’. Thus a K3 3 is formed in T'
by the three cycle uqusugusut, xyusuiz, and ryusuge.

e 2z = uy. Then ug is the only out-neighbor of y in D’. If both {(u2,y), (us,y)} C A, then an
Mz is formed by the five cycles ujugusuy, yusuay, yususy, usususus, and ujusuguaui. SO we
assume that at most one of (ug,y) and (us,y) is in T. If (y,uz) € A, then a K3 3 is formed in T
by the three cycles ujususuguguy, xyusuiz, and ryususz; if (y,us) € T, then a K§73 is formed
in T by the three cycles xyususx, xyusugr, and uiusugusuo .

e 2 = ug. Then uy and ug are the only out-neighbors of y in D'. If (us,y) € A, then an
M; is formed in T' by the five cycles ujugusuy, uguausug, usususug, yususy, and yusuiusy. If
(y,us) € A, then a K§73 is formed in T by the three cycles zyususz, zyusuix, and ujususugusuy.

e 2 = u5. Then uy and ug are the only out-neighbors of y in D’. Observe that if both (us,y)
and (u1,y) are arcs in T, then an M} is formed in T by the five cycles ujusugui, ugususus,
yuqusy, yususy, and yuguguiy. So we assume that at least one of (y,us) and (y,uq) is in 7.

Suppose (ug,u1) € A. If (u1,us) € A, then a K33 is formed in T by the three cycles
UlUgUguaul, Tyusuix, and ryusugx; if (y,us) € A, then a K33 is formed in T' by the three
cycles ujusuguquy, ryusuix, and ryususz. So we assume that {(ug,u1), (us,y)} € A. Then a
K§73 is formed in 7" by the three cycles ujususuqu1, yuguiusy, and ryugugusx.

Suppose (u1,uq) € A. If (y,u2) € A, then a K33 is formed by the three cycles ujuguguguy,
ryuguix, and ryusugx. So we assume that (uz,y) € A. Consider the subcase when (u1,y) € A.
Now (y,u3) € A. If (u4,ug) € A, then the union of the three cycles usugqugusus, ryusuee,
and zyusugx forms a K33 in T'; if (ug, us) € A, then the union of the three cycles ujuquzusus,
yuguu1y, and ryugusuzx forms a K§5 in T. Next, consider the subcase when (y,u;) € A. If
(y,ug) € A, then the union of the three cycles ujusususui, ryuiusx, and xyugusz forms a K3
in T if (ug,ug) € A, then the union of the three cycles usugugususa, yuiususy, and ryujususx
forms a K33 in T. Suppose {(u3,y), (us,us4)} € A. Then a K33 is formed in T by the three
cycles ujuqugusul, yugususy, and ryuguou .

Combining the above four cases, we establish (1). Therefore T' is not M&bius-free, a contra-
diction. |

3 A Chain Theorem

In this section we show that every i2s tournament 7' = (V, A) with |V| > 5 can be constructed
from {F}, Fy, F3, Fy, F5} (see Figure 4) by repeatedly adding vertices such that all the interme-
diate tournaments are also ¢2s.

Theorem 3.1. Let T' = (V, A) be an i2s tournament with |V| > 3. Then the following state-
ments hold:
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(i) If |V| =3, then T = Cs; if |V| =4, then T = Fy;

(ii) If V| =5, then T € {Fy, Py, F3);
(i1i) If |V| =6, then either T has a vertex z with T\z € {Fy, F5, F3} or T € {Fy, F5};
(i) If |V| > 7, then T has a vertex z such that T\z remains to be i2s.

We break the proofs of this theorem into a series of lemmas.

Lemma 3.2. Let T = (V, A) be a strong tournament. If |V| =3, then T is Cs; if |V| =4, then
T is Fy. (So T is strong iff it is i2s when |V| =3 or 4.)

Proof. Since every strong tournament has a Hamilton cycle, it is clear that T = Cj if
V| =3 and T = Fj if |V| = 4. Note that both C3 and Fy are i2s, so T is strong iff it is i2s
when |V| =3 or 4. ]

Lemma 3.3. Let T = (V, A) be an i2s tournament. If |V| =5, then T € {Fy, Fs, F3}.

Proof. If T\u is strong for each u € V, then both the in-degree and out-degree of each
vertex equal two, and hence T is isomorphic to F}.

So we assume that 7"\u has a trivial dicut (X, Y) for some u € V. Since each F; is isomorphic
to its reverse for i = 1,2, 3, replacing T by its reverse if necessary, we may assume that |X| =1
and |Y| =3. Let X = {z} and Y = {y1,y2,y3}. Since T'\u is internally strong, Y induces a Cs.
Since T is strong, (u,x) € A, and u has at most two out-neighbors in Y. If u has exactly two
out-neighbors in Y, say y; and ys (by symmetry), then ({u,z},{y1,y2}) would be a nontrivial
dicut of T'\ys, a contradiction. So u has at most one out-neighbor in Y. If v has no out-neighbors
in Y, then all arcs between Y and u are directed to u, so T is isomorphic to F5. If u has only
one out-neighbor in Y, then T is isomorphic to Fj.

Combining the above observations, we conclude that T € {F}, Fy, F3}. |

The following lemma strengthens a classical theorem, asserting that every strong tournament
contains a Hamilton cycle.

Lemma 3.4. Let T = (V, A) be a strong tournament and let x and y be two distinct vertices
of T. Then T has a third vertex z such that T\z is still strong, unless T has a Hamilton path
between x and y such that the remaining arcs are all backward.

Proof. Since T is strong, it has a Hamilton cycle C. Let us first consider the case when

(1) T has a strong subgraph S containing both = and y with [V(S)| < |V].
For notational simplicity, we assume that, subject to (1), S is chosen so that |V (59)] is as large
as possible. Then the vertices of S are consecutive on C. Let P = C\V(S). If P has only
one vertex, then we are done. So we assume that P has two or more vertices. Let s and t be
the initial and terminal vertices of P, respectively. Using the maximality assumption on S, we
see that {(v,s), (t,v)} C A for any vertex v in S. We claim that P contains no vertex other
than s and ¢, for otherwise, let z be an internal vertex of P and let v be a vertex in S. Then
either SUC[s™, 2] U{(z,v)} or SUC|[z,tT]U{(v,2)} would be a strong subgraph of T' properly
containing S; this contradiction to (1) justifies the claim. Since {(v, s), (t,v)} C A for all vertices
v in S, we deduce that T'\z is strong for any vertex z in S\{z, y}.
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Next, let us consider the case when (1) does not occur. Renaming x and y if necessary, we
may assume that (x,y) € A. From the hypothesis of the present case, we deduce that (z,y) is
an arc on C, {(z,y"), (z7,y)} C A, and {(z,v), (v,y)} C A for any v € V\{z,y,z~,y*}. Thus
C\(z,y) is a Hamilton path from y to z such that the remaining arcs are all backward. |

Corollary 3.5. Let T' = (V, A) be a strong tournament with |V'| > 4 and let x be a vertex in T
Then there exists a vertex z # x such that T\ z is strong.

Proof. Let y be a vertex of T" with y # . By Lemma 2.3,

e either 7" has a vertex z # x,y such that T'\z is strong

e or T' has a Hamilton path between x and y such that the remaining arcs are all backward.
In the former case z is a desired vertex, and in the latter case y is as desired. |

A digraph is called trivial if it contains only one vertex. The following lemma on strong
partitions of tournaments (see Section 1) is straightforward, so we omit its proof here.

Lemma 3.6. Let T = (V, A) be an internally strong tournament and let (A1, As, ..., A,) be the
strong partition of T. If |V| > 3, then one of the following statements holds:

(i) p=1; Ay is nontrivial;

(i) p = 2; exactly one of A1 and Az is nontrivial;
(i1i) p = 3; both Ay and Az are trivial.

The lemma below follows instantly from the preceding one.

Lemma 3.7. LetT = (V, A) be ani2s tournament, let x be a vertex in T, and let (Ay, Aa, ..., Ap)
be the strong partition of T\x. Then 1 < p < 3. (The value of p is called the type of x in T ).

For convenience, we shall not distinguish each A; from its vertex set V(A;) in subsequent
proofs, if there is no risk of confusion. Thus |A4;| = |V (4;)|.

The following two lemmas guarantee the existence of a vertex z in an i2s tournament T" with
at least six vertices such that T'\z remains to be i2s.

Lemma 3.8. Let T = (V, A) be an i2s tournament with |V| > 6. If T contains a vertex x of
type 3 (see Lemma 3.7), then it contains a vertex z such that T\z remains to be i2s.

Proof. Let (A;, A2, A3) be the strong partition of T\x. Since x is of type 3, |A;]| = |A3| =1
by Lemma 3.6. So |A2| > 3. Let z; be the only vertex in A; for i« = 1,3. Since T is i2s, both
(x,21) and (z3,z) are arcs in T. Furthermore, x has at least one in-neighbor x; and at least one
out-neighbor x5 in Ay. If there exists z € Ao\ {z1,z2} such that As\z is strong, then T'\z is i2s.
Otherwise, by Lemma 3.4, Ay has a Hamilton path between 1 and xo such that the remaining
arcs of As are all backward. Let z = x5 if 1 is the only in-neighbor of x in Ay and let z = x4
otherwise. Then As\z is strong and has at least one in-neighbor and at least one out-neighbor
of . Therefore T'\z is i2s. 1

Lemma 3.9. Let T = (V, A) be an i2s tournament with |V| > 6 and T ¢ {Fy, F5} (see Figure
4). Then T contains a vertex z such that T\z remains to be i2s.
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Proof. We proceed by contradiction. By a triple (T;x,y) we mean an i2s tournament
T = (V,A) with |V| > 6 and T ¢ {Fy, F5} such that T'\z is not i2s for any vertex z, together
with two distinguished vertices  and y in T'. Choose a triple (7'; z,y) such that

(1) T\z is strong while T\{x, y} is not internally strong;

(2) subject to (1), letting (A1, Aa, ..., Ap) be the strong partition of T\{xz,y}, A1 contains
an out-neighbor z’ of z; and

(3) subject to (1) and (2), the tuple (|A1],|As2], ..., |Ap|) is minimized lexicographically.
Let us show that such a triple is available. By Corollary 3.5, there exists a triple (T;x,y)
satisfying (1). To verify the existence of a triple (T’; x,y) satisfying both (1) and (2), note that
if  has no out-neighbor in A, then it must have an in-neighbor in A, for otherwise, y would
be of type 3, and hence T'\z would be i2s for some vertex z by Lemma 3.8, a contradiction.
Since each of Fy and Fj is isomorphic to its reverse, replacing T by T™ if necessary, we see that
a triple (T'; x,y) with properties (1) and (2) (and hence the desired one) exists.

Let us make some simple observations about the triple (7;z,y). Since |V| > 6, by (1) we
have

(4) p > 2, and y has an out-neighbor 3’ in A; and an in-neighbor y” in A,,.

(5) If p = 2, then x has an in-neighbor in A,

Otherwise, since |V| > 6 and T'\y is internally strong, |As| = 1 and |A;| > 3, which implies
that T\{z, y} is internally strong, this contradiction justifies (5).

Once again, since T'\y is internally strong, the statement below follows instantly from Lemma
3.6.

(6) If p > 3 and « has no in-neighbor in A,, then |4,| =1 and z has an in-neighbor in A4,_;.

Since A; is strong, either |[A;| =1 or |A;] > 3 for 1 <1i < p. Let A; = {a;} for each i with
|Ai| = 1 hereafter. We divide the remainder of the proof into a series of claims.

Claim 1. |[4;| = 1.

Assume the contrary: |A1| > 3. Replacing 2’ (resp. ¥') by a second out-neighbor of x
(resp. y) in A; if necessary, we may assume that =’ # ¢/, for otherwise, 2’ = 3/ is the unique
out-neighbor of both x and y in A;. Since T\’ is internally strong and A;\z’ has no incoming
arcs, |A1\2'| <1 and thus |A4;| < 2, contradicting the assumption on |A;|. By Lemma 3.4, one
of (7), (8), and (9) holds:

(7) Ai\{«,y'} has a vertex z such that A;\z is strong.

(8) |A1] = 3. Renaming the vertices in Ay as 2,/ z if necessary, we assume that both (x, ')
and (y,y’) are arcs in T, and that if three vertices in A; are all out-neighbors of x, then (y/, z)
is an arc in T'; otherwise, if three vertices in A; are all out-neighbors of y, then (z’,3’) is an arc
inT.

(9) |A1] > 4 and A; has a Hamilton path P between 2’ and ¢ such that the remaining arcs
in A; are all backward. Furthermore, we may assume that both (v, z) and (v,y) are arcs in T
for any v € A1\{2/,y'}, for otherwise, (7) holds true by replacing z’ or ¥/’ (which is z) with v.

Let z be as specified in (7) or (8), whichever holds, and let z be the terminal vertex of
P\{z',y'} if (9) holds. Clearly, T\z is strong. We propose to prove that T\z is i2s, which
amounts to saying that

(10) T\{w, z} is internally strong for each w € V'\z.
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From (5), (6), and the definition of z, we see that (10) holds trivially for any w € Uf:_Ql A U
{z,y}. It remains to consider the following two cases.

Case 1.1. w € A).

Depending on whether w = y” (see (4)), we distinguish between two subcases.

e w # y”. In this subcase, |4p| > 2. Thus x has at least one in-neighbor in A, by (5) and
(6). Let (B1,Ba,...,By;) be the strong partition of A,\w, let r be the largest subscript such
that B, contains an in-neighbor of z or y, and let B = U{_, 41 Bi. Since B has no outgoing arcs
in T\w (which is internally strong), |B| < 1. Let us show that T\{w, z} is internally strong, for
otherwise, z is a source and 2’ is a near-source of T\ {w, z}; in particular, (2’,3’) € A. From the
descriptions of (7)-(9), we deduce that |A;| = 3 and (z,x) € A. Consider the triple (T'; z,w). Let
(A}, AS, ..., A}) be the strong partition of T\{z,w}. Then A} = {«}. Since T'\z is strong while
T\{z,w} is not internally strong, and |A}| < | 41|, the existence of the triple (T’; z, w) contradicts
the minimality assumption on (|A1], |Az], ..., |Ap|) in the choice of (T;z,y) (see (1)-(3)).

e w = y”. In this subcase, we may assume that y” is the only in-neighbor of y in A, for
otherwise, replacing y” by a second in-neighbor of y in A, we reduce the present subcase to the
preceding one. If z has an in-neighbor in A,\w, then Ty is strong. Interchanging the roles of
x and y, we reduce the present subcase to the preceding one as well. Thus we further assume
that A,\w contains no in-neighbors of x. Since T\w is internally strong, A, = {w}. If w is an
in-neighbor of z, then the existence of the triple (T™; x, y) contradicts the minimality assumption
on (|A1],]Az2|, ..., |Ap|) in the choice of (T;x,y) (see (1)-(3)). So w is an out-neighbor of z. By (5)
and (6), Ap—1 contains an in-neighbor of z. Let us show that T\ {w, 2} is internally strong, for
otherwise, y is a source and y’ is a near-source of T'\{w, z}; in particular, both (v, 2’) and (v/, z)
are arcs in 7. From the descriptions of (7)-(9), we deduce that |A;| = 3 and (z,y) € A. Thus
the existence of the triple (T'; z, w) contradicts the minimality assumption on (|A1],|Az2], ..., |4p]|)
in the choice of (T;x,y) (see (1)-(3)).

Case 1.2. w € A;\z.

Depending on whether (7), (8), or (9) holds, we distinguish between two subcases.

e (7) holds. In this subcase, let (B, Bs, ..., B;) be the strong partition of A;\{w, z}, let r
be the smallest subscript such that B, contains an out-neighbor of x or y, and let B = U;:llBi.
Then (T\{w, z})\B is strong. If |B| <1, then T\{w, z} is internally strong. So we assume that
|B| > 2. Since T\w is internally strong and since B has no incoming arcs in T\{w, z}, T\w
contains at least one arc from z to B. Thus the triple (T'; z,w) is a better choice than (T;z,y)
(see (1)-(3)) because |B| < |A1], a contradiction.

e (8) or (9) holds. In this subcase, if w = 2/, then T\{w,x, z} is strong, so T\{w, z} is
internally strong. If w = 3 and z has an in-neighbor contained in A,, then T\{w,y,z} is
strong, so T\{w, z} is also internally strong; if w = ¢ and z has no in-neighbor contained in
A,, then z has an in-neighbor z” contained in A,_; by (5) and (6), and y has an out-neighbor
contained in {x}U (Al\y’)U(Uf;QlAi) (as T'\y/ is internally strong), and hence T\ {w, z} is strong.
Suppose w ¢ {2/,y'}. In view of (5) and (6), it is clear that T\{w, z} is strong.

Combining the above two cases, we establish (10) for all w € A, U (A1\z) and hence for all
w € V\z. So T\z is i2s; this contradiction justifies Claim 1.

Claim 2. |As| = 1.
Assume the contrary: |As| > 3. Since T\a; is internally strong, As contains a vertex asg
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which is an out-neighbor of = or y. If |As| > 4, let z be a vertex in Aj\ay such that As\z is
strong (see Corollary 3.5); if |Aa| = 3, let z be the vertex in Ay with (z,a2) € A. Since T is i2s
and since x has an in-neighbor in 4,1 U A, by (5) and (6), T'\z is strong. We propose to show
that T'\z is i2s, which amounts to saying that

(11) T\{w, z} is internally strong for each w € V'\z.

From (5), (6), and the definition of z, we see that (11) holds trivially for any w € {z,y} U
(A2\z) U (U2 A;). It remains to consider the following two cases.

Case 2.1. w = a;.

In this case, if as is an out-neighbor of y, then T\{a1, z, 2z} is strong and hence T\{a1, z} is
internally strong. So we assume that ag is an out-neighbor of z. If x has an in-neighbor in A,
then T\{a1,y, z} is strong and hence T'\{a1, z} is internally strong. So we further assume that
x has no in-neighbor in A,. Then |A,| = 1 and x has an in-neighbor in A, by (5) and (6).
We claim that y has an out-neighbor in {z} U (A42\z) U (Uf;;Ai), for otherwise, let B = {y,vy"}
and B = V\{a1,y,y",2}. Then (B, B) is a nontrivial dicut in T\{a1, 2}, so T\{a1, 2} is not
internally strong. Therefore the existence of the triple (7; z,a;1) contradicts the minimality
assumption on (|A4i|, |Az|,...,|A4p|) in the choice of (T;z,y) (see (1)-(3)). It follows instantly
from the claim that T\{a1, z} is strong.

Case 2.2. w € A).

Depending on whether w = 3", we distinguish between two subcases.

e w # y”. In this subcase, |[Ap| > 2. So x has an in-neighbor in A, by (5) and (6). Let
(B1, Ba, ..., Bg) be the strong partition of A,\w, let r be the largest subscript such that B,
contains an in-neighbor of x or y, and let B = U{__ 41 Bi. Since B has no outgoing arcs in T\w
(which is internally strong), |B| < 1. Clearly, (T\{w, z})\B is strong, so T\{w, z} is internally
strong.

e w = y”. In this subcase, we may assume that y” is the only in-neighbor of y in A, for
otherwise, replacing y” by a second in-neighbor of y in A,,, we reduce the present subcase to the
preceding one. If z has an in-neighbor in A,\w, then T'\y is strong. Interchanging the roles of
x and y, we reduce the present subcase to the preceding one as well. So we assume that A,\w
contains no in-neighbors of x. Since T'\w is internally strong, |A,\w| < 1, so |[A4,| < 2. Since A,
is strong, we have A, = {w}. If w is an out-neighbor of z, then = has an in-neighbor in A,_; by
(5) and (6). Thus T\{w,y, z} is strong and hence T\{w, z} is internally strong. So we further
assume that w is an in-neighbor of x. If A,_; contains an in-neighbor of z or y, then T'\{w, 2}
is also internally strong; if A,_1 contains no in-neighbor of x or y, then (Uf:_IQAi U{z,y}, Ap—1)
is a dicut in T\w. Since T'\w is internally strong, |A,—1| = 1. Thus the existence of the triple
(T*; x,y) contradicts the minimality assumption on (|41, |Az2], ..., |Ap|) in the choice of (T;z,y)
(see (1)-(3).

Combining the above two cases, we establish (11) for all w € {a;} U A, and hence for all
w € V\z. So T'\z is i2s; this contradiction justifies Claim 2.

Claim 3. At least one of (z,a2) and (y, az) is an arc in 7.

Assume the contrary: both (ag,z) and (ag,y) are arcs in T. By (5) and (6), x has an in-
neighbor in A, U A, so T'\as is strong. We propose to show that T'\as is i2s, which amounts
to saying that

(12) T\{w, az} is internally strong for each w € V\axs.
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Clearly, (12) holds for w € Uf:_?} A; U{z,y}. It remains to consider the following two cases.

Case 3.1. w = a;.

Since T'\a; is internally strong, As contains an out-neighbor of x or y. If A3 contains an
out-neighbor of y, then T\{a1,x,as} is strong, and hence T\{a1,as} is internally strong. So
we assume that Aj contains an out-neighbor of z. If A, contains an in-neighbor of x, then
T\{a1,y,a2} is strong, so T\{a1,az} is internally strong. If A, contains no in-neighbor of z,
then |A,| = 1 and z has an in-neighbor in A,_; by (5) and (6). Thus {z} U Az3U... U A,
induces a strong sub-tournament. Since T'\a; is internally strong, y has an out-neighbor in
{z}UALU...UA,_. It follows that T'\{a1, a2} is strong.

Case 3.2. w e A).

Depending on whether w = 3", we distinguish between two subcases.

e w # y”. In this subcase, the argument is exactly the same as the one employed in Case
2.2 when w # /"

e w = y". In this subcase, we may assume that A, = {w} and w is an in-neighbor of z (see
the proof in Case 2.2 when w = y”). If A,_; contains an in-neighbor of x or y, then T\{w, ag} is
internally strong; otherwise, (Uf;fAi U{z,y},Ap—1) is a dicut in T\w, so |Ap—1| = 1. If p =4,
then T is isomorphic to Fy (see its labeling in Figure 3) under the mapping

(a1,a2,a3,a4,{z,y}) = (vs,v6,v2,v3, {v1,04}),

contradicting the hypothesis. So p > 5. Thus A,_» contains an in-neighbor of = or y, for
otherwise (Uf:_l?’ A;U{z,y}, Ap—1UA,_2) would a nontrivial dicut in T\w, contradicting the fact
that T\w is internally strong. It follows that T\{w, as} is internally strong, in which a,_; is a
sink and possible y is a source.

Combining the above two cases, we establish (12) for all w € {a;} U A, and hence for all
w € V\ag. So T\ay is i2s; this contradiction justifies Claim 3.

Claim 4. Let k be the largest subscript such that A contains an in-neighbor of x. Then
k= 3.

Assume the contrary: k # 3. Since |V| > 6 and |A;| = |A2| =1 by Claims 1 and 2, we have
p > 3. If p =3, then |A4,| > 2, so  has an in-neighbor in A4, by (5) and (6) and hence k = 3,
this contradiction implies that p > 4. We propose to show that

(13) T'\z is i2s for some vertex z of T'.

Depending on the size of A, and value of p, we distinguish among three cases.

Case 4.1. |4,]| > 3.

In this case, x has an in-neighbor z” in A, by (5) and (6). Let z be an arbitrary vertex in
As. Clearly, T'\z is strong. We aim to show that (13) holds for this z. By Claim 3, at least one
of (z,a2) and (y,a2) is in T'. Thus T\{w, z} is internally strong for w € Uf:_?)lAi U{z,y,a1,a2}.
To establish this statement for w € A,, we consider two subcases.

e w # 3. In this subcase, the argument is exactly the same as that employed in Case 2.2
when w # y”.

e w = y”. In this subcase, we may assume that w is the only in-neighbor of y in A,. Observe
that z has an in-neighbor in Ap,\w, for otherwise, since T\w is internally strong, |A,\w| < 1, so
|Ap| <2, a contradiction. Interchanging the roles of z and y, we reduce the present subcase to
the preceding one.
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Case 4.2. |A)| =1and p > 5.

In this case, = has an in-neighbor in A, 1 U A, by (5) and (6). To prove (13), we proceed
by considering two subcases.

e A3 contains an out-neighbor of y. In this subcase, let us show that T\ a9 is i2s. Clearly,
T\agy is strong, and T\{ag,w} is internally strong for any w € Uf:_glAi U{ai,z,y}. If Apq
contains an in-neighbor of z or y, then T\{as, a,} is internally strong. So we assume that A, ;
contains no in-neighbor of z or y. Note that (Uf;fAi U{z,y}, Ap—1) is a dicut in T'\a,. Since
T\a, is internally strong, |A,_1| = 1. Since p > 5, A,_» contains an in-neighbor of = or y, for
otherwise (Uf:_f A; U{z,y}, Ap—1 U Ap_2) would be a nontrivial dicut in T'\a,, a contradiction.
It follows that T'\{a2, a,} is internally strong, in which a,_; is a sink and possible one of z and
y is a source.

e All vertices in Ag are in-neighbors of y. In this subcase, let z be an arbitrary vertex in
As; let us show that T'\z is i2s. Clearly, T'\z is strong. Observe that if a, is an out-neighbor of
z, then Uf;llAi U{ag,x} contains an out-neighbor of y, for otherwise (Uf;glAi U{az, z}, {y,ap})
would be an nontrivial dicut in T\a;, a contradiction. It follows that T\{w, z} is internally
strong for any w € Uf;?}Ai U {z,y, az} no matter whether (x,a,) is an arc in 7. Let us make
two more observations.

(14) T\{a1, z} is internally strong. To justify this, note that if (y,as) is an arc in 7', then
T\{a1,x,z} is strong, so T\{a1, z} is internally strong. Thus we may assume that (ag,y) is an
arc in 7. By Claim 3, (z,a2) is also in T'. If a, is an in-neighbor of x, then T\{a1,y, z} is
strong and hence T'\{a1, z} is internally strong; if a, is an out-neighbor of x, then x contains an
in-neighbor in A,_; by (6), and Uf:_i A; U {ag,z} contains an out-neighbor of y as observed in
the preceding paragraph. Thus (14) follows.

(15) T\{ap, z} is internally strong. To justify this, note that if A,_; contains an in-neighbor
of z or y, then T\{ap, z} is internally strong. If A, ; contains no in-neighbor of = or y, then
(Uf:_fAi U{z,y}, Ap—1) is a dicut in T'\a,, which implies that |A,_1| = 1. Since p > 5, A, _»
contains an in-neighbor of x or y, for otherwise (Uf:_f’ A; U{z,y}, Ap,—1 U A, o) is a nontrivial
dicut in T'\a,, a contradiction. Thus (15) holds.

Case 4.3. |[A)] =1 and p =4.

In this case, (a4, ) is an arc in T by (5), (6), and the assumption k # 3. Depending on the
size of As, we consider two subcases.

e |A3| > 3. In this subcase, Az contains a vertex ag which is an in-neighbor of x or y, because
T\ay is internally strong. If |As| = 3, let z be the vertex such that (as,z) € As; if |A3| > 4,
Corollary 3.5 guarantees the existence of a vertex z € Agz\as such that As\z is strong. Let us
show that T\ z is i2s. Clearly, T'\z is strong, and T'\{w, z} is internally strong for any w # a;.
If (y,a2) is an arc in T, then T\{a1,x, z} is strong and hence T\{a1, z} is internally strong. If
(a2,y) is an arc in T, then so is (z,ag) by Claim 3. Since T\{a1,y, z} is strong, T\{a1, 2z} is
internally strong.

e |A3| = 1. In this subcase, if exactly one of (y,a3) and (x,as3) is an arc in T, then T\aq
is i2s. So we assume that either both (as,y) and (as,z) are in T or both (y,a3) and (x,as3)
are in T'. If exactly one of (x,a2) and (y,az2) is in T, then T\a3 is i2s. So we further assume
that both (z,a2) and (y,az2) are in T' by Claim 3. Thus both (as,y) and (a3, z) are in T, for
otherwise, ({z,y}, {a1,a2,as}) would be a dicut in T\ a4, a contradiction. Now we can see that

17



T is isomorphic to Fy (see its labeling in Figure 3) under the mapping

(a1,a2,a3,a4, {z,y}) = (vs,v2,v6,v3, {v1,04}),

contradicting the hypothesis of the present lemma.
Combining the above three cases, we have proved (13); this contradiction justifies Claim 4.

Claim 5. p =4.

Assume the contrary: p # 4. Since |V| > 6 and |A;| = 1 for i = 1,2, we have p > 3. By
Claim 4, (5), and (6), we also have p < 4. So p = 3 = k. Let 2" be an in-neighbor of z in As.
Replacing x” (resp. y”’) by a second in-neighbor of z (resp. y) in Az if necessary, we may assume
that 2" # ", for otherwise, z” is the only in-neighbor of z and y in As. Since T'\z” is internally
strong, |As\z”| <1, so |A3| < 2 and hence |A3] = 1, contradicting the hypothesis that |V| > 6.
If all vertices in A3 are in-neighbors of both x and y, then T'\z is i2s for any z € Az by Claim 3.

So we assume that Ag contains an out-neighbor of x or y. We propose to show that T\as
is 12s. Clearly, T\ a2, T\{z, a2}, and T\{y,as} are all strong. By the hypothesis of the present
case, A3 U {x} or A3 U {y} induces a strong sub-tournament of 7", so T'\{a1, a2} is internally
strong. Let w be an arbitrary vertex in As. Since 2" # y”, symmetry allows us to assume that
w # 2. If Az\w is strong, then T\{w, as} is internally strong; otherwise, let (B, Bs, ..., By) be
the strong partition of Ag\w. Then g > 2. Let r be the largest subscript such that B, contains
an in-neighbor of z or y and let B = Ug:r+1Bi- Since (U;_;B; U {a1,a2,z,y}, B) is a dicut in
T\w, we have |B| < 1. If T\(B U {az,w}) = U_B; U {a1,x,y} is strong, then T\{w,as} is
internally strong; otherwise, w is the only in-neighbor of y in A3z U {z}. Since U_,B; U {a1,z}
is strong, T\{w, as} is also internally strong.

Combining the above observations, we see that T\z is i2s for some vertex z of T this
contradiction justifies Claim 5.

From (6) and Claims 4 and 5, we deduce that |A4| = 1 and (z, a4) is an arc in T'. Depending
on the size of A3, we distinguish between two cases.

e |A3] > 3. In this case, let 2” be an in-neighbor of x in Az (see Claim 4). If |A3| = 3, let z
be the vertex in As such that (2, 2) is an arc; otherwise, let z be a vertex in Az\z” such that
As\z is strong (see Corollary 3.5). Clearly, T'\z is i2s. Let us show it is actually i2s; that is,
T\{w, z} is internally strong for any w € V'\z. This statement holds trivially when w # a;. So
we assume that w = a;. If (y,a2) is an arc in T', then T'\{a1, 2} is strong; otherwise, by Claim
3, (xz,a2) is an arc in T'. So (As\z) U {az,x} induces a strong sub-tournament of 7". Since T\ a1
is internally, (As\z) U {ag2,x} contains an out-neighbor of y. Thus T'\{ay, 2} is strong.

e |A3| = 1. In this subcase, (a3, ) is an arc in T' by Claim 4. If (y,as3) or (y,z) is an arc
in T, then T\as is i2s. So we assume that both (a3, y) and (x,y) are arcs in 7. Since T'\a; is
internally strong, (y,a2) is an arc in T. Note that (ag, ) is an arc of T, for otherwise T would
be isomorphic to Fy (see its labeling in Figure 3) under the mapping

(alv a2,as3, a4, T, y) - (’1)4, 1, Vs, V2, Ug, 03)7

contradicting the hypothesis of the present lemma. It follows that T\ as is i2s.
Combining the above two cases, we conclude that T' contains a vertex z such that T\ z re-
mains to be i2s; this contradiction proves the lemma. |
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With the above preparations, we can establish the main result of this section now.

Proof of Theorem 3.1. The desired statements follow instantly from Lemmas 3.2, 3.3 and
3.9. |

4 Structural Description

In this section we show that every i2s Mobius-free tournament comes from the list 7y of nine
sporadic tournaments, and every strong Mdobius-free tournament different from F; and Gp can
be obtained by repeatedly taking 1-sums starting from the seven tournaments in 77.

Proof of Theorem 1.2. Our proof is based on the chain theorem (Theorem 3.1), so it
consists in handling tournaments with at most seven vertices; in principle it can be carried
out by computer, and we indeed have such a proof. Nevertheless, the proof given below is
computer-free.

By Lemmas 3.2 and 3.3, we may assume that |V| > 6. For convenience, we say that an i2s
Mobius-free tournament 7" is an extension of T if T"\v is isomorphic to T for some vertex v of
T.

Claim 1. G is the only extension of F}.

To justify this, let T" be an extension of Fj, let vg be a vertex of T' such that T\vg is
isomorphic to Fj, and label the vertices of T\vg as in Figure 3 for F;. We propose to show
that T is isomorphic to G1. Since the in-degree and out-degree of each vertex in Fy are two, I}
enjoys a high degree of symmetry in which all vertices behave likewise.

Since T is strong, symmetry allows us to assume that v; is an in-neighbor of vg. Then at
most one of (vg,v2) and (ve,vs) is in T, for otherwise, the union of the five cycles vivgvsvy,
V1U3V5V1, V2VU3VU5V2, V2V4U5V2, and v1vev2v4v1 would form an M in T, a contradiction. Thus we
may proceed by considering the following three cases.

e Both (vg,v) and (vs,vg) are in T'. In this case, since T' is strong, at most one of (v, vg)
and (vy,vg) is contained in T'. If both (vg, v3) and (v4, vg) are in T', then the five cycles vivovgvy,
UsV204V5, V1V3V4V1, VgU3V4V6, and vovgu3vsvy would form an M. Similarly, if both (vs, vg) and
(vg,v4) are in T, then the five cycles viv3v5V1, VoU3VsV2, V2VLVV2, VeULV5VE, and v1V3VEV4V]
would form an Ms5 in T as well. So both (vg,v3) and (vg,v4) are in T. Thus T is isomorphic
to G1, where (v1,v92,v3,v4,v5,v6) in T corresponds to (ve,ve, v4,vs,v1,v3) in G1 as labeled in
Figure 4.

e Both (vg,v2) and (vs,vg) are in T. In this case, (vg,vs3) is in T, for otherwise, the five
cycles v1v3v4v1, V1V3V5V], V2U3V5V2, V2U3VgV2, and vy vgvav4vy would form an My, a contradiction.
If (vg,v4) is in T, then T is isomorphic to G1, where (v1,va,v3, V4, v5,v6) in T corresponds to
(ve, v3,v4,v5,v1,06) in G1 as labeled in Figure 3. If (v4,v6) is in 7', then 7' is also isomorphic
to G1, where (v1,v2,v3,v4,v5,06) in T corresponds to (vg,v4, vs,v1,v2,v3) in G as labeled in
Figure 4.

e Both (v2,v6) and (vg,vs) are in T. In this case, (vg,v4) is in T, for otherwise, the five
cycles v1v9v4V1, V1V3V4V1, V1V3V5V1, V1VgU5V1, and vovgvgvsv2 would form an My, a contradiction.
If (vg,v3) is in T, then T is isomorphic to G1, where (vy,va,v3,v4,v5,v6) in T corresponds to
(v1,v2,v3,v4,05,06) in G1 as labeled in Figure 3. If (v3,vg) is in T, then T is also isomorphic

19



to G1, where (v1,v2,v3,v4,v5,v6) in T corresponds to (v1,ve, ve, V4, V5, v3) in G as labeled in
Figure 4.
Combining the above observations, we see that 1 is the only extension of Fj.

Claim 2. F5 has no extension.

Assume the contrary: T is an extension of Fh such that T\vg is isomorphic to Fy for some
vertex vg of T'. Let us label the vertices of T\vg as in Figure 3 for F,. Since T is i2s, vg has
an in-neighbor in {v1,vs,v4}, for otherwise, ({ve, v6}, {v1,v3,v4}) would be a nontrivial dicut in
T\vs, a contradiction. By symmetry, we may assume that (vi,vg) is an arc in 7. Next, vs or
v4 is an out-neighbor of vg, for otherwise ({v1,vs,va}, {vs,v6}) would be a nontrivial dicut in
T\vy. Depending on the direction of the arc between vg and v3, we consider two cases.

e (vg,v3) is in 7. In this case, if (vg,v5) is an arc in 7', then the union of the three cycles
V1VEU3V4V], V2U3V4U5V2, and v1veUsvauy 1S a K3 3. So (us,ve) is an arc in T'. If (v4,v6) is an arc
in T, then the union of the five cycles vougvsve, VgU3V5Vg, VgU3V4VE, V1V3V4V1, and V1U5V2U4V1
would form an M;; if (ve, v4) is an arc in T, then the union of the five cycles vovgvsv2, v6V4V5VS,
VgU4V1 V6, V3040103, and v1v3v5v2v1 would form an M3 as well. Thus we reach a contradiction in
either subcase.

e (v3,v6) is in T'. In this case, (vg,v4) is in T'. If (vg, v5) is in T', then the union of the three
cycles v1v3vgU4V1, V2U3VEU5V2, and vivsvavav; would form a Ks3. Thus (vs,ve) is in T. But
then the union of the five cycles vovqvsva, VgULV5V6, VgU4V1VG, V3U4V1V3, and v1vsvsvev; Would
form an M, a contradiction.

Combining the above observations, we see that F, has no extension.

Claim 3. G and G5 are the only extensions of Fj.

To justify this, let 7" be an extension of F3 such that T\vg is isomorphic to F3 for some
vertex vg of T'. Let us label the vertices of T\vg as in Figure 3 for Fj. Since T is i2s, vg has
at least one in-neighbor in {vi,vs3,v4}, for otherwise ({v2, v}, {v1,v3,v4}) would be a nontrivial
dicut in T'\vs, a contradiction.

e (vg,v1) isin T'. In this case, at most one of (vg,v3) and (ve,v4) is in T'. Let us first consider
the subcase when (v4,v6) is in 7. Now at most one of (va, vg) and (vs, vg) is in T, for otherwise,
({va2,v4,v5}, {v1,v6}) would be a nontrivial dicut in T\vs. Next, (vs,vg) is in T, for otherwise,
the three cycles v1v3v4vV6V1, V2V4VeV5V2, and v1v3V5V2v1 would form a K3 3. It follows that (ve, v2)
is also in T'. If (vg,v3) is in T', then the five cycles v1v3v4v1, V6U3V4V6, V2V4VaV2, V2V4V5V2, and
v1v3v5v201 would form an Ms; if (vs, vg) is in T', then the three cycles vivzvgvav1, v1v3V4V5V1, and
veU2v4U5v6 would form a K33 3, a contradiction. It remains to consider the subcase when (vg, v4)
is in 7. Thus (vs,ve) is also in T. If (vs,vg) is in T, then the five cycles vivsvsv1, VV3V5Ve,
VaU4V5V2, VeU4V5V6, and v1vsvguavr would form an Ms, this contradiction implies that (ve,vs)
is an arc of T. If (vg,vg) is in T, then the three cycles vjv3vgv4v1, VoVEV4V5V2, and v1V3V5V2VY
would form a K33. So (ve,v2) is in T' and thus T is isomorphic to G3, where (v1, v2, v3, v4, Vs, Ug)
in T corresponds to (ve,vs,v4,v1,v6,v5) in G3 as labeled in Figure 4.

e (v1,v6) is in T. Let us first consider the subcase when (vg,v3) is in T. Now (vs, vg) is in
T, for otherwise, the three cycles vivgv3v4v1, V1V6V5V2V1, and vov3v4V5v2 Would form a K3 3. It
follows that (v4,vg) is in T, for otherwise the five cycles vovgvsv2, VgV4V5VE, V1VEV4V1, V1V3V4VT,
and vivzvsveu; would form an MZ. Thus (v4,ve) is in 7', which in turn implies that (ve, v2) is
in T', for otherwise ({va,v4,v5},{v1,v6}) would be a nontrivial dicut in 7"\v3. But then the five
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cycles vov3UsU2, V2U4U5V2, V2U4VgV2, V2V Vg2, and v1vgv3vsvy would form an Ms, a contradiction.
It remains to consider the subcase when (vs,vg) is in T. If (vg,v2) is in T', then the five cycles
V130401, V1V3V5V], VaU3V5V2, V2U3V6V2, and vivguavavy would form an Ms. Thus (ve,ve) is in
T. If (vg,v4) is in T, then the three cycles viv3vv4v1, V1V3V5V20V1, and vovgU4V5V2 Would form a
K3 3. Thus (v4,vg) is in T'. Since T is strong, (ve, vs) must be in T'. Therefore, T is isomorphic
to Ga, where (v1,v2,v3,v4,v5,06) in T corresponds to (v1,vs, vg, V3, V4, v2) in G as labeled in
Figure 4.
Combining the above observations, we see that G2 and G3 are the only extensions of F3.

Claim 4. Fj is Mobius-free while F5 is not.

It is routine to check that Fj contains none of the digraphs displayed in Figure 1, so Fjy is
Mobius-free. Let us label F5 as in Figure 3. Then the union of the three cycles vivsvsvgvy,
VV6U3V4V2, and v1vsveUev1 forms a K3 3. Thus Fj is not Mdbius-free.

Claim 5. (G; has no extension.

Assume the contrary: T is an extension of G such that T'\v7 is isomorphic to G for some
vertex vy of T. Let us label the vertices of T\v; as in Figure 4 for G;. Depending on the
direction of the arc between vy and v1, we distinguish between two cases.

e (v1,v7) is in T. In this case, (vs,v7) is in T, for otherwise, the union of the three cycles
V1VUTVU5V2V4V1, V2UgU3V5V2, and v1vgv3v4v1 would form a K§73. If (v7,v6) is in T', then the union
of the three cycles vivrvgvavy, v7vgUsVEVT, and v1v3V5V9v4v1 Would form a K§73. Thus (vg, v7)
is in 7', which in turn implies that (ve,v7) is in T, for otherwise, the union of the three cycles
V3V5V7U2V3, V1VgUTU20401, and v vgv3vsv, would form a K§73. If (v7,v4) is in T, then the union
of the three cycles vovguzvsve, vV1V3V5V7V4V1, and v1V9vgV4v1 Would form a K§73. Thus (vy4, v7)
is in 7. Since T is strong, (vy,v3) is in T. It follows that the union of the five cycles vivav4v1,
V5045, V1VU3V4V1, V7U3V407, and vev7vgvsve would form an Ms, a contradiction. Therefore G
has no extension.

e (v7,v1) is in T. Note that G; is isomorphic to its reverse under the mapping

(v1, v2,v3, 4,5, V6) — (Us, V4, Vs, V2, V1, V3).

So if T' is an extension of Gy, then T™ is also an extension of G;. If (v7,vs) appears in T, then
(v1,v7) is in T and hence the present case reduces to the preceding one. So we may assume that
(vs,v7) is in T, which implies that (v7,vs3) is in T, for otherwise the union of the three cycles
VoU3V4V5V2, V1U2V3V7V1, and v1v6v4v5v7v1 would form a K§)73. Thus (vy,v2) is in T, for otherwise,
the union of the five cycles vivov7v1, V1V2V4V1, VIV3V4VL, V1V3V5VL, and vovrVsVsVe Would form
an M. But then the union of the three cycles vovgvsv7v2, V3V4UsV7V3, and viVaVEV3V4V] Would
form a K3 5, a contradiction.
Combining the above observations, we see that (1 has no extension.

Claim 6. Neither G5 nor G3 has an extension.
To justify this, observe that (3 is isomorphic to G5 under the mapping

(v1,v2,v3, V4, V5, 06) = (v3, V5, V1, Vg, V2, V).

So if T is an extension of GG9, then T™ is an extension of (G3. Hence it suffices to show that Go
has no extension. Assume the contrary: T is an extension of Go such that T\ v7 is isomorphic to
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G4 for some vertex vy of T. Let us label the vertices of T\v7 as in Figure 4 for G. Depending
the direction of the arc between vy and vy, we distinguish between two cases.

e (v7,v1) is in T. Let us first consider the subcase when (vs,v7) is in T. Now (vg,v7) is
in T', for otherwise, the union of the three cycles vivgv4v5v1, v1V6V3V7V1, and v3v7V4V5v3 wWould
form a K33. Next, (v7,vs) is in T, for otherwise, the union of the three cycles vivgvzvrvy,
V3V4V5V6V3, and v1v2v4v5v7v7 would form a K§,3. If (v7,v6) is in T', then the union of the five
cycles v1vgU3V1, VTUEV3VT, V3UTVU5V3, U3V4U5V3, and v1vgvavsv; would form an Ms; if (ve,v7) is in
T, the the union of the three cycles vivgvrvsv1, vV1vVeV3V4V1, and v7vsv3v4v7 Would form a K3 3,
a contradiction. It remains to consider the subcase when (v7,v3) is in T. Now (v7,v9) is in
T, for otherwise, the union of the three cycles vivgvsvav, vV1VgV2V7V1, and vov7V3V4V5V2 Would
form a K3 5. Since T is i2s, (v, v7) must be in T', for otherwise ({vs,v7}, {v1,ve, v3,v2}) would
be a nontrivial dicut in T\vy. Thus (v7,v4) is in T, for otherwise the union of the three cycles
V1VgUTU3V1, VaU4U7V3V2, and v1vgv2v4v5v1 would form a K§73. But then the union of the three
cycles v1vgv7V3VL, V4U5VEVTV,, and v1v2U4v5v3v] also forms a K§’3, a contradiction.

e (v1,v7) is in T. Let us first consider the subcase when (v7,vg) is in T. If (v7,v4) isin T,
then the union of the three cycles vivrvsvzvi, vivrvavsv1, and vavsvsvevz would form a K3 3;
if (vg4,v7) is in T, then the union of the three cycles v1v7vgV3V1, V2V4V7VEV2, and v V2V4V5V3VL
would form a K33, a contradiction. It remains to consider the subcase when (v, v7) is in T.
Now (vs,v7) is in T, for otherwise the union of the five cycles vjvgvzv1, vV1VgV4LV1, V4V5VEV4,
v7UsV6v7, and vivrvsvsv; would form an Ms. Since T is i2s, (v7,v3) is in T, for otherwise
({v1,v3,vs5,v6},{v2,v7}) would be a nontrivial dicut in 7"\vs. But then the union of the three
cycles v1vgU7U3V1, V1V6V4VsV1, and v3v4vsv7vs forms a K3 3, a contradiction.

Combining the above observations, we see that G2 has no extension.

Claim 7. F, has no extension.

Assume the contrary: T' is an extension of Fy such that T'\v7 is isomorphic to Fy for some
vertex vy of T'. Let us label the vertices of T'\v; as in Figure 3 for . Depending on the direction
of the arc between vy and v7, we distinguish between two cases.

e (vg,v7) is in T. In this case, (vs,v7) appears in T, for otherwise, the union of the three
cycles vivouzvavy, V3V4V5V6V3, and v1VaV7UsVgYT Would form a K{” Next, (vg,v7) is in T, for
otherwise, if (v3,v7) is in 7', then the union of the three cycles vjvsvovsv1, vV1v5UgV4v1, and
V9VU3V7UgU4v9 Would form a Ké,s? if (v7,v3) is in T', then the union of the three cycles vivsv3vy,
VoU7U3V4V2, and v1vsvav7vgv1 would also form a K§’3, a contradiction. Since T is i2s, at least
one of (v7,v1) and (vy,vs) is in T, for otherwise ({vs, vs, v1,v4},{v2,v7}) would be a nontrivial
dicut in T'\v3. Assume that (v7,v1) isin 7. If (v7,v3) is in T', then the union of the three cycles
V1U5U3V4V1, V2U7U3V4V2, and v1usvav7vr would form a K3 3; if (v3, v7) is in 7', then the union of the
three cycles vivsvgvrv1, v1V2V3V7V1, and VovV3V4V5VeV2 Would form a K. :’373, a contradiction. Thus
(v1,v7) is in T and hence so is (v7,v4). Consequently, the union of the three cycles vivsvgvsv1,
V7U405VgV7, and v1vrv4v9v3v1 forms a K§73, a contradiction.

e (v7,v2) is in T. Observe that Fj is isomorphic to its reverse under the mapping

(v1,v2,v3,v4,v5,06) = (V4, V6, Us, V1, U3, V2).

If T is an extension of Fy, then T* is also an extension of Fy. If (v7,vg) occurs in T, then (vq, v7)
occurs in T™, and hence the present case reduces to the preceding case. So we may assume
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(1}6, U7) isin T.

Let us first consider the subcase when (vs,v7) is in T. Then (vs,v7) is in T, for otherwise,
the union of the five cycles viv5vgv4v1, V1V2V3V4v1, and vovsVTV5VV2 Would form a Kéjg, a
contradiction. If (v7,v4) is in T, then the union of the three cycles vivsv7v4v1, VoV3V7V4Ve, and
v1U5v203v1 would form a K3 3. So (v4,v7) is in T'. Since T is i2s, (vy,v1) is in T, for otherwise
({ve, vs,v1,v4}, {v2,v7}) would be a nontrivial dicut in T\v3. Thus the union of the three cycles
V1V203U7V1, V1VU506U7V1, and vov3v4U5v6v2 would form a Ké’g, a contradiction.

It remains to consider the second subcase when (v7,v3) is in 7. Assume that (v, v7) is in
T. Then (vy,v7) is in T, for otherwise, the union of the three cycles vivsvgv3v1, V7V4V5V6V7, and
V10704090307 would form a K§73, a contradiction. Since T is i2s, (v7,vs) is in T, for otherwise
({ve, vs,v1,v4},{v2,v7}) would be a nontrivial dicut in 7'\v3. But then the union of the three
cycles v9v3V4V7Ve, V4UTUSVEV,, and V1V5V6V2v3v1 would form a K{)),g, a contradiction. So (v7,v1)
must appear in 7. Since T is i2s, (v4,v7) is in T', for otherwise ({vs,v7}, {v1, v2, v3,v4}) would
be a nontrivial dicut in T\vs. But then the union of the three cycles vivsvovsvy, V7VVzV4VT,
and v1v5v6v4v7v1 would form a K§73, a contradiction again. So Claim 7 is justified.

From Claims 1-4, we conclude that G1, G2, G3, and Fj are the only i2s M6bius-free tourna-
ments on six vertices. By Claims 5-7 and Theorem 3.1(iv), there is no i2s Mobius-free tourna-
ment on seven or more vertices. This completes the proof of Theorem 1.2. |

Proof of Theorem 1.3. We apply induction on |V|. By Lemma 3.2, T = Cs if |[V| = 3
and T = Fy if |[V| =4, s0 T € Ty if |V| < 4. Let us proceed to the induction step.

If T is i2s, then T € T; by Theorem 1.2. So we assume that T is not i2s. Thus T can be
expressed as the 1-sum of two smaller strong Mobius-free tournaments 77 and 75 by Lemmas
2.1 and 2.2. Note that T; ¢ {F},G1} because neither F; nor (G; contains a special arc for
i = 1,2. By induction hypothesis, both 77 and 7> can be constructed by repeatedly taking
1-sums starting from tournaments in 77, and hence so can T. |
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