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'



{ Stochastic Homogenization uE=vtE4 ! Riv

(it,E, IP ) for ol :(x) - look,w) ,
{Tx :N→N}×upd ergodic i. measure

preserving if u
-
→ v as E→0

A :lRdxN→lRd×d, uniformly elliptic need

lim Eoliths ,u) - O .

Alxty , w) = Aly ,
Txu) ' Eto

- P. AE Pu
'
-_ f in U

,
NEO on d) Than Almost surely ,

for each ie Eli - id 'd,

a' (x,w)=A(Txqw) - Alka,w) . Folie H'walled) satisfying

- Kalyan) (rooted = O
- Katy , a) Crafted -_O

,

~ Keef,
and

victim
as .him.otlf.net#=0.dxI--rcxIIdAttAAKItdtlxIEfB+



§ The perturbed Test function Method than Let fo film . Then
,

Eoe fipothh ) - D. A- (Eitel O almost surely as ETO
,

a- e Rd
'd

u
'
- ✓ in HIM .

÷÷÷÷÷¥÷÷÷÷¥:*.÷÷÷÷÷÷÷:÷:::*.@ = EfAt(Eittcil )
will show that F- V .

Te - a- to Need shoo
,
ft ' EEN ,

UEE ✓ too! Liv sua-PT.PT = Smfh
- f. a- Pv --f in U , v

-
- O on all



Let teeth . As Eto , by din - curb

4kt -1 Exit .GE ,a) dot.
Test n'- equation with te

,

{athlete.ttq.) dot

suaerue.cre.tea-ieil.at
→ srv-iatrt-sa-ro.vn.
For the second term ,

+ suceeikdhaa.ru?rHitl/lSueeetKNaVuevGotIlE EHruellgfsuleq.tcx.at )
"
?

= Snf 't '
A. s , as ETO

, the RHS vanishes
.

For the first term ,
we have

similarly
,
as , as ETO,

{Eye .
' dot . xe-ttteetlxasz.tt/- strings?

cndfueepmdigj.fi#nYGeiSa-rv--ot--Stf./v=v
.perv



§ Strong Convergence
^

F skew-symmetric matrix

once Put Klimt Editor ) To defined by
wku '- v- Eloise V. To -_ go ( rHj=2kTijk.
a

:÷÷÷÷¥.im/::t::i::i:i::ii-:::n.r.aepwe=rLgi.aivta:e4irHivD
- p.aepwkp.flaeeq.E.sn.90HouB

q! -- a' 604'teo) - a-ei

q ! - mean zero ,
divergence free



§The flux Corrector prop) For each ie {kid 's let

Qi - A- (Teitq. ) - a-eichyn.mil To. - Etoile)eH'ward, Rd'd )
be the unique function cith

"
-brine -- Ikari - Holik

"

'

Saroja -- O & Projekt - fjfixw!Need find Eeojrefpothh) ,
for

"

Ecija Vrije
"

such that Then
, to. is skew-symmetric| and f. q. = q; on IRD 'Effi;M=EfQirtj - Qij Calmest swell

for every to ftp.otlth) .
Prop) fiijneesu , -yds at Sagres'p*µ

Proof ) ska- symmetry follow

such that by uniqueness since

IEEE;atI=E[Qirtj - Qijtrifvtotipot dijk = - Eikj .



In the periodic case, we proved It fed'lN) is a

BUFF) ; - gig.]
-

- O distribution solution of

On the probability space ,
Sf -- O .

k2s[2kTijr - q. ;]
For each E > 0 let

"sina.is/::::..I::&:oIT?i9d.Almost surely ,

The components are distribution AFT;w)=O on
1124

So
,
F' la

,
w) - clutch on 1124

solutions of as .
out

By ergodic thm , a' ' l fee Eff'T

b[(Eisk ) K -9ij)=O. dwkhimasff4xmdx-E.AT/f--EEfI .



{ Stochastic Homogenization Mp =L dlx, IU) > p

* liens,o( Sphere't)
"
-

- O . hp - O dlx, ah) heh

Thon Let feeedlu) . 10%1 Eps
Then , as , as ETO , w9f=uE- v - Echl hiv) .

"www.i-oinmm/-ra:::::::::::::in:::nn-r.aepwE=r.(a'edit!)%v) .

Hvlleiidhcllftla . Sutri ' 'RE Htlla Salty )
'

+
"tfhsueoiitler:P



limzaposwio.PE pHHla . w
'
= n'- v - ex v
-

sub linearity
Pw! Vw " 't P[echo? G - up )2;D .

→o study in h
'

By perturbed fat function and subdue
,

iii.in:c:*. :::÷i¥a.in .

a. a:÷:÷:÷÷.
limsyq fulfil Eef " t " d ' Hence

, as , as ETO,

Pw ' → 0 as . as 870 WE→ O strong, in H' IN
.

strands in L?
Hulu H E fld?



§ Equations in non- divergence form DX = dbttdtyxf-extaa.tkA : Rdx ✓ → Rd'd
,
stat

, ergodic , uniformly Xt - Bttt = B-+ .

elliptic
r : Rdx ✓ → Md'd

,
Trotta EXIT, = B-

+
t thy

'

÷:!:*:i::÷n¥÷÷:* ..Can we characterize the rescaling ,
X : -_ Extra , Extra 57 O .

a. s
. as ETO in law . {tneetiftfywlrii ) + teletext

- Ou'

dXI=r(Me , a) dB+tEbMgwldt
" t

Feynman - Kao ⇒ n' k,H=Exft(XII]



{ Ergo dicity of Periodic Diffusion ) -
d

{atu-ttrCAM-b.ru
in Thurs ) /

"

u=f in THE03 . →

pg
÷÷:÷÷÷÷::÷i÷¥¥÷÷. ÷:*..
Det) A measure it on

Id is
invariant if Hfe squid) , t no,

Thm Ft invariant probability

Spf dit - §, Ptt dit .
Measure IT on Td so that

"

it = PITT f t > O .

find!fdlPtHxl¥fdrI ) tell those
't

Pf .) Bensoussan , lion , Papanicolaou , Chapter HIC



§the Adjoint Equation the Fredholm Alternative :

Lu=Etr(Arin) + b. Vu we can solve the equation

L*m=k(aijmlxoxj - f. (mb ) .
Ln -- f in Id

{ "I tf I L*m=O .

it and only if

f- L Ker ( h't )

'taxi"" "" :÷÷÷¥÷÷÷÷÷:÷÷÷÷÷:÷÷÷:÷¥Ftw , {dptfhd mlxtdx-fa.flx.IM/x1dx by Max principle
F nonzero solution h*m=0 .

So
,

"

dit = mlxldx
"

Necessarily , mlxldx
-_ dit.

M> O ace .

,
and 7 ! uithfdmlxldx-- I



§ Asymptotic Expansion 011) :

{trattoria) -1464kt -Vu '=f . Etruria )+bVgw=f - truly) rt )
n'= not Eu , tEuuGi"c) t- for some F : Td→ 1124
"

y -4g
"

f- Txt try .

By Fredholm , fun L*m=O)

feet ) : 'ztr( Altguo) -168%-0 ti ve need
ily) muddy -- Oluolxiykvtl

That is
,
btm '

OLE
' ) : EthAtgm) + b' (Kitty)

To solve for u, we need

ME chidov f - truly) r: ) Im .

{HAVE.lt b. VI. = - bi A-= !.A' G) muddy , HATE )
= f .

⇒ A- is me. ⇒ homogenization



{ Ballistic Behavior

dxt-tbxtdBttblxtldtht.vn-_ O .

E-
"

fdblylmlgldy XI - Extra
dxf=rl¥)dB+ttH%dt

÷÷÷÷÷::÷i:÷i.fi#:::i::t:tin:""u~=f title
- soppy

"

Then
, basically I
u-lxstt-ulx-bt.tl .
( b- 5) I m.



§ Stochastic Case • Divergence - form ( Kozlov ,
Papanicolaou i. Vardhan

)
corrector equation - V.Aru -- O

ADY, -113434.ie/--OonN .

"

solubility is not clear
-truth) - Gott .ru -- O .

" no invariant measure in general oath
h*m= - V. Arm - O on it

so
,
m - 1 .I• no compactness ⇒ no Fredholm

dxt-tlxtiidbttblxquldttEKFAI.in] -
"

faut) mdy
"

As Eto, extra ÷, ?
= EKKA))
=0 .



• 13=0 (Papanicolaoae: Varadkar ) . D= VU , gradient stat. field

- App - estimate Lv-- but ou - V.v =D
a approximation of random
environment by periodic Lv -_ e-

" V. few ) ,
environments g*m=f(eV( Emm ) )

dXt= tht , oldBt ( up to normalization ,
a martingale n

e

r homogenization reduces to M = - Gibb 's measure

an ergodic than using
ECM, -

characteristic function I E[bm]=¥gugE[men) &
exponential martingale =¥amE[pen] -- O



• Divergence - free § Szuitman & Zeitoun'

Ftw but b. Vu Bvicmont i
. Knpiainen

h*m= Sm - V. (mb) dis
,
A
,
b are small:÷÷÷÷÷÷÷÷÷÷÷÷f÷÷i÷÷÷:*:÷÷÷÷÷÷::::in law .

The t f suds that , au ,

XI - f Bt in law .



§ Quantitative Theory of wE=uIv - E%E2oV
Homogenization
• Avellaneda 's Lin (periodic ) - faeries V. Geol;aEEr!WkvD .

• Armstrong & Smart

• Armstrong , Knusi , Marwat
A rate of homogenization| amounts to obtaining - a

• Gloria , Nenkauam , Otto

a Gloria , Otto
rate for the convergence

Quantify the convergence go!
,
er!→ 0 in L?

we→ v .
Quantity the swbliueavifs of y

correctors


