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I. Elliptic equations in divergence form

Divergence form elliptic equations: for a smooth and bounded domain U C R?,
—V-aVu=f in U with u =0 on 9U.
The coefficient field: a € L>(U)**? satisfying, for A\ < A € (0, 00),
§-af > N¢* and £-a”'E> AT
The flux: for every sub-domain D C U°,

/D(_V'avu)Z—/BDVout-aVu:/Df.

Example: we have for d;u = 3 Au + sin(27rz) on (0,1) x (0,00) with u =0 on d,,
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I. Elliptic equations in divergence form

Divergence form elliptic equations: for a smooth and bounded domain U C R¢,
—V-aVu=f in U with u =0 on 9U.

The L?-Poincaré inequality: for some ¢ = ¢(U) € (0, c0),

/ v? < c/ |Vv\2 for every v € Hé(U)~
U U

The Energy estimates: using the Poincaré inequality and Hoélder’s inequality,

)\/U|Vu|2S/UVu-aVUZ/quSc(/U|Vu|2>%</Uf2)%,

and, for every u,v € H(U),

. . 1, 1
|/ Vu- aVo| gA/ V| Vol gA(/ |Vu|2)2(/ Vo).
U U U U

Lax—Milgram theorem: there exists a unique u € Hj (U) satisfying

/Vv~aVu:/ fv for every v € Hy(U).
U U
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I. Elliptic equations in divergence form

Divergence form elliptic equations: for a smooth and bounded domain U C R?,
—V-aVu=f in U with u =0 on OU.

Energy minimization: u solves the above for a symmetric a if and only if

u = argmin (/ (Vv-aVv - fv))
U

vEHS(U)
The Feynman—Kac formula: for symmetric a, for oo’ = v/2a, and for
dX; = o(X;)dB: + (V- a")(X,) dt,
we have that .
u(@) = B, |g(Xry) + /O F(X.)ds],
if u =g on OU, where 7y = inf{s € [0,00): X, ¢ U}.
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II. Periodic homogenization

The coefficient field: a uniformly elliptic, not necessarily symmetric, 1-periodic
a: R _ Réxd
The microscopic scale: for every € € (0,1),
a®(z) = a(/e).
The equation: for € € (0,1), a smooth bounded U C R%, and f € L*(U),
—V-a*Vue = f in U with u = 0 on 9U.
Qualitative homogenization: identify @ € R?*¢ such that, as € — 0,
Ue — U,

for w solving
—V-aVu=f in U with w =0 on OU.

The diffusion process: for dX; = o(X;)dB; + (V - a")(X:) dt,

aXt/Ez — 7B in law,

for oot = 2a and 752 = 2a.
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II. Periodic homogenization
The coefficient field: ind =1,

1 19
=—+-31
a(x) 107102 2k+1(2)

The equation: for € = /2 in T* x (0, c0),

1
Otue = iv -a°Vu. in T! x (0, OO) with ug = 1{(1/4’3/4}.
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II. Periodic homogenization
The coefficient field: ind =1,

1 19
a(z) = 75+ 15 £12k+1(x)

The equation: for € = /10 in T* x (0, 0),

1
Otue = iv -a°Vu. in T! x (0, OO) with ug = 1{(1/4’3/4}.
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II. Periodic homogenization
The coefficient field: ind =1,

1 19
a(z) = 75+ 15 £12k+1(x)

The equation: for € = /50 in T* x (0, c0),

1
Otue = iv -a°Vu. in T! x (0, OO) with ug = 1{(1/4’3/4}.
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II. Periodic homogenization
The coefficient field: ind =1,

1 19
a(z) = 75+ 15 £12k+1(x)

The equation: for € = /100 in T* x (0, c0),

1
Otue = iv -a°Vu. in T! x (0, OO) with ug = 1{(1/4’3/4}.
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II. Periodic homogenization
The coefficient field: ind =1,

1 19
a(z) = 75+ 15 £12k+1(x)

The equation: for € = /200 in T* x (0, c0),

1
Otue = iv -a°Vu. in T! x (0, OO) with ug = 1{(1/4’3/4}.
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II. Periodic homogenization

The equation: for & = 1/500 in T* x (0, 00),
Orue = (1/2)V . aEVug in Tl X (0, OO) with ug = 1{(1/4,3/4}.

A macroscopic limit: choosing a = (a);1 = 1,

Ou = (1/2)V-aVu in T' x (0, 00) with ug = 1y(1/4,3/4}-
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II. Periodic homogenization

The equation: for ¢ = /500 in T* x (0, 00),
Oyue = (1/2)V - a*Vue in T x (0, 00) with uo = 1((1/4,3/4}-

A macroscopic limit: choosing @ = 0.19,

ou = (1/2)V -aVu in T! x (O, OO) with ug = 1{(1/4,3/4}.
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II. The asymptotic expansion
The asymptotic expansion: we postulate the approximation
e (@) = uo(x, 7/<) + eur (z,7/c) + e ua(x, #/c) + ...
The approximate flux: for the slow variable x and the fast variable y = #/e,
a*Vie(z) = e 'a*Vyuo + a° (Vaouo + Vyur) + Opz(e). (1)
The equation: evaluated at a point (z,%/c),
—V - a°Vie. = —e °V, - a"V,uo
—e 'V, - a® (Vauo + Vyur)

- vr . aa(vzuo + Vyul)
+ OH71(E).

The macroscopic limit: imposing periodicity in the y-variable, for every = € U,
=Vy - a(y)Vyuo(z,y) =0 in T
Energy estimates show that Vyuo(z,y) = 0 and, therefore, that

uo(x,y) = uo(x).
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II. The asymptotic expansion

The asymptotic expansion: we postulate the approximation

te () = uo(x) + eur(z, #/e).
The equation: since uo(z,y) = uo(x),

—V - a°Vie = —e 'V, - a° (Vauo + Vyur)
- v:ﬂ . as (V:L'UO + vyul)
=+ OH—l (5)

Scale separation: we postulate that, summing over ¢ € {1,...,d},

u(z,y) = ¢i(y)diuo(x),
for which, since Vzuo(x) = d;uo - €;,
—Vy - a®(Vauo + Vyur) = = (Vy - a®(ei + Vyéi)) diuo.

The homogenization correctors: for i € {1,...,d},

—V-a(y)(ei + Vgi(y)) =0 in T with + ¢; =0.
Td
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II. The asymptotic expansion
The asymptotic expansion: we postulate the approximation
e (z) = uo(x) + €¢i(7/<)Oiuo (),
for the homogenization correctors
—V -a(y)(e; + Vi(y)) =0 in T¢ with y ¢ = 0.
The equation: we have that

-V -a*Vi. = =V, -a’(e; + Vo;i)diug + Op-1(e)
= —a®(e; + V) - VaOiug + Og-1(g).

“Periodic ergodic theorem”: for f € L? (Td) and U C R? smooth and bounded,
fe —\][ [ weakly in L*(U).
Td

That is, for every g € L*(U),

timy [ 16l99@)dz = [ (g = (s [ 0

U
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II. The asymptotic expansion

The asymptotic expansion: we postulate the approximation
e (z) = uo(x) + £¢i(7/=)Oiuo (),

for the homogenization correctors

—V -a(y)(e; + Voi(y)) =0 in T with g ¢i = 0.
The equation: we have that

-V -a*Viu. = —a"(e; + V5 ) - VaOiug + Og-1(g).
The homogenized coefficient: as ¢ — 0, weakly in L*(U),

a®(ei + Vi) = (a(ei + Vi))ra = @e.

The coefficient @ is the matrix whose rows are (a(e; + V¢;))a.
The homogenized equation: the macroscopic equation

—V-.aVu=f in U with w=0 on 0U.
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II. The asymptotic expansion
The asymptotic expansion: we postulate the approximation

e (z) = u(z) + edi(v/)0iu(z),
for the homogenization correctors
—V -a(y)(ei + Voi(y)) =0 in T with ][ ¢ =0,
Td

and for the macroscopic limit, for ae; = (a(e; + V;))qa,

—V.aVu = f in U with w=0 on 0U.
The equation: we have that

—V - a*Vie = —a(e; + V) - Vi 0iu + Op—1(e).
The ¢ — 0 limit: as € — 0, by the periodic ergodic theorem,
—a®(e; + Vi) - Vo0,u — —ae; - Vy0;u = —V -aVu = f.

Formally in H™*, for small ¢,

~V-a:Vie ~ f = -V -a°Vu® with @ = —e¢;0;u ~ 0 on OU.
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II. The asymptotic expansion

The asymptotic expansion: we postulate the approximation
e () = u(x) + ey (z/e)0su(x).
Periodic L>-Poincaré inequality: for every ¢ € H'(T%),

1
3

¥ = el < eVl for l, = ( [ v%)".
The homogenization correctors: there exist unique Lax—Milgram solutions
¢i € H(T?) of the equation

—V -a(ei+ Vi) =0 in T with (¢;)pa = 0.

“Boundedness” of the correctors: we have the energy estimate
¢
A
The diffusion process: for dX; = o(X;)dB: + (V - a")(X:) dt,

ll + Vil < < llaeills -
M = X + ¢(X:) is a martingale,
for ¢ = (¢1, ¢2,...,¢a), for o’ = 2a, and
EXt/EQ = EMt/E2 + E(]S(.Xt/EZ).
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II. The asymptotic expansion

The asymptotic expansion: we postulate the approximation
e () = u(x) + ey (/) 0su(x).
The homogenized coefficient: the matrix @ € R¥*4,
ae; = (a(ei + Vi))ra.
Lower bound: for ¢¢ = £;¢; solving —V - a(§ + V) =0,
§-af = (§-a)ra = (£ a(§ + Ve))ra = (€ + V) - a§ + Voe))qa

> M€+ Ve *)pa = A(IE1° + (IVel*)ra) > A€
Upper bound: for ¢ = a(§ + V¢e) — ag,
A7 (@€ - ag) < ATH(@E + qe) - (@€ + ge))ma = A a(§ + Vige) - al€ + Vo)) pa

< (a6 + V) - a” a(€ + Vée))ra = (€ + V) - a(§ + Vebe))ra = € - L.

Since the lower bound shows that @ is invertible,

Afl(df -af) < (a€) -a '(af) implies A™EP < £-a '€ for all £ € RY.
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II. The asymptotic expansion
The asymptotic expansion: we postulate the approximation
e (z) = u(x) + e¢pi(v/<) 0 (x).
The homogenized coefficient: the matrix @ € R4*¢,
ae; = (a(ei + Vi))pa.
Another upper bound: if [a§| < Al¢| then
(@€ = [{a(€ + Ve))pal < [AI(IE] + (| Vel)za) < cAl],
for ¢ depending on max;e(1,2,...,a} (| V@il)ra-
Transpose: for the transpose correctors ¢ solving
—V-a'(e; + Vi) =0 in T? with (¢!)pa =0,
we have that

@i; = e; -ae; = (ei - ale; + Vy))pa = ((ei + Vi) - a' (e + V) pa
= (((ej + V) - alei + Vi) pa = (e - alei + V¢i))a = €5 - ale; = alj;.

So, @’ = a* and @ is symmetric if a is symmetric.

B. Fehrman (LSU) Berlin-Oxford IRTG 6 July 2026 20 /29



II. The asymptotic expansion

The asymptotic expansion: we postulate the approximation
i (z) = u(x) + edi(*/)0iu(x).
The homogenized coefficient: the matrix @ € R4*?,
ae; = (a(ei + Vi))ra.
A one-dimensional example: in one-dimension @ € R and the corrector ¢ satisfy
—0x (a(l + 0:¢)) =0 in T,
with (@)1 = 0 and with @ = (a(1 + V¢))q1.

Therefore,
0z = 2 — 1 where (V¢)1 = 0 implies ¢ = (a~ ')

T1 »

and

a=(a(l+V)m = ({a )z )m = (a7
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II. The asymptotic expansion

The equation: for ¢ = /500 in T* x (0, 00),
Oyue = (1/2)V - a*Vue in T x (0, 00) with uo = 1((1/4,3/4}-

A macroscopic limit: choosing @ = (a’1>£11 =0.19,

oyu = (I/Q)V .avu in T' x (0, OO) with ug = 1{(1/4,3/4}.
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II. The asymptotic expansion

The asymptotic expansion: we postulate the approximation
tie (z) = u(x) + edi(*/)0iu(x).
The homogenized equation: for the homogenized matrix @ € R**9,
ae; = (a(ei + Vi))ra,
we have that @ solves
—V-aVu=f in U with w=0 on 9U.

Maximal regularity: we have that

Hv2ﬂ||L2(U) < C||f||L2(U) and, therefore, ||u||H2(U) < CHfHL?(U) :

Schauder estimates: for « € (0,1), if U C R% is a C*“-domain,
f € C*(U) implies that u e C**(T).

In particular, u € W2°°(U).
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III. The perturbed test function method

The equation: for a one-periodic a,
—V-a*Vue = f in U with =0 on 9U.
Compactness: the energy estimate, for ¢ € (0, 00) independent of ¢,

2 2 2
HU€HL2(U) + HVUEHL2(U) <c Hf”L?(U) .

implies that
{tc}ee(o,1) is weakly compact in H'(U),

and that, by the Sobolev inequality,
{tc}ee(o,1) is strongly compact in L*(U).
A subsequential limit: along a subsequence, for some u € Hy ),
Vu. — Vu weakly in L>(U)? and ue. — u strongly in L*(U).

Characterizing the limit: if u. ~ 4. = u + €¢;9;u, then v = u and

lim Vv - a*Vue :/ fvz/ Vv -aVu for allveHé(U).
U U

e—0 U
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III. The perturbed test function method

The equation: for a one-periodic a,
—V-a*Vue = f in U with u =0 on 9U.
The perturbed test function: for every v € C°(U),
Ve =V + 5(;5:’58141),

for the transpose correctors solving —V - a(e; + Vi) = 0 in T4,

The equation: for every v € Hg(U),
/ foe :/ Ve - a°Vue
U
:/ (ez—i—V(;Sts)@v a Vus—&—a/ qﬁtsvav a*Vue

/Vu5~ b2 (es + Vi) 0w + Oy (e).

The div-curl lemma: after integrating by parts,

/ Ve - a*Vue = —/ ue "% (e; + V(;S:’E) -VO;v + Oy(e).
U U
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III. The perturbed test function method
The equation: for a one-periodic a,
—V-a*Vue = f in U with u =0 on oU.

A subsequential limit: along a subsequence, for some u € H} ),

Vue — Vu weakly in L*(U)* and ue — u strongly in L*(U).
The equation: for every v € Hg(U), for ve = v + aqﬁf’s v,

/ Ve - a*Vue = —/ ue "% (e; + VQSE’E) -VO;v + Oy(e).
U U

The ¢ — 0 limit: since, as ¢ — 0,

a"%(ei + Vi) = (a'(ei + V¢i))ra = a'e; weakly in L*(U)?,

and ve — v strongly in L?(U), along a subsequence,

e—0

:—/uatei~V8w:/Vu-EVU.
U U

/ fu= hm fve = lim (— / ue a"(e; + Vo©) - Vo + Ov(8)>
U
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III. The perturbed test function method
The equation: for a one-periodic a,
—V-a*Vue = f in U with u =0 on oU.

A subsequential limit: along a subsequence, for some u € H} ),

Vue — Vu weakly in L*(U)* and ue — u strongly in L*(U).
The equation: for every v € Hg(U), for ve = v + aqﬁf’s v,

/ Ve - a*Vue = —/ ue "% (e; + VQSE’E) -VO;v + Oy(e).
U U

The ¢ — 0 limit: since, as ¢ — 0,

a"%(ei + Vi) = (a'(ei + V¢i))ra = a'e; weakly in L*(U)?,

and ve — v strongly in L?(U), along a subsequence,

e—0

:—/uatei~V8w:/Vu-EVU.
U U

/ fu= hm fve = lim (— / ue a"(e; + Vo©) - Vo + Ov(8)>
U
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III. The perturbed test function method

Qualitative Periodic Homogenization

Let U C R? be a bounded domain, let a: R? — R**? be one-periodic and uniformly

elliptic, let f € L?(U), for every € € (0,1) let u. € Hg(U) be the unique
Lax—Milgram solution of the equation

—V-a*Vue = f in U with =0 on 09U,

and let uw € H&(U ) be the unique Lax—Milgram solution of the equation
—V-aVu=f in U with w=0 on OU.

Then, as € — 0,

ue — @ weakly in Hy(U) and u. — @ strongly in L*(U).

The diffusion process: for o' = v/2a,
aXt/Ez — 7B; in law.
Convergence of the gradient: based on u. ~ 4. = u + £¢; 0,1,

Vu. = Vi = Vu+ g;uVe; + Opz(e).
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